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Using the theory governing homogeneous, isotropie, magnetoelastic bodies
with couple stresses, two boundary value problems are solved.

Both consider a magnetoelastic body of infinite extent which contains a
spherieal inclusion and subjected to a unidirectional magnetic field of uni-
form strength at infinity. The two cases are that of a rigid spherical in-
clusion and a spherical cavity. In each case, the displacements, symmetrie
part of the force stresses, and deviatoric couple stresses are determined
in closed form.

InTRODUCTION

Couple stresses, in addition to the usnal force stresses, were first introduced
in the mechanics of continua by Cosserat (1909). More recently, symmetric
non-linear and linear theories with couple stresses have been formulated by
Toupin (1962), Mindlin and Tiersten (1962) and Koiter (1964). Studies of
magnetoelastic and electroelastic interactions in a continuum in the absence
of couple stresses have been discussed by Brown (1951, 1966), Tiersten (1964),
Singh and Pipkin (1966), Singh (1967) and Smith (1967).

The dynamic theory of elastic dielectrics in the presence of electro-
magnetic fields with inclusion of couple stresses has been developed by Dixon
and Eringen (1965) covering wide range descriptions. The introduction of
couple stresses is plausible because of the recognized existence of body moments
due to the interaction of a magnetic field with a magnetizable elastic media.
This paper, in part, attempts to confine this type of formulation to static
deformations of a magnetoelastic solid in the presence of a magnetic field.
A similar approach for elastic dielectrics is already presented by Pugh and
Singh (1974). '

From the general non-linear constitutive equations for a homogeneous,
isotropic, magnetoelastic solid when couple stresses are included, the equa-
tions, governing the linearized theory are obtained in Section 3. These equa-
tions constitute the first approximation when the deformation is small and
the magnetic field sufficiently weak.
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The linearized constitutive equations reduce to those of classical magneto-
striction (Stratton 1941) when couple stresses are not included, and to those
of classical couple stress elasticity (Mindlin and Tiersten 1962) when a magnetic
field is not present.

This linearized theory, with the development of Papkovich Neuber
potentials in Section 4, is then applied to solve two boundary wvalue
problems. Both involve an unbounded magnetoelastic body with a spherical
inclusion and in the presence of a unidirectional magnetic field of uniform
strength at infinity. In one case, the inclusion is rigid, while it is a cavity in
the other. Closed form solutions are obtained for displacements, force
stresses, and couple stresses.

It is observed that the field equations for the theory of magnetostriction
with couple stresses are formally equivalent to those of uncoupled linearized
theory of electrostriction (Pugh and Singh 1974). Therefore, the solutions
to two new boundary value problems solved in this presentation for the
magnetostrictive case can now be easily obtained for the electrostrictive case
(Pugh and Singh 1974) by merely changing the names of certain of the symbols.
By the same argument, the solution to the problem of a cylindrical cavity
in an infinite elastic continuum, which has been solved for the electrostrictive
case in an earlier paper (Pugh and Singh 1974) can be derived trivially for the
magnetostrictive media presented here in this paper.

1. MEecuANICAL EQUILIBRIUM
A continuous magnetoelastic body occupies a volume V, bounded by
surface §. If H is the magnetic field present, then the body force density f
and body moment density m due to interaction may be expressed as
f=(BWH m=BxH, (L)
where B denotes the magnetic field in the material. It may be pointed
out that alternate expressions for f and m have been used in the preceding
developments (Brown 1951). For example, instead of B in (1.1),
M(=—pB-H)
B
is usually taken.
This alteration leads to the same results except for replacement in multi-
plicative constants.

An arbitrary material particle which is located in the undeformed geo-
metry by rectangular Cartesian coordinates Z4 (4 == 1, 2, 3) and curvilinear
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coordinates X4 ig represented in the deformed configuration by rectangular
Cartesian coordinates 2¢ (i = 1, 2, 8) and curvilinear coordinates af. When
mechanical body forces and body moments are taken as zero, equations of
mechanical equilibrium are :

# = Tﬂ’ﬂ:j, (1.2)
¢ = wltny, . (L3)
™+ BtHi, = 0, e (1.4)
and
24 egmgi[Thm - BkHm] = 0, o (L)

The semi-colon represents covariant differentiation, ¢ the force stress vector,
g the couple stress vector, n the outward normal to the arbitrary surface S,
7t7 the force stress tensor, and u#/ the couple stress tensor. With the introduc-
tion of st/ = 1 (r44-7#t), 1l = L (74 —73%), mii = ui—pgii, u = }uf and
mkP? = }epdy mki, equilibrium equations (1.4) and (1.5) can be combined to
give

miff—si = L[ — Bi,Hk+ BIEY,+ BLHI 1 BEH,). ... (1.6)

Across the surface of the body on which, in general, a mechanical force 7'
and mechanical moment @ per unit area are imposed,

Tt = 7¥ny— riin, U )
Q@ = pltng— pting, ... (1.8)

where 77t and ,uit are evaluated on that side of the surface towards which the

and

unit normal vector n; points.

2. MAGNETOSTATICS

The equations of continuum magnetostatics that are independent of
material composition are

V.B=0 . (21)

and
VxH =0, or H=-VV .. (2.2)

where V is the magnetic potential function. Across the surface S of the
magnetizable body, the normal component of the magnetic field flux B and
the tangential component of the magnetic field H are continuous :

(E—G_Bi)?z =0 .. (2.3)
e‘fk(Hj—eH,)nk = 0. .. (2.4)
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3. CoxstITUTIVE EKQUATIONS
The magnetization M is related to the fields B and H by

M = L B—H, (3.1)
= hy = =
where u, is the permeability of free space. Exterior to the body, M vanishes,

so that in free space
B = u,H. .. (3.2)

As shown by Stratton (1941) the apparent magnetic force stress in free space
is given by the Maxwell stress :

i = M — %L_[eB‘irBf_%eBkeBng]. .. (3.3)
0

The magnetoelastic materials considered in the present application are
homogeneous, isotropie, and are such that Hf, s¥, and mfik are expressed in
terms of Bf and the displacement gradients which characterize the state of
deformation of the medium. The theory governing such materials has been
formulated in complete generality by Dixon and Eringen (1965). Our
attempt in this paper is to confine ourselves to infinitesimal deformations
and weak magnetic fields. To that purpose, we obtain an uncoupled linearized
procedure which is derived from the general theory by retaining in the consti-
tutive equations only the first powers in deformation gradients, quadratic
powers in magnetic flux, and neglecting all product terms in magnetic flux
and deformation gradients. This formulation leads to

st = Ggtkgim{ug m ]+ Aukg¥ +-poBEBrgti+p, BIBI, ... (3.4)
mitk = vyl — a4l utt— gty — ], .. (3.5)
and
me = L pe. .. (3.6)
!

The force stress may be expressed directly in terms of the magnetic field by
substituting (3.6) into (3.4):

8t = Gtk gy + U]+ Autig® +-EHE Hygtd - pHVHI o (3.7)

where £ = pyu? and p = p,u®. This uncoupling in eqn. (3.6) also allows
the magnetization in eqn. (3.1) to be written as

y=C—mpg_.g .. (3.8)
- Ho
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where y is the magnetic susceptibility of the material. Equations (2.1), (2.2)
and (3.6) require the magnetic field, in addition to being conservative, to be
solenoidal. Therefore, y.H = 0 and the magnetic potential is harmonic :

viV =0. .. (3.9)

4. DISPLACEMENT SOLUTIONS FOR SMALL DEFORMATION THEORY

Within the small deformation theory, the equilibrium equation (1.6)
is expressed in terms of displacements through the use of eqns. (3.5)—(3.7) :

A+GV(vu)+0viu+ Py y(v.e)—viul = —§Q28+p+pu)y(H H)

= —}2Efp+alylvAVY)), e (41)
where (1% = (v,}v,) and it has been recognized that
HH = jy¥(V?).

Comparison of eqn. (4.1) with the equilibrium relations given by Pugh
and Singh (1974) shows that the displacement equations of equilibrium for
the theory of magnetostrictive materials are identical in form to those of elec-
trostrictive materials. This observation permits us to write the displacement
solutions to (4.1) directly from the solutions obtained for electrostrictive
materials (Pugh and Singh 1974):

(A+6)

u = Q+l2§—lzy[_v.g+lzy.§]——m vir-w+BJ+IVH, e (42)
where
v2B, = 0 ... (4.3)
{—PByil =0 . (4.5)
and - -
_ (2E4pp)
Pl —— m)_ . Py (4.6)

The above Papkovitch-Neuber representation of the displacement solutions

is complete.
5. Bounpary CONDITIONS

As noted earlier, the normal component of the magnetic flux and the
tangential component of the magnetic field are continuous across the surface
of the magnetoelastic body :

(B—,B)n =0 .. (81)

et (Hy— Hy)ny = 0. .. (5.2)
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Since the stress in the medium surrounding the magnetoelastic body is the
Maxwell stress given by eqn. (3.3), u¥ = mt* = m¥ = 0. The terms
rk? and pu = }uf may be eliminated from the boundary -conditions (1.7)
and (1.8) through the use of eqns. (1.4) and (1.5) to give

y
{ sti— Jekii [ mEp— air%kinl) ]} ng = TI+polH HI—} HE Hygt Iy
(5.3)
and
ming—mPingngnt = QJ. .. (5.4)

Use has also been made of the fact that H = % B in free space.
0

6. SpEERICAL INCLUSION IN AN INFINITE MEDIUM

We shall consider a magnetizable elastic body of infinite extent which
contains a spherical inclusion of radius @. At infinity, the body is assumed
to be subjected to a magnetic field which is of uniform strength H, and in the
28 direction. We examine two types of inclusions; a rigid sphere, and a
spherical cavity. The origin for rectangular Cartesian coordinates is chosen
at the centre of the sphere, and the 23-axis is an axis of symmetry for these
problems. In terms of spherical coordinates (r, 8, ¢) 6 = 0 coincides with
2% axis, while 0 = 0, ¢ = #/2 with the z! axis. The axisymmetry implies
that all quantities be independent of ¢.

6.1. Tue Maexeric FieLp

Let VI and VII denote magnetic potential functions in the regions r < a,
and r > a, respectively. Both functions are harmonic. The solution for
VI must be bounded at r = 0 while VI must give rise to a uniform magnetic
field H = Ho@zs as r approaches infinity. With the added requirements

imposed by conditions (5.1) and (5.2), V! and VII are given by

VI = —HyTyrcos @ ... (6.1)
a3
where 3 _
Pz P ___,/L_z__, a,nd PS p— M
tnt+2pe P2,

Here y, and u, are the permeabilities of the materials in the regions r < a
and r > a, respectively. If H and ,H represent the magnetic vectors in the
regions r > a and r < a, respectively, eqns. (6.1) and (6.2) give rise to

¢Hy = HyI'y cos 0 ... (6.3)
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eHo = —HyI'y8in 0 ... (6.4)
ad’
H, = H, [1_21*3?] cos 6 .. (6.5)
a®] .
Hy = —-HD[ 1+r3;§] sin 6. .. (6.6)

6.2. StrEss CONDITIONS AT INFINITY

As r approaches infinity, the force stress field must approach the Maxwell
stress values. Therefore,

s#(00) = Ml = p,{H'HI—LH¥*Hyg"}. .. (6.7)
For large values of r, the magnetic vector is H = Hy ;. Thus in the rec-
2z
tangular Cartesian coordinates 2!, the force stresses at infinity are
§38(00) = —sM(00) = —s2%(c0) = —‘%—2 HZ ... (6.8)

and all s%(co) = 0 for 7 £ 4.

The displacements which give rise to these stresses are

u? = T\ VI H +kr+-kyr cos 260 ... (6.9)
uf = Dy VI Hy—kyr sin 20 ... {6.10)
up = 0. ... (6.11)
where
b= T8 (Gt 2EE— (A 5GA+26Y)T)
17 326G 130 P 1
and

k Hy
2= 40 {a—p+2GT4}.

6.3. DISPLACEMENT SOLUTIONS
Further solutions must be added to these particular displacement solu-
tions, such that the displacements obtained are compatible on the surface
of the inclusion » = a. Equation (4.2) shows that these additional solutions,
which give rise to stresses that vanish at infinity, must have the forms

U = Q"f‘lz_‘;"FY[Y-_ +lzy_§]_§%%]_ Y[T‘P_+Bol .. (6.12)

where VzBO = 0, Vzw = 0 and g__l2v2§ = 0,
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These Papkovitch-Neuber functions are taken to be of the forms

B, = By(r, 9) ... (6.13)
w = w(r, 0)¢ y = w(r, 0) cos 08, —w(r, 0) sin G¢, ... (6.14)
and i
£ =4, 0)@23 = {(r, 0) cos 6&,—{(r, 6) sin ¢, ... (6.15)
where
Vv2B,(r, 0) = 0, viw(r, 0) = 0 and {(r, O)—Py3(r,0) = 0. ... (6.16)

Product solutions for the functions By(r, 8), w(r, 6), and {(r, 6) are retained
on the basis that they result in displacements that give rise to stresses that
are functionally consistent with the Maxwell stresses. This procedure yields

By(r, 0) = Cyr—1+Cyr—3(143 cos 26) ... (6.17)
wl(r, 0) = Cgr—2cos 0, ... (6.18)
Lr, 0) = Cpe{Ir14-1%-2) cos 0 ... (6.19)

where O, through O, are real constants. In writing these expressions, use
has been made of the fact that the Bessel functions I5,(r/l) and I_g,(r/l) can be
written in terms of elementary funections.

The complete solutions for the displacements are now given by eqns.
(6.9) through (6.12) along with (6.17) through (6.19) as

2 3 6
Uy = —5—25!9 [ 1—T, ‘;—3-_211%, %} r(1+4cos 20)+kyr+kyr cos 20
+3C4(r—2—31%r—4) — 1C e~ T/Y(14r~24- 315r—38 4 315y—4)(14-3 cos 26)
A+G
-+ 3C04(r—2—9l2r—%)cos 20 5271%"2();_) [Cyr—2+3Cyr—%(1 4 cos 20)
+ 30,41+ 3 cos 26)] ... (6.20)
2 3 6
Uy = F12H° [ 1421, ar—s—f-l"% %e’] 7 sin 20 —k,r sin 26

—305(r—2+ 100%—4) sin 26— JC,e="/{13p~1--- 314p—2 1 10757~

+10%—4) sin 20—}—5%%—(% (Cgr—2-+6C,r1) sin 20 ... (6.21)
and N
u, = 0. ... (6.22)

@
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6.4. Ricmp INcLusioN

The coefficients C; through C, are evaluated through the application
of the boundary conditions at the interface of the inclusion and the infinite
magnetoelastic body. When the spherical inclusion is considered to be rigid,
the displacements u, and u,, as well as the rigid body rotation of the deform-
able material must vanish at r = a. The rigid body rotation vanishes on
r=aif

1 1
7 ur,o—"“a,r“‘,.‘ Ug = 0. (6.23)

The use of (6.23) along with %, = 0 and w; = 0 on r = a gives

3¢s—9s , 9s959
O, = a9 95959 . (6,24
1 3¢, + 39195 ( )

e 939597
O, = 16 _ 131547 ... (6.25
2 39, 6449 ( )
0, = B2 .. (6.26)
qs
o, =% o (6.27
o= (6.27)
where
. (A+G)
G =5 9% = gyipr O . (6.28)
PPa? _
g = — —5— e ¥{1+4-3la"'+30%%) .. (6.29)
2
gy = PlTH" [1—Ty—2T%—k, ... (6.30)
3A+56G
% = (2_(%203 - . (6.31)
gs = %Hi[l_pa_ng]_kz ... (6.32)
47 = Elzﬂ?.’ [644T,—T%]— b5k, .o (6.33)
2y—~1p—all

gs = LA 26 ¢ { 3(/\?1?20) (1+3la—1+312a-=)+(1+4lza"“)}- .. (6.34)
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6.5. SearEricaL CaviTy

The surface of the cavity will be assumed to be free of applied mechanical
forces and moments so that the boundary conditions (5.3) and (5.4) take
the form :

815_%€m[ m,“_"_m_.] — pl HYHI—3HEH ] ... (6.35)
and Ok
mV4+minf = 0, ... (6.36)

where u, is the permeability of free space. Only five boundary conditions
are represented by the above relations since (6.36) is identically statisfied for
J=1. A discussion of the sufficiency of these five boundary conditions
is given by Mindlin and Tiersten (1962). Of these five, the only non-trivial
ones for this problem are :

1 = é‘2_0 [ HL H!— H?2,H? ... (6.37)
11
) s [ mitp gty md— O] g HHE L (6.38)
an
mi3 = 0. ... (6.39)

To express the above boundary conditions in terms of displacements, we
use (3.5) and (3.7) :

t 6
Srr = (A+2GQ)uy y+ A [—“ Ug, o‘f‘*‘ +99—‘ Ug ] +¢é[H Hy +H9H9+PHrHr]
= "é‘ [GHTGH"—GHGGHO]' N (6.40)
1 1 1
G {7 Uy gty y— - ua} +Gi* { urrro+ 7 Uy ggg — Ug,rre— 7z uo.reo—"; Ug,rr
1 +cot g cot ] 1 cot 0 u
%o,00 08~ riginzg et T Y
1 1 '
TN Ur g1 Banil u,,} = poeHreHy—pH H, ... (6.41)
and 1

1 1 2 1 1
G {ug,rf"'ﬁ Yot Uprt oy Yre— 5 ua} +(Vz“"s){';‘ Urrot oz Up.go

1 cot 7 cot2 7] cot 0
+r Ur.g }+V1 {“ Uy, r+ Ug9— }+"2 { .9+ %g.0
1
_m%}=o_ ... (8.42)
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Substituting now for displacements from (6.20) and (6.21) into the condi-
tions (6.40) through (6.42) and equating the coefficients of the functions of

0 on both sides, we obtain the constants C; to U, as :

0. — 3ps—Ps | (P5—3Ps)(PsP1o—PeP11)
! 3p; 3py(PsPro—P7P11)

0. = Pe? +“21’5(p91711"178p12)+3‘12103(1771’12_179?10)
27 18p, 18p4(PsP1o—P7P11)

—. PsP12—PsP11
PsPio—P7P11

and O, — PoP1o—PrP12
PsPio—P7P11
where
2060046,
=010 °

py = —3a= {%—J—Mkﬁ@ﬂ a-?]

pg = Ba2e~%[Q(1+45la—1+4 120202+ 12{3a—3) — 2A({2a—24-13a—3)]

Py = 2GT HY[ T3+ 5T% -+ JHY (¢ —AT)[2T5— 53]+ 2pHY[ Ty—T§] ...

_ . [G(9A+100)
S e

P = Pat+HYE—AT)[2 g+ T+ 1 H e TE— 4]

3 F (32-46)
Pr=g @ {—Glz oE=Te)

+ 1202 — GG)]

+ 121202 ]

T 20y—) | gy 4% ol ala )

Pg = —é— e~/ G121+ 4la—1+ 131202 331303+ 361404} 36150)

— 24(v,— vy )(la—2 -+ 1Pa~8) —v,(la—1 4 31%a—2-+ TiPa—3-- 12]%a—*
+ 1215 ¢-5)

Py = BT HF G2 (vy—vg) (2T, —I3)
P1o = }a~Y14-68120-2—16814g4]

P = Ba~3e-2/{14 9la—1-- 201202 — 1230~ — 8414q—4— 84%a~5)

“ae

(6.43)

. (6.44)

. (6.45)

.. (6.46)

.. (6.47)

... (6.48)

. (6.49)

(6.50)

.. (6.51)

... (6.52)

.. (6.53)

.. (6.54)
. (6.55)
... (6.56)

e (6.57)
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and
A PH 0

P2 = 4 [Tat+2T5— G [/tol‘2 2. ... (6.58)

6.6. SOLUTIONS

With constants €, through C, as determined, the displacement solutions
for both the rigid inclusion and the spherical cavity are given by (6.20) and
(6.21). The displacements so obtained when substituted in (3.5) and (3.7)
furnish the expressions for symmetric part of force stresses and for the devia-
toric part of the couple stresses for both the problems considered.
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