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The flow of a viscous incompressible fluid with temperature dependent
viscosity between two parallel porous flat plates under constant pressure
gradient has been studied. The coupled differential equations of momen-
tum and energy are solved with the help of a power series in the injection
parameter A, which is considered to be small. Expressions for velocity
and temperature distributions and for Nusselt number are obtained.

NOMENCLATURE
2
E = Eckert number, — —m
T
h = half the distance between the plates
N = a dimensionless parameter = EPrf
Nu = Nusselt number, defined by egn. (4.1)
p* = dimensionless pressure = —1}—2—
Pl io*
P = dimensionless pressure gradient = Re dﬁ .

Pé = Péclet number = A Pr
Pr = Prandtl number = #0%

k
Ré = Reynolds number = Plmh
Ho T
T* = dimensionless temperature = -—;A
0

T, = constant temperature of the plates

Tm = temperature in the middle of the channel

u* = dimensionless axial velocity = ——
Um

um = velocity in the middle of the channel in the absence of porosity

v, = constant injection/suction velocity at the plates
&* = dimensionless axial distance = %

*Present address : Department of Mathematics, University of Rajasthan, Jaipur-302004.
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Greek Symbols

B = dimensionless constant depending upon the nature of the fluid

7 = dimensionless perpendicular distance from the central line of the
channel = y/h

0* = (1+pT")

A = injection parameter = p;:gh

Mo = viscosity of the fluid at temperature T,

p* = dimensionless viscosity = /ébo

1. INTRODUCTION

The velocity and temperature distributions in a plane Couette flow and
in a plane Poiseuille flow for constant fluid properties are well known
(Schlichting 1968). However, for the fluids, which are important in the
theory of lubrication, the heat generated by internal friction and the corres-
ponding rise in temperature does effect the viscosity of the fluid and it can
no longer be regarded as constant. Prandtl (1928) on the basis of experi-
mental results, suggested an empirical relation for the dependence of viscosity
on temperature. Using Prandtl (1928) relation an extension of plane Couette
flow was considered by Nahme (1940) who found that the velocity distribution
at right angles to the plate ceases to be linear. A corresponding extension
of plane Poiseuille flow has been given by Hausenblas (1950) who, in order
to simplify the enalysis, took a simplified form of the Prandtl relation.

Transpiration cooling is a very effective process for reducing the heat
transfer between the fluid and the plate. Eckert (1958) has given an exact
solution for the plane Couette flow with transpiration cooling for constant
fluid properties and a corresponding solution for plane Poiseuille flow has been
studied by Berman (1956). Jain and Bansal (1973) have studied the Cousette
flow with transpiration cooling when the viscosity of the fluid depends on
temperature. They report a considerable reduction in the shearing stress
and in the Nusselt number as compared with the conditions on a solid surface.

In the present study we have considered the flow of an incompressible
fluid with temperature dependent viscosity between two parallel porous flat
plates under constant pressure gradient, such that the fluid is additionally
injected into the flow field through one of the plates and is correspondingly
removed from the other. In such a case the momentum and energy equa-
tions are coupled and a compact solution is not possible. The solution of the
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problem has been obtained with the help of a power series in the injection
parameter A, which is considered to be small. The zeroth order approxima-
tion is the same as obtained by Hausenblas (1950), whereas the fluid injection
effects are confined in the first order approximation. Although the second
and higher order approximation can be considered but the analysis becomes
increasingly complicated. Moreover, the results of the first order approxima-
tion, when reduced to the temperature independent viscosity, are in good
agreement with the known exact solutions if the range of A is taken to be

0 <AL 05

One of the important findings of the present analysis is the Nusselt number
for the heat transfer at the lower plate. For constant viscosity fluid and in
the absence of porosity the value of the Nusselt Number is 4, (Schlichting
1928) which decreases continuously with the fluid injection. A further
decrease in it for fluids having temperature dependent viscosity is
significant.

2. Basic EQuaTioNs AND BoUNDARY CONDITIONS
We try to seek the solution of the Navier-stokes equations and the equa-
tion of energy for the Plane Poiseuille flow with porous walls, which are kept
at the same constant temperature 7,. The fluid is additionally injected into
the flow field through the lower wall at a constant velocity v, and corres-
pondingly removed at the upper wall. The fluid properties, except the visco-
sity, have been taken as constant.

If we take the z-axis along the central line of the channel and y-axis at
right angles to it, the velocity and temperature fields, in such a case, will be
independent of z.

By introducing the following non-dimensional quantities :

C I R N S S R R el i
u_um’x_h’”—h’ﬂ—'ﬂo’p~Pu3.,T_ Ty ’
A = ’—”;‘;—h (Injection parameter), Re = %"—"E (Reynolds number),
0 0
2
Pr = ‘ﬂ’]—jl (Prandtl number) and K= —im (Eckert number),
epTy

where u,, is the velocity in the middle of the channel in the absence of porosity,
Ity i8 the viscosity of the fluid at the temperature 7', % is the half of the dis-
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tance between the plates and the other symbols have their usual meanings,
the equations governing the motion can be written as

du* d . du*
ar dzT* du* \2
ABr S = G+ EPr g “( £ ) (2.2)
d *
where P = Re Ti%*_ (2.3)
is the non-dimensional pressure gradient, to be determined.
The boundary conditions are
7= 41: wr=0, T*=0 .. (2.4)
and when
A=0: w*=1 at g5 =0. ... (2.5)
3. ANALYSIS
Integrating eqn. (2.1), we get
du*
n* e = Pyp+2Au*+C, .. (3.1)

where C is a constant of integration to be determined.

In order to solve the coupled differential equations (3.1) and (2.2), for
velocity and temperature fields, we require an empirical relation between
viscosity and temperature. For lubricating oils the dependence of viscosity
on temperature can be estimated by the relation

i—. = 14+ 4T* = 6* (say), .. (3.2)

which has also been used by Hausenblas (1950) and is in fact a first degree
approximation of the Prandtl (1928) relation based on experimental results.
The dimensionless constant £ depends on the nature of the fluid.

Using eqn. (3.2), eqns. (3.1) and (2.2) can be written as

du’ 1 0)9* 3.3

a7 = (Pp+2Au*+0) - (33)
and *
do* du* do

. 2 == * 4a

0 G +N< dﬂ) Apr6* T (3.4a)
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or d29* dg

—— +N(Py-+Au*+C)20* = APr ... (3.4d)
where drp? dn

N = E Pr f (a non-dimensional parameter). ... (3.5)

A compact solution of eqns. (3.3) and (3.4) is not possible and therefore
we try to seek their solutions, for small values of A, by a power series developed
near A = 0, as follows :

W= T Mup, 0°= T A, and C = 3 ACh. .. (3.6)
r=0 r=0 r=0

Substituting the postulated forms from equation (3.6) into equations
(3.3) and (3.4b) and equating the coefficients of like powers of A, we get the
following :

Zeroth Order Equations (No fluid ingection)

dy

Zn = P10+Co o (37)

a0, .

with the boundary conditions

7= 411uy=0; ;=1
Also,
7=0:u,=1 ... (3.9)

It may be pointed out that due to the symmetry of the flow the value of C,
will be zero.

First Order Equations (Injection effect)

d
d%l — Pyb, -+ (u,+-0,)0, ... (3.10)
2
‘fl—?f; + NP%26,+ 2N Py(ug+C,)0, = Pr ‘%‘1 . (3.11)
with the boundary conditions
g=4+1:u4,=0, 6, =0. .. (3.12)

The equations of higher order will have similar structures.

Solution of the Zeroth Order Equations

Following Morris and Brown (1952), the series solution of the equation

2
%—7;921—{—2\149277200 —~0 .. (38)
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is given by

0, = 4, z 8,44 By 5 tat, ... (3.13)
V=0 v=0
where
1 (=} /. 4/NP ¥
= 1 T (, 4 ) , .. (3.14)
and 1 3! [ .yNP \»
b= T (z : ) . ... (3.15)

Applying the boundary conditions (3.9), for 6, in eqn. (3.13), we find

© -1
A, = [ 5 sv] ... (3.16)
V=0
and
By = 0. ... {3.17)
Hence -
Op = Ay Z s ¥ ... (3.18)
v=0
Hence -
Oy = Ay & sy* ... (3.18)
v=0

where 4, is given by eqn. (3.16).
Substituting the value of 6, from eqn. (3.18) in eqn. (3.7) and integrating
with proper boundary conditions, we get

_ v Sv_ (pavia_| .. (3.19
u, PA0v§0 (@ 9) (n ) (3.19)
&nd P o
Pe— 3 v S .. (3.20
v=0 Sv{v=0(4v+2) ( )

Solution of the First Order Equaiions
Substituting the values of 6, and u,, from eqns. (3.18) and (3.19), in eqn.
(3.11), we get
d201 NP2 26 > dv~1
ap TP 0 =Prd, & dvay
—ONPA,(1+0,) T sgiv
v=[)

_onp24z > 0y _ 5% _sviguis
WPy E £ ples g .. (3:21)
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The series solution of eqn. (3.21) is given by

g, = A4, E 5,7+ By z tpt 2 Z by

=0 Veal
o« « -] o« w0
+ X = da;v,,]4a+4v+3+ DD YD) ea;v’_w,?4a+4v+4|ﬁ+5 ... (3.22)
A= V=0 =0 v=0 ¥=0

where A, and B, are arbitrary constants and b

v da.‘v and Covy ATE giVen
by the following recurrence relations :

b — Pr A4,
0y T 4yl
b = —NP%,,,
atbiy (4a-{-—4v+4)(4a+4v—|—5)
i — —2NPA(1+0Cys,
Oy (v 2)(4v+-3)
P —NP%d,,,
by T (gt 4yt 6)(da+4v17)°
¢ —2NP%4%s.s,
vV T (4 2)(dv+ 4+ 4)(dv L A1 B)
_ — NPy
eﬂ+1f\’;lll - (406+4V+4¢'+8)(40&—}—41}—}-41,0—{—9)' cie (3.23)

Applying the boundary conditions on #,, from (3.12) in equation (3.22),
we find

a>

E z bav+ 2 2 2 (dav+eavw)
A, =0 and B, = —2=2 =1 sfomp vd . (3.24)

5t

y=(
Having determined the temperature distribution 6, we shall now calculate the
velocity distribution u, from eqn. (3.10). Substituting the values of 6,, u,

and 6,, from eqns. (3.18), (3.19) and (3.22) respectively, in eqn. (3.10) and
integrating directly, we get

— 2 s 3 8,8y “ 4v+ay43 14+0
w=PAE 2 agramragry T Al

o0 8v " 1 o
x 5 i s +P[B1v§o

v=0 4

fy 5 7t 2 5

dv 2] v—l
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b
ey pdaidv43 %y satavis
“Tafvis " +E‘o Eo s sl
E E] Za]’ Casriy dayavedud? | 4 4 (323
+ w0 veo w—o da-+dv+4f-+7 K ]+ 2 ( )

where A, is a constant of integration.

Applying the boundary conditions on %, from (3.12), in (3.23), we find

A2 == 0
and
c =_1_.P[B S b 1 F % e
! N I e R P I B
b5 F G 55 e
a=0 v—o 4a-+4v4-5 a=0 V=0 Y= 4“+41'+4¢‘+7
2 w ] SVSW L 'sv -1
T4 E S e L S w02

Here we shall confine ourselves to the solution of first order equations.
Although the solutions of second and higher order equations can be determined
in a similar way but the analysis becomes increasingly complicated.

4. HzraT TRANSFER

The dimensionless coefficient of heat transfer ie.,

(6T> 5
_\oylyw
Nu = ———(—1—10—:’%1—1;)— cen (4.1)

where T, is the temperature in the middle of the channel. The expression
(4.1) in the present notations, can be

a6*
Nu = ( oy )"=*1». e (4.2)

(Om—1)
Making use of equations (3.6); (3.18) and (3.22), we find

Nu = [—A,, T dvs, A { B, S 41+ 3 (datdvilib,,
V=0 v=0 @=0 v=I1

+ >: z S (dot-54-8)dy z T T (dattvragBlegy ]

Va0 Y=
X(4,—1)2. e (4.3)
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5. CoNSTANT VIScosiTY SOLUTIONS

In the case of constant viscosity # = 0 and therefore from equation
(3.5), we have N = 0 and the expressions in (3.19) and (38.23) reduce to

uy = (1—7?), o (8.1
and

uy = Ip(1—7p?). .. (5.2)

Hence for small values of A, we get
* 2y A 2
u* = (1—7") 45 7(1—9%) .. (5.8)

Also the expression in (4.3) for the Nusselt number reduces to

Nu = (4-i Pé~l§/\) (5.4)
5 15
where
Pé = A Pr (Péclet number). ... (b.5)

It is worth noting that the velocity distribution given by eqn. (5.3) is
in close agreement with the exact solution obtained by Berman (1956), viz.,

r AN___pA
0= Ot |~ S 6

when A is considered to be small so that its second and higher powers are
being neglected. The range of A may be taken as 0 < A < 0.5.

The exact value of the Nusselt number in the present case, which we
have calculated separately, is given by

. 4> 42
-Pe_y — _
Nu = [ Lye +Pé (2A—E(§)(e2l_1)2 (A—Pé)(e?*—1) ] 5.7)
h [L + L, 2)e24 N 4ot 3 .
? Pé (QA_Pé)(e2)._1)2 (A_.Pé)ew.)__l)
where
- Pé epel - 2 2/\(6“%—1) 4
= m[ Pé T (2A—Pé)(e¥—1)  A—Pé ] (5.8)
and .
_ Ly 1 2A 4
Lz - -——Pé—_!— —P_’— +(2A———Pé)(621_1)2_ (A__Pé)(eg;___‘l) (5.9)
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If A and Pé are considered to be small, then the expression in (5.7) can
be very well approximated with the value given in eqn. (5.4). Moreover, when
A = 0, the expression in (5.3) and (5.4) reduce to

u*t = (1—7?),
Nu = 4,

and

which are exactly the same as given by Schlichting (1968).

6. NumEricaL DiscUssioN
In the present analysis we find that the important non-dimensional para-
meters are 4/NP, the injection parameter A and the Péclet number Pé. The
effects of the Eckert number ¥, the dimensionless constant # and of the
dimensionless pressure gradient P are solely confined in the parameter 1/NP.
It is noted that only even powers of /NP occur in the solution.

In Fig. 1, the velocity distribution in the absence of the fluid injection
and its removal on the boundaries for different values of the parameter /NP
is plotted against the perpendicular distance measured from the central line
of the channel. It is being noted that as /NP increases the velocity at

° %4\
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Fig. 1. The variation of velocity parallel to the walls against the
perpendicular distance measured from the central line for
different values of the parameter +/NP(A = 0).
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any section of the channel decreases in comparison to the velocity in the
plane Poiseulle flow. A sharp decrease in the velocity near the plates for
large values of 4/NP is noticable. Figure 2 gives an idea of the perturbation
in the velocity due to the fluid injection across the axis of the channel for differ-
ent values of the parameter A. The perturbed velocity decreases in the lower
half of the channel as A increases and an equal increase in it in the upper half
of the channel takes place. Figure 3 gives a combined effect of Figs. 1 and 2

EIN—
T 05

A FHTG{" \)ﬁ,-ov r03
va

/ -
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]
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—
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Fig. 2. The variation in the perturbed velocity parallel to the walls against t'e
perpendicular distance measured from the central line for different values
of the injection parameter A (/NP = 1.0, Pé = 1.0).
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Fig, 3. The effect cf the injection parameter A on the velocity paraliel to the
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i.e., the velocity distribution of two values of A viz., 0 and 0.5, while the
Péclet number Pé and the parameter 4/NP each is taken to be unity. The
decrease in the velocity near the lower plate suggests a corresponding decrease
in the shearing stress due to the fluid injection.

The variation of temperature distribution for different values of /NP
in the case of solid walls is being plotted in Fig. 4. An increase in the value
of /NP gives a corresponding rise in the temperature across the channel.
The deviation in the temperature due to fluid injection indicated in Fig. 5
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Fig. 4. Temperature distribution plotted against
the perpendicular distance measured from
the central line for different values of the
parameter /NP (A = 0).
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is of similar nature as was observed in the case of velocity distribution plotted
in Fig. 2. From Fig. 6 we conclude that the effect of A is to decrease the
temperature in the lower half of the channel and to increase it in the upper
half as compared to the distribution in the absence of porocity.

|-0T"'%~\
8 \b\\h-{\‘o\\\ =05
06 \«\\(
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~-04 //L
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-08 ////
—1-0 /’/‘}/
-0 02 1-04 06 08 1410

AAA Hausenblas (4)

Fig. 6. The effect of the injection parameter A on the temperature distribution
measured from the central line (4/NP = 1.0, Pé = 1.0).
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One of the important findings of the present analysis is the Nusselt number
Nu for the heat transfer at the lower plate, which is being plotted against the
parameter A for two values of /NP viz., 0 and 1.0 keeping Pé = 1.0, in
Fig. 7. In the case of constant viscosity and in absence of porosity the value
of Nusselt number is 4 which decreases continuously due to the fluid injection.
A further decrease in the Nusselt number for the fluid having temperature
dependent viscosity is significant.
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