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Fractional integral operators are used to obtain a formal solution of dual
integral equations involving Meijer’s G-function of n variables ie. G(zs)
as kernel by reducing them to one having a common kernel. Since G(zn)
is a very general function, consequently the solution of a large number of
dual integral equations having different kernels is given as particular cases.

1. INTrRODUCTION

Khadiya and Goyal (1970) have introduced the Meijer G-function of
variables i.e., G(z,). Rewriting G(z,) in a slightly different form as

Gm, 0; (M), (N,) (@pym); (bg)
X
DM, @ (PytMy), g+ N, ( ") ((c" )) ((d” ))
Dt M, et Ny
1

~ @miyn (L{)

Floue) o) T fay (@) (L)

n
where a repeated suffix represents a sum from 1 to n ie., = s = sgx.
k=1

I T(a j-+skx)
P(six) = —; = . (L1)
H P(1—ay m—skx) TI T(bj+skx)
j=1 Jeal
My N
n ( I T(cf+sk) I I(df—sx)
Yulsr) = 1 i=1 =1 (1.2)
k=1 Pr i i3 "
;-I-l P(05+Mk_'9k) ’_131 P(dj+Nk +s%)
and 11 (dsg) = dsy.dsydss, ..., ds,. e (L3)

k=1
Also (by) represents the sequence by, by, by, ..., by; ((c}‘,n+Mn)) represents the

1 Al 1 . p2 p2 N2 2 . . aB AN ”
BOQUENCE C, Cg, «ous Cp iy 5 Cs €25 €8 5 +ovs Cpoupgy 3+v05 C1r €y voes O ipr (L,) are
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n suitable contours and the positive integers p; 1y, Doy ooos i € 1> Ga> o5 Tns
m; My, M, ..., M,; Ny, Ny, ..., N, satisfy the following inequalities

P> 059> 0;(q) 2 150 < (My) < (pr); p+(0r) < ¢+H(@e); k= 1,2, ..., m.
The values () = 0 (k = 1, 2, ..., n) are excluded.

An empty product is interpreted as unity. The contour Ly is in the
sg-plane and runs from —ico and -4co with loops, if necessary to ensure that
the poles of I'df—sk); j=1,2,..., Ny lie to the right and the poles of
T(ck+se); 5= 1,2, ..., Mg and T(ay+sex); § = 1, 2, ..., m lie to the left of the
contour Ly where k = 1, 2, ..., n hereafter.

The function G(z,) is an analytic function of (z,) under the following
set of conditions

larg xe| < (m+Mx+Np—3g—3qe—3p—3ipe)7

(1.4)
2m+Mig+Ng) > q+gx+p+pk.
2. Norations AND KNowN RESULTS
_H I'(a;—skk)
Olspx] = —=* (2.0

_i=

P

'H1 P(1—aj m.skx)
JH

¥ (85) will be denoted by z}'n(sk) when ¢ and d are replaced by ¢ and f respec-
tively. When s; is replaced by —sg in ¢, (sx) and %n(sk), they will be replaced
by ¥r.(—sx) and 1;,,,(-—815) respectively.

n [ denotes [ [ [ ... n integrals; c¢}+T, = cT,, or (cT,,;);

ﬁl {x;"k} - <x;’k>; kz;'_rk = Trr; (2,) = @y, Tyy evr, T v (2.1)

Using the notations of (2.1) and rewriting the particular cases of G(z,) from
Khadiya (1971, pp. 36-44) we have

a; -
Gho @y |y ]
1, 0; (1), (2) (1—=c?); (T,), (1—d})

= (5*) Mt Te) B { L7 | Pulat Tus, ()i 0T : (2]
(2.2)
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a; -
A R
Lrw@ | (1—c); (T,), (1—d})

@) TeAT)  poro e o, @) @] e (23)
I {T(1—cT,).D(dTx,)}

1,0; (1), (2)
Gl, 0; (1}, (2) [(x”)

a; —
(I—=e); (To), (—T,) :j

The \
= 3 (xk ) Tt ) | ) T {(cT) [(—2T)}
(TW(—T) k=1

X Fala-+Tig, (T ,5); 1427, : ()] ... (2.4)

Gy, Ay, —
e e
2, 0; (0, (2) n "
—; (T,), (1—4a})

(x,f:’“ ) T(ay+Txx) T(ay+Trx)
= n FZ[“1+ Tkk7 a’2+Tkk; (dTnl) (_xn)]
I1 {F(dil)}
k=1
aq, az; _ —l

'Gly ol (0), (1) [(x )
2, 0; (0), (2) n
— (T, (1—ay) ]

( @) T(ay+Thr)
= - i Fila,+Tkk, ay+ Trx; (dT,,,) : (2,)]
[(1—a,—Txx) kI;II {T(dTk)}

(2.5)

(2.6)
2, 0; (0), (1)
GZ 0; (0),(2) [(x")

( x,f’f) T(ay+Twx) N(ay+Trx)
= - Filay+Tkr, ag+Trr; 1427, 1 (—2,)]
I {P(+27%)

(2.7)

r Ay, Oy; —
G20 0, (2) (2,) LT
2, 0; (0, (2) n
L= (T, (T,

- 3 (:czk> T{ay+ T Nag+-Trx) T {(—2T)
(T, (=T k=1

X Filay+Tur, ap-+The; 1427, 2 ()] ... (2.8)
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a; —
—; (T',), (1—d}) ]

(2" ) T(a+Twe)
= — Yad-Trw; (AT ) : (—2,)] . (2.9)
T {T(d7,)}

1, 0; (0), (1) f
Gl 0; (0), (2) L(x")

a, —_—
GI.O; (0) (2) [ﬁ(x ) ]
1,0; (0}, (2) n

- <x:k> T(a-+Tw) I (T(—2T )W a+Tre; 1427, = (x,)]

(TR (=T =1

o

. (2.10)

3. REesvrrs Uskp 1Ny THE PROOF OF THE SEQUEL

Mellin transform of » variables under similar suitable conditions as due
to Reed (1944) for two variables, we restate Parseval theorem for n variables
identical to the one by Fox (1965) for one variable.

I
o n sp—1
Mif@)) = Fis) = n [ o) I {a (s} e (30)
then
1 +io n —sg

MoF(s)) = glar) = G | Flo) T {=, (dss)) . (31

Also if
Mihw,)) = His,) and M{f(z,un)) = Fle) I {z"}.

where M[f(u,)] = F(s,], then

1

n § haa) ) 1 {d) = o "I H(s,) F(1—s,) T {0 }.
0 k=1

(3.2)

Extending Erdelyi’s (1950-51) fractional integral operators of one variable
into corresponding operators in » variables, we have

JH(@a), (8,)} : (8) : wl®,)]

z ’ e 1
— H {_s_[ ]“sk°k+'*r5k‘ ofk [x;k ——'vkk ] ; .[ukjak.(dvk)} w(v,).

Z

Tog
(3.3)



576 (M1SS) INDIRA AGGARAWALA AND A. N. GOYAL
B[{(x,), (8,)} : (8a) : w(@,)]
8
= ,21 { r:c
where {(an)r (8")} = (g, 8y), (g, 85)5 .y (@ 8,).

Equations (3.3) and (3.4) will reduce to Kober (1940) operators for
(x,) = 2, (s;) = s = 1, (x,) = aand (§,) = 6. In the contracted form we write

© ’ ! aogp—1 .
o J ['uk" —z* ] [or] ™ F R () }w(v,,) . (3.4)
3

TS —eh), =1} : (1) : gla,)j = Joge)} . (35)
5 (5, )= (T, ) (@, =)} 10 280 = S50 o B6)
RIS, (@) : () s ple] = Bfia) 3
B (g = ) (hag )} (D 9] = B} oo (3:8)

Using (1.0) we have
(am+17) ’ -

:D+M ) ; ((d:nw,. ))

= Oskk]y,(—sk) . (3.9)

” [
o Gm, 0; (Mp), (Na) [
m+p, 0; (pn-+Mn), (@n+Nn) ,

4. REesurrs 1o BE PROVED

In this section, we shall establish that the formal solution of the dual
integral equations

(@mip);
m, 0; (M), (Ny)

n X, U
o m+p, 0 (pa+Nn), (9a+Nn) Y ((c" )) ((du . ))
\\ D,tM,y, ’ antN,

- _—

n <(x,) <L
Xflu,) I (dur)} = $(z,),

k=1 (4'0)
and

m, 0 (M ’ N
n G ’ ( nl ( n)

0 m+p, % (pa+Mg), (qn-+Nn) v(x"u") <(°;n+M,. ))’ ((j;l’;'*'Nn))

(- —
n ($") < 1
X flu,) 121 {(dur)} = Yl=,), e (41)
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is

Lt s 0; (va), (@
f(xﬂ) =n OJ‘ Gm-l—p, O; (Mﬂ,—!—pn), (Nﬂ+qﬂ)
B ’} (14n—am,, p); (1+n—0m); ~1
X | (@) l |
n%n n n . i "
]( +01+M”,p”)’ (-—-1+€Mn)’ ( _1+f1+qun )’ <1+dNn) ]
n
¥l I () - (42)
1 p,0;(pn) (qn)
= aq
f(xn) " { m+p, 0; (Mn+Pn)1 (N"+q") [(xﬂuln)]

XTI} o Ty s e Ty ] 11 ()

© _p,0; (pa), (qn)

+ n J; Gm-l-p, 0; (Mn+pn); (Np-+qn) [(xnun]
n
XRY[R; ... R} [Ry ... Ry {(¥(x,)}] o {(du)} . (4.3)

we shall assume that G(x,) of (4.1) satisfies all the conditions given earlier for
G(z,) with cf replaced by ef forj =1, 2, ..., M,+p, and dj replaced by f} for
ji=12, ..., N, +q,.

5. Proor

To obtain the solution of (4.0) and (4.1) we observe that ¢(z,) and ¥(z,)
are given and we have to determine f(x,). Using (3.2), (3.9) and (4.0) and
(4.1) we respectively obtain

1 n j" Olskrlyr o(—sk) I”[ {x k(ds )} F(l—s,) = ¢(=,) (5.0)
(2"1")" iw kk n' k . k=1 k . k Cn n LRy .
S n f Ol skl (—sk) ﬁ {x k(ds )} F(l—s,) = {Y(x,) (5.1)
(27ri)ﬂ Jie kk1Y » k) o PR n ) Ve .

To reduce the equations (5.0) and (5.1) into two others with a common kernel
we shall transform
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M; ]
n J I I(ck—sk) | n ( H T'(ef —s)
II q:‘ l} into kH1 ﬁ =1
k=1 = qx
L ;H1 I1(d;‘;N "8’0) J L H (fjk+Nk_8k )
Nk k
H1 T(d}+sx) 1]} o T j" ’Hl (f*+sz) \|
= into =
] B ) |2 B rlgm]

To make the first transformation in (5.0), replace «’s by ¢’s and then multiply
both sides by

'n %k ek —1 ek —1
1 { £ [on—orlon = o =) o1~ (0o
k=1 ‘0

evaluate the inner integral with the help of Erdelyi (1954, II, p. 185, R 7)
to obtain

1 +i0

n |
———(2771.,)” .n —_!:w 0[8]3];])( k_Ll i

=1

N
r(cf—se). II P(d’?—}—sk).l‘<efuk—sk>

i r( Eoar, —i—sk) II r( dy —sk>

j=1

Xy % (dsy) ¥ . F(l1—s,)

n | My, T E 0k T
= I L] X[ Toe—oel's ™ 0 o] i () b (0,)
F( c;cwlc—eﬁ{k ’
Similarly applying the J; successively for j = Mx—1, ..., 1 we have

1 $ico 0
'(—27”:—)n . n J: [Skk]

—200

M N
n M T(ef—sx). n I(d%+sx) s
x I < i=1 x, " {dsg) F(l—s,)
=l h P( k ). l'I P(d ’
- CJ+M,‘+8” e,k ) | J

= J, Jz,...,JMk{qﬁ(x,,)}. a ‘ e (52)
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Also applying J} operator successively for j = g, ..., 1 we obtain

1 +to

(271_—1:)” . n _J;m O[Skk]

f < e k
o | I I(d—s). I Tdits)
x II j j=1 j=1

k=1 Pr . i3 "
L jEIP(Cj+Mk+8k>.j=l:[l F( j+Nk—sk>

1
. x:k. (dsk) :}- F(l—s,)
J

= T3 e T3 T3 Ty s Ty (B3], . (5.3)

Now applying the operators R; and R} to (5.1) for j = N, ..., 1 and for
j = Pk, pr—1, ..., 1 respectively we have

1 +i00
W. n _J;m 0[S]gk]
(o

—8

1 I T(ef—s). 11\% T(df+sx) i )‘
; j=1 @, (dsk) Ir F(l—s,)
J

x 11 =
= P \
~ 1 jffl F(0§+Mk+3k)' }—I:1F< fk““Nk-sk)

= RR] ... B} [By By, -, By Y@} e (5.4)

On setting
K’(xn) = Jl* [J; J;L [Jb J25 LEAS) JML{#xn)}]

= B[R} ... B} [Ry, ..., Ry {(J@,)})

The equations (5.3) and (5.4) transformed into one with a common kernel can
be written as

1 +4x
"(W. n —_'[m 9[8]515]

My Ny
n I F(e}‘—sk). IT I(d%+sk) —sg
x II =1 =1 x . (dsg) ¢ F(l—s,).
P ) £ ]
L Cienr, TSk Puet Firn,— sk

(5.5)
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On treating the kernel of (5.5) as an unsymmetric Fourier kernel and following
a procedure similar to the one adopted by Fox (1965) for one variable, (5.5)
becomes

b4
1 faoi ,-I=11 L(1+n—a5 m—skx)
Je) = G ™ L %

II T(—n+a;+sex)

j=1

P 43
n [ 1 I‘((l—{—c;ﬁer——Slc)— JEI F<_1+f§c+Nk+Sk) —a

1 /2

Py kI;Il i " o L, (dsk) l}
0 T(ef—1+4g). I IA4db—si) J
je=1 J=1

(K'(1—s,) ... (5.6)
where M[K'(x,) = K'(s,). Equation (5.6) iz the formal solution of (5.0)
and (5.1). Applying (3.2) to (5.6) we get

D, 0; (pn); (¢n)
r,)=n (A
f( n) 6[

p-m, 0; (Mp+pn), (Nn+an)
(14+n—ay,m,p), (1+n—an); -

1+c:+wa,.)’ <—1+e;fn>; ( —.1+f::'Nn’qn )’ <1+d;’n)

K'(u,) klill {(duz)}. v (8.7)

X | (@)
(

Equation (5.7) can be converted to (4.3) by inspection from (4.0) and (4.1).

6. ParticuLar (CASES

Using (2.2) to (2.10) we get the following class of dual integral equations
along with their solutions respectively.

n { Fala+ Ty, (0T ); (AT ) : (—2,u,)) f(tt,) ,ﬁlﬂduk)}

-GN Hx,)
= I { ey —2=

D(cTyy) g\
and F(a—f-—Tu). <xk )

n O,F FA[a—}‘T;:k’ (eT;ll); (fT;ll) : (-xnun)]f(un) I;:[EI {(duk)}

s (T(fT}) Yiz,)
=B Rl o
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solution is

fay=n ] OO0 [

1+n—a; —
(®a%n)
0 1,0;(1),(2)L

} K'(u,) 1T {(dux)}
(—en); (T,—1), (14-T,) k=1

n § FalotTae, (T on)i (@) : ()] f) 1 {(dun)

_ 7y {0@Tw) T(1—cTs)

fi (e b ga
snd B (xk) I'(a+Tkr)

n | FalatTia, (¢To0)i (T) s Grana)lftn,) T (due)

_ f U et
Bl (k) Ta+T)

solution is

= 0,0:(1), (1)
fw,)=n[C [(xnun)

1,0;(1), (2)

1+n—a; — R n
J K(un) T {(du)

(2—cl); (Tp—1), 0+T,)

© Tlc n
n{ T Ta+Tw (xk ) I {T(cTs) [{(—2T%)
0 (Tp) (T k=1

X F a+Tre, (¢Tny); 1427, @ (w,u,)]f(%,,) it {(dur)} = @(z.,)
and k=1

ni = (af) Ne+Th) 1 {TeT;) N(—2T})
O (2).(-;) -1

X Fala+Tig, (€T 1427, : @na) 1) 11 {(duwl} = yta,)
solution is

G %@ [‘(x o) 1+n—a; —
n

flx,) =n fo Lo, @ | " (—e); (1+T,), (1-T,)

] K'(u,) T {(du)}
k=1
n f Piay+Trie, 0+ Tow; (@T 1) : (—2,)1f,) k“ {(duwe)}

_ 1 {D@T )
£t (24%) ay-+ T Dy + Tee)

$(x,)

10
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and

n  Fllayt-Tie T (1T0) : (— ) 1f(un) T {due)

k=1

o {T(fT)} Pz,)
NSy

solution 1s

o 0,0;(0), (1) I1+4n—ay, 14+n—a,; —

2, 0;(0), (2) 1) (Tt) } K'(u,) Igl{(duk)}

n f Fila,+Trx, ay+Tre; (@7 ) : (2,0,)1f(w,) i[l {(dux)}

M~ ap—Tx) 11 (N@T} o
= — x,

Doyt i) (2"

and

n Pyt T, ot Tias (1) - (o) f(nn) T @)

T(1—ay—Te) 11 {T(U/Ti)}

- ’ Y(w,)
Dlay+Ti) ;")
solution is
o 1)
o Dl+n—a+ X Ti—1) %, ;
fen) = n [ e X I« w1y
0 Dag—n— T Tp—1)  *= L (T I)J
k=1

x F? [1+n—a1+ ]:Z_IT,"—I, 1+27—a,+ k% T.—47,~T,—1: (x,,u,,)]
K'(u,) El {(du)}

n T Fifayt-Tar, agTus; (1-427,) s (—20,)lf(w) T {due)

1 {T(142T%))
= Tk' =l ¢(Q7")
(xk ) D(ay+Tkx). T(ag+Tir)
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and

n T Fifo+-Ti, at-Tias (14273) s (—an) ) 1 (e

[ {P(1+2T7)
. E=1

- / T' = , , w(xn)
(2% ). T(ay+Tia) D+ Tia)

solution is

o ) (1 '14n—ay, 1+n—ay; —
f(wn)""ngG [(nn)

K'(u,) T1 {d
@ — (L), (T, 41 J ) g (0

o T n
nf = <xkk> T(@,-+ Tri)-D(ag-The) 11 {D(—2T8)}
b (r=Ty k=1

X FZ[a1+Tkk3 a2+Tkk; 1+2T1 : (xnun)] f(un) kﬁl {(duk)} = ¢(.’E )

nf = (") Dyt Twliag+Ti) It (N—27p)
0 (z)(-T) =1
X P+ T, ag+ T 1020 (o)) ) k“ )} = ¥i(x,).

solution is

- 0) (0) ‘ I4+n—a,;, 14+n—ay; — ’ "
fa) = 600 ) K'(u,) 1 {dmo)
¢ 2,0 ’ i (Tn+l)7(1—Tn)

« . 0 {I(dTe)}
n § gt Toes (@70) : (=) Sl 1 fduey =

and

. o \ (1T}
n [ glat-Ties (fT0) : (=@l ftug) T {du)) = =

F(a+TLk<xk' )

Yl(w,)
solution is

o % (O | 1t+n—a; —
fla) = ng ‘ “’[(wnun)

1,0; (0),(2)

] K'(u,) 1 {(dug)).
71, T, 1 k=1

n] = (o)) Tt T, n{r( 2T%))
0 (TA~Ty

X pa+Tie; 1427, 2 (2,u,)] f (un)‘kl;ll {(dur)} = ¢(,)
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and

.

n f b (x:").r(a+T,;k). g (T(—2T%)

Wrlat-Tias 1421 (0,)] fltt). ,fil {(dun} = P(=,).

golution is

® . 14+n—a; — n
0 1, 0; (0), (2) —_ (1+Tn): I—T”) k=1
Since,
Lt. G(z,) = Gz, y) when n =22, =z, xy=1y
(24, n)—> 0

we obtain the dual integral equations given by Agarwal (1965) and the formal
solution given by Masood and Srivastava (1970).
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