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The problem of diffraction of a plane progressive oblique pulse by a rigid
half-plane has been solved exactly in a closed form in a manner simpler
than previously known meothods by avoiding the complication associated
with use of Winer-Hopf technique. The result agrees with those obtained
by previous workers.

INTRODUCTION

The diffraction of pulses by half-plane and other types of boundary is
of great importance to the mathematicians and physicists. Sommerfeld
(1901) first solved the diffraction problem of SH-pulses by semi-infinite plane
and later the same problem for rectangular pulses. Lamb (1910) then gave
a solution for the same diffraction problem which has a peculiarity that it is
applicable to all types of pulses—harmonic or non-harmonic. The same
problem has been solved by using Wiener-Hopf (Noble 1958) technique
by some authors. In this method besides the boundary conditions on the
half-plane the continuity of the derivatives of the potential functions on the
whole plane and the continuity of the potential functions on the other half
of the whole plane in which the half-plane is situated is assumed. Different
approaches to the problem of diffraction by half-plane has been given by
Friedlander (1946), Miles (1960), Keller (1957), Rulf (1967), De Hoop (1958)
and others. In our method, the Laplace transform of the potential functions
is written as the sum of the Laplace transform of the incident field and a certain
integral over a suitable contour containing an unknown function which is
to be determined by using the boundary conditions. By changing the vari-
able of integration and then transforming the contour to a part of a hyperbola
and again changing the variable of integration suitably and then taking
Laplace inversion the solution for the potential functions is written as a finite
integral with respect to a real variable together with some known terms having
definite meaning. Here the continuity conditions are not imposed as in
Weiner-Hopf technique and further the solution is exact and can be evaluated
numerically.
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STATEMENT OF THE PROBLEM AND ITS SOLUTION
Let a plane progressive P-pulse, given by ¢ = F(t—y/x)H(t—y/e) pro-
pagating in the direction of positive y-axis with velocity o be incident obliquely
on a hard semi-infinite plane given by y = x tan 6p, x > 0, 0 < 0p < 7/2.
Then obviously the motion is two-dimepsional parallel to the x—y plane so
that all the dependent variables are functions of =z, y and ¢t only. Let u,v
be the component of displacement of the point (x, y) at time ¢ parallel to the
x and y axis respectively. The equation of motion is given by,
(A+m) A +pv2u = puss, (A4-p)Ay+pv*0 = puy e (D
where 52 PY:
A=u,+vy, V= W+—éy—2.

The boundary condtions on the hard boundary surface are

u=0=v on y=xtan fp, x> 0. e (2)

In general, the displacement of any point can be expressed as the sum
of the gradient of a scalar potential and the curl of a vector potential, the
former corresponding to an irrotational strain and the latter to shearing strain
only. Thus, in our case of two-dimensional motion we can introduce dis-
placement potentials ¢, iy where

w=Gtpy U=~V BES

Substituting these expressions into the equation of motion (1) and the boundary
condition (2), we get

Np=— g bu Y= g S

Doty =0=¢y—9, on y==xtanfp, x>0 ... (8)

where o = V(A+2u)/p and g = v'uJp are the velogity of propagation of
P-wave and S-wave respectively. Taking Laplace transform of (4) and (5)
we get

2 2 .
v = 2o, \727#:%2!# e (8)

o2

§z+§1;y =0 = iy—-gﬁz on y =z tan fp, x> 0. e (D

A solution of eqn. (6) can be written as

=Bt gy [ Aolk) explh(pfo ket 2[Rk, - ®
CO

V= 2%” I By(k)exp[}(p/B)(K'z+2/k') 1Ak’ T
Co



596 S. B. MANDAL

where z = x4-iy, 2 = x—iy and the contours C,, ; are to be suitably chosen.

Let us now set z = {2 exp(if), ({ = £+¢y). Then boundary conditions
(7) become
Pty =0=9,—y on g=0. .-l (10)
Using the boundary condition (10) and then setting
b = [v—VyI—f2] f-1e-1P, k' = [ —+/v2—a?|alei0P, C . (11)

we get

sin Opexp[— (p/a)E? sin 0P]+—2:r—i (j} [vA()—iV1E— 2 B(v)]exp[ptv/afldy = 0

cos Opexp[—(p/at? sin Op]— Qlﬂ{ (j; [izB(v)—1—i\/vz—oczA(u)]exp[pE%/ocﬁ]dv =0
. (12)

where the contours C, C; are so chosen that they are both transformed to the
contour C(e-}-ir, —o0 < 7 < o) under the transformation (11) and

1 1

dk
W) [ Ao(k) (g]

k=(v2V = %) p-e-t0P

A) =
> ... (13)

1 - ar’
B = Byk) 2. ~ J
BF(p) [{ ° dv }k’_:(,,’_\/fzjﬂ—a-le-fop ] V=u

Inverting the integral equations (12) and then solving for A(v) and B(v), we
get

A — v sin Op—iVv2—a? cos Op ]
) = 2” Vvi—a? Vi2— B2
(v} sin Op)(v yi—x v
.. (14)
B() = v cos Op+i1/v2— B2 sin Op

T (v fsin Op)(F— /122 AV —pE

Now applying the transformation (11) to the solutions (8) and (9) we get

P =g+ /Zr?) [ A@) exp[(plaf) (va' —i"/v'— B’ )1dv e (15)
¥ = ﬂzlj;(zp) ] BWv) exp[(pjap) (v’ —iV'P—a® y')ldv ... (16)

where
x' = x cos Op+ysin Op, y' = —zsin Op--y cos Op
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and A(v), B{v) are given by (14). We take out in the v-plane from 4 £ to +co
along positive real axis, and from —f to —oo along negative real axis and take
for — 8 < Re v < B,
arg (v+a) = arg (v-+4) = 0 for all ¢
([ —m fory’ >0
arg (v—a) = arg v—p) = <
L tm fory’ <0
so that the integrands in (15) and (16) become single valued and the integrals
in (15) and (16) become convergent for all ', y'. Both the integrands in
(15) and (16) has a pole at v = —# sin Up and branch points at v = J-a, 4-f.
Let us set in (15) v = —pfcos (O+i7) 2 =rcos@®, |y | =rsinQ,
0 < O < 7. Then we find that the real axis in the 7-plane is mapped to the
left-half ¢y when 0 < ® < 7/2 and to the right-half C; when #2 <O <7
of the hyperbola [(Re v}/f cos Q)*—[(Im v)/f sin ©]2 = 1 as shown in Fig. 1.

T Y

o ¢
G v ¢

Fig. 1.

Since the integrand in (15) integrated along ares L,, L; (for 0 < ® < 7/2)
and Ty, Ty (for 7/2 < (O < m) vanish as they move towards infinity, applying

the transformation v = —pg cos(@®-+i7) in (15) and finally taking Laplace
inversion we get
[ I, r, OYH(t—r/a) for0 < 6 < 1277_6,;

Fit—yfo) Hit—yfo)+ I, v, OH(—rla)  for T —6p < 0 < 27 1-0p
2 2

$= ) cos (Op+0s) 7l sin 260p—y €08 2HP)H <t— x sin 20p—y cos 26p )
cos (fp—05) ( o o a

| Py eyl T O ) for 2 16p <6< 2 -

..o (17

12
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where
7,6 = t{/ F(t—rr/a) (Nl(%%:%%?jgfgglv‘*a‘) \/Ti;f-_—l oo (18)
N, = r1¢’'sin 6, N, = v/72—1 cos 6, ]
N, = pb(7) sin Op cos 0+4-¢" cos Opb(T),
N, = €€’ cos Opa(r)—¢'f sin Op sin 6 /721,
D, = —V72—1¢sinf, D, =71 cosf—sinb,
Dy = ¢'7b(7) sin 04 (72 cos 20-}-5in20) —ee'v/72—1 a(7) cos O r o (19)
D, = €'T V721 sin 20+¢€’a(r) sin -+ /' 72—1b(7) cos 0
a(r) = [e(T)+d(T)]},  b(r) = [c(r)—d(T)]}
o(r) = L[(B? sin2 O+ 212 cos 20— a2)2 -+ BA7r2(72—1) sin? 20]¢

d(1) = }(f?sin? 0+ %72 cos 20—a?), e =a'[|2'|, € =y'[|y] i

¥ =rcost, y =rsinf, asinfsg= fsinbp. J

Let us set now in (16) v = & cos (O +4i7r). Then we find that the real axis in
the 7-plane is mapped to the left half C, (when 0 < @ < 7/2) and to the right
half Oy when (7/2 <@ < m) of the hyperbola [(Re »)/o cos O2—[(Im v/
asin 2 = 1 as shown in Figs. 2a, b. Since v = 4B are branch points of
the integrand in (16) the hyperbola can freely cross the real aix only if
[xcos O] < g ie., if 6, <@ < m—0, where « cos 6, = f#; but the hyper-
bola cannot cross the real axis and is to be associated with a contour round
the branch-cut if 0 <@ < 6, or 7—0, <@ < 7. Since the integrand
in (16) integrated along the arcs T, I’y (for 0 < @ < #/2) and T, Ty (for

5 DA 4 s
Ca (o Cs Cs
o L
. - -B 1 +0ot
Cz Cz Co Cp
C C
3 M ry )N

Fig. 2(a). la cos ®1 > A Fig. 2(b). |acos ®] < S
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/2 < O < ) vanish as they move towards infinity, applying the transforma-

tion v = —a cos ((®-+i7) in (16) and then taking Laplace inversion we get
[ 3
Yo+ J(t, r, HH(Et—r1/f) for 0 < 0 < —2—+HS,
2 gin fg cos BP 7 ( _ xsin (fp+0s)—y cos (0P+0S)_ )
“cos (fp,—0g) i)
Y= 4 ’ (20)
B (10 O 05)—y <05 Oy +0))
B
gt 7, O)H(t—r]B) for 405 < 0 < o
where
B (Lot by e
r ﬂ 12| cos Op+ |yl sin gp

=

r

It F(t—7r/f) - T'”‘+‘/1‘72'xl ( A e A R )

] 7

for 0 < 6§ < (90, T—0, < 0 < n+40,, 2n—8, < 0 < 2m,

0 form—0, > 0 > 0, 2r—0, > 6 > n-+6,,
L . (@)
J(t, r, 0) = é;'r {/ Tr/f) - S Dbyzzj_ll))zg)(g) 2D_’:§)A;) )° \/;02%'—, ... (22)
) = 'r\/?-z——cos2 0y V1—72 cos fp +¢'b sin 6, ’ ]
sin Og—71 (e p2)r2— B2
Ny =¢7sinf, N, = V12—1cos ¥,
Ny = ar cos 0, cos 0—¢' sin 6,b'(7),
N, = €'a cos O, sin 6 /721 —e¢’ sin Opa’(1),
D] = sin fg—71 cos 0, D, = ¢ sin 6 V'72—1, > (29)
D; = a(7? cos 20-sin? )4-¢'7h' (1) sin #—ee’ /72 —1a’(T) cos B,
D, = €'r vVBE—1 sin 20+ee'a’(7) sin O+ /75— 1b'(1) cos 6,

4

@'(r) = ['(r)+d' (1)}, ¥'(7) = [¢'(r)—d' (D)},
(1) = }{(a? sin? O0+4-a27? cos 20— F2)24-adr¥(72—1) sin2 264,
d'(‘T) ==

$(a? sin® 64-a?r? cos 20— f2). J
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Figure 3 gives the geometrical picture of the solution for ¢ and ¥ given
in (17) and (20) where the terms I(¢,r, 8) H(t—rla), J(t, r, 0) HtKr/B), Fy
represents respectively the diffracted P-wave, diffracted S-wave and the

Head-wave.

7
rd
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Fig. 3.

ACKNOWLEDGEMENT

The author takes this opportunity of thanking Dr. S. C. Das Gupta for
suggesting the problem and for guidance at various stages of the work.

REFERENCES

Friedlander, F. G. (1946). Diffraction of sound pulses, I. Diffraction by a semi-infinite plane,
Proc. R. Soc., Al186, 322.

De Hoop, A. T. (1958). Representation theorems for the displacement in an elastic solid and
their applications. Research Report., University of Berkeley.

Keller, J. B. (1957). Diffraction by an aperture. J. appl. Phys., 28, 426.

Lamb, H. (1910). Diffraction of a solitary wave. Proc. Lond. math. Soc., 8, 422.

Miles, J. W. (1960). Homogeneous solutions in elastic wave propagation. Q. appl. Math.. 18. 37.

Nobel, B. (1958). Wiener-Hopf Technique. Pergamon Press, Oxford,

Rulf, B. (1967). Diffraction by a half-plane in a uniaxial medium. STAM J. appl. Math.. 15,
120.

Sommerfeld. A. (1901). Theoretisches Zur Beugung der Rontgenstrahelen. Z. Math. Phys.,
46, 11.



