SOME TRIPLE SERIES EQUATIONS INVOLVING GENERALIZED
LAGUERRE POLYNOMIALS

by A. P. Dwivepr and T. N. Triveor Harcourt Butler Technological
Institute, Kanpur 2

(Communicated by J. N. Kapur, F.N.A))
(Recesved 19 January 1972; after revision 21 November 1972)

In this paper it is shown that the problem of solving triple series equations
of the first kind
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where A, is an unknown coefficient, Li(z) is the generalized Laguerre
polynomial, f(z), fi(z), g{z), g:.(x) and kh(z), h,(z) are known functione of
z, and the parameters «, f, v, o all are > —1; can be reduced to that of
solving a Fredholm integral equation of second kind. It is assumed that
the series (1) to (6) are uniformly convergent and the known functions
fifis 991 and A, hy and their derivatives are continuous, bounded and
integrable in the interval of their definition.

1. INTRODUCTION
In a recent paper Srivastava (1970) has solved the dual series equations
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The triple series equations (1) to (6) can be considered to be extensions of
eqns. (7) and (8). Lowndes (1969a, 1968), Sneddon(1966) and Srivastava
(1969) have considered the triple series equations involving funections, ortho-
gonal on a finite interval and in every case the formal solution obtained is
expressed in terms of the solution of one or two Fredholm integral equations.
In order to simplify the working here we shall assume that f; = g, = b, = 0.

We now give some results which will be required in the solution of the
equations (1) to (6) :
The orthogonality relation for the Laguerre polynomials is
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where 8y, is Kronecker delta.
From eqns. (2.6) and (3.7) of Srivastava (1970) it is easily shown that
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Tt is further assumed that the parameters «, g, A, » and o are so constrained
that a® is independent of n. This of course is possible when, for instance,
@ = v, A = o—p, and the parameters # and o remains free.

9. SoLuTION OF THE EQUaTiONs oF Fimrst KiND

Let us assume that
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where # > —1 and ¢(z) is bounded and integrable in the interval (a, b). On

making use of the orthogonality relation (9), we find that
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provided # > —1 and o > —1. Substituting for 4, in eqn. (2) and since
the series in (2) is uniformly convergent, we can change the order of summation
and integration and thus we have )

? eTP(r)S(r, x) dr = ¥f(x), a <2 <b .. (14)

where S(r, x) is defined by eqn. (10).
Using the notation of eqn. (11) this can be written as
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provided a, 8,0 > —1, 0 <A < 1, v4+A > 0.

, a<zr<b ... (15)

Inverting the order of integration (Carslaw 1934) in eqn. (15), we find
that
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provided a, 8,0 > —1, 0 <A <1, 0<1-A—v}o <1, and ¢(r) being
continuous and integrable in (e, b).

If ®(%) and @’(E) are continuous in a < £ < b and 0 < A < 1, then (17)
is an Abel integral equation and its solution is given by
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Similarly, when a, #, 0 > —1, 0 <A <1, 0<lto—A—y <1 and
f(x), f'(x) are continuous in a < x < b, then from eqgns. (12) and (14) of Lowndes
(1969a) we have
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It is shown (Lowndes 19695) that
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a

after an integration by parts.
Inverting the order of integration in the last term of eqn. (24) and using
the result (Lowndes 19695)
/9 j' dr o (y —_a)ﬂ
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provided 0 < A < 1 and ®(£) is bounded and integrable.

(26)

Substituting for this expression in eqn. (23) we find that @(E) is given by
equation

n@@@=F@—j5mMMQM,a<E<b @D
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provided a, 8,0 > —1, 0 <A <1, 0 <1—A—v40o <1 and M(x, &) is the
kernel defined as

sin(1—2A) sin(l1-+-0—A—v)7r & n(y)la—n)tr—
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Equation (27) is a Fredholm integral equation which determines ®(%),
¢(r) is then obtained from eqn. (18) and the coefficients A, which satisfy eqns.
(1), (2) and (3) can be found from (13).

If we put @ = 0 the triple series equations (1), (2) and (3) reduce to the dual
series equations considered by (Srivastava 1970) and it is easily shown that
the above solution reduces to the solution obtained in that paper.

3. SoruTioN or THF EQUATIONS OF SECOND KIND
To solve the triple series (4), (5) and (6), we put
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where 1,(z) and yr,(z) are bounded and integrable in the interval of their defi-
nitions. Using the orthogonality relation we find that eqns. (5) and (29)
give
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provided £ > —1,0 > —1.

Substituting for 4, in eqns. (4) and (6) and since these series are uniformly
convergent, we get, on interchanging the order of summation and integration,
that
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where S(r, z) is given by eqn. (10).
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In the notation of eqn. (11) these equations may be written as
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provided o, 8,0 > —1, 0 < A < 1, A4v > 0.

Since r,(z) and yry(x) are bounded and integrable in their interval of defi-
finitions, we get, on interchanging the order of integration, that
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provided @, f, 0> -1, 0 <A <!, 0 < 1—-A—v40o < 1.

When 0 < 140—A—v < 1 we may use eqns. (12) to (15) of Lowndes
(1969q) and deal with the eqns. (34), (35), (36) in a manner similar to that to
obtain eqns. (18) and (23) and find that

nE)F,(E) = 60 —n(e) | Tb %‘)?_‘i’ . (37)
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where G(£) and H(Z) are known functions defined as
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From eqn. (37), using the result (39), it can be shown that i (r) and yry(r)
are related by the equation
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By a method similar to that used to obtain eqn. (26) we can show that
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Using this result and eqn. (37) it can be shown, after some manipulation,
that eqn. (38) can be written in the form
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where N(z, &) is the kernel

sin(l++o—A—v)r sin(l—A)r ? n(p)(@a—y)a—y)+—
Ma—aPE—ap 5 @G "

b<f< oo ... (46)

Nz, &) =

provided «, 8, 0 > —1, 0 <A <1 and 0 < 1—A~—v}o < 1.

Equation (45) is a Fredholm integral equation of second kind which
determines yr,(£), ¥,(r) can then be found from equation (40) and y(r) from
(43). Finally, the coefficients 4, which satisfy the triple series equations of
second kind when «, 8,0 > —1, 0 <A <1, 0 < 1—A—v+0o < 1 are given
by eqn. (30).

If we let b—o0 in eqns. (4) to (6) they reduce to the dual series equations

considered by Srivastava (1970) and the above solution can be shown to agree
with the solution obtained by him.
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