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Recent(y, Monocha (1970) has derived certain multiplication formulae for
Appell’s fuuction using the fractional derivative operator DE. In this
paper we have derived certain generalized results for Kampé de Fériet
functions wusing the generalized fractional derivative operator Dg,z.q »
which is defined by Misra (1975).

1. INTRODUCTION

Using fractional derivative operator Manocha (1970) has derived certain
results for Appell’s functions. In a recent paper Misra, (1975) we have defined
a fractional-derivative operator Rp,,, by

’&an,a: = xK+aD; (1.1)

for all values of @ excepting @ = p, « and K are not necessarily integers,
where D2 is defined as,
T(p)
afoit—1) H—o—1 .
Using the operator g, , we have derived certain multiplication formulae
for kampé de Fériet functions.

The kampé de Fériet function is defined as

o (aa') T
p (bﬂ), (b;) - J (a ) (b )(b,) mr "
F —_ o/r+8 )8 y
& |lcs) y rns2=0 (05)r+s(dv):(d;)8 r1 81 (1.3)

v ((d); (d))

where o+p < d+v+1 and (a,) denotes the sequence of parameters aj, a,,
as, aeey ac.
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2. To establish the generalised multiplication formulale we first prove
the following two theorems for function f(x) which possesses a Taylor’s expan-
sion. Assuming that the series involved are convergent, we have,

Theorem—1.

BE At (2t)] = T

p=0

[F(A+pK )] pA-14mK
I'(p+pK)

x £ A Pa(—n L A4E, . A4mTIE
Za

s p+K, ..., pm—1K; t) X D[ f(x)].
Theorem—2.

F'(A+pK)

] tA-1+mK
D(p-+pK)

B[ Bf(at)] = n [ [t

5 (—t)yn et [ (1—p—pK), s m—
x 220 plzo{(l_A_pK)n YmsaFm(—n, A, Amn4- K, ..., A—n+m=1K;

u—n, p—n+K, ..., p—n-+m—1K; t) D¥xnf(x)],

where the fractional differential operator is defined as

m D(ut1+pK)
X az(@* HHK -1 .. (21
and putting K = a we get,
Blgat = (o) SEEMIIHD) g @2

Tp+l1—a)
Proof of theorem-1.

Let us consider the well-known Taylor’s expansions

Flat) = f: (t— E=L)" onDprfa) . (2.3)
=0 n
and,
tfiat) = = %(p})"pgmf(x)]. e (24)
n=0 N

Which is a particular case of Lagrange’s expansion (Whittaker and Watson
(1927)).
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Multiply both sides of (2.3) by ¢*-! and apply the operator &%,_,, to
both sides, we get,

0 — ) o0 J—
Ba-udtfon) = £ A0 £ Lk g,

XD )] = T {COtEN s

p=0 \I'(p+pK)
2 (—z)" -
X E{, —— maFm(—n, A, A+ K, ..., A4m—1K;
n .

s p+-K, oy p+m—1E; D2 f(x)], 1] <1,

which proves theorem-1. Similarly by means of (2.4) we can prove theorem-2.

3. Next we derive the required multiplication formulae, first by using
theorem-1 and then theorem-2.

In theorem-1, let us take

o | (ag) x
;-1 p (bp)) (b;)
fay=a" F
d | (cq) xy
v | (d,);(d,)

So that the right hand side becomes

mATA+pK) § (=2

o T pE) g n1 mofmCm A ALK, . At m—1K;
Pp= = .

po p+-K, .., pt-m—1Kt)A-1tmK

ol (a,) x
| P | B0
xDtl x° F
(cs) zy
14 (dv); (d;)

met (DO4pK)| & (—2)"
1 {I‘(ﬂ-i-PK)} Zoa

p=0
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X myrFm(—n A, ALK, ooy Adbm—1K; p, py+K, ..., p+m—1K; t)

S (acr)r+8(bp)r(b;)8{("'+ S+4+C;—1) ... (r+ S+ C,— n)} pA-1+mE y+s+ey—n—1 .
X 15——0 (Cs)rys(d,)e(d,)s 7! S! X x Y

= TO4PE)N § (=), e
p=0 \I(g+pK)} oo !

Xm+1Fm(—’n, A’ A+Ka eeey A'*‘m—“lK’ M, ,”'+K’ AXE ﬂ+m—1K; t)tl—lmx

o | (a,) x
P (bp); (b;) |
xF o+p < 84v+1 ... (8.1)
¢ Ci—n, (02’6) xy
v | (d,); (@)

where (C,, ,) represents the sequence C,, C,, ..., Cs.

Also the left-hand side of theorem 1, becomes

o (a,) at

b,); (b
&%’X‘M,t t“_GCI_ltcl_lF p ( p) ( p)
(c5) zyt

v | (d,);(d,)
_ S (@a)r15(b,)r(b,)s sprtatC,~1
ve=o (Colris(d,)r(d))s 7! S!
% "ﬁl r'A4-C,—1+pK+r4-8) t1+01~2+r+s+mx
p=0 T(u+C;—1+4+pK+r48)
c,-1
= ml F(A+01—1+pK)(ta’) tl_l.*_mx

— JE—

o+m \(@,), A+0;—~1, A+C,—14+-K, ..., A4+0,— 14+ m—1K|xt

p (b, (B,
XF L .. (32)
&-+m |(cg), u+Ci—1, p+0,—1+K, ..., u+C,—14+m—1K |zyt

v ((d,);(d,)

—_ RS
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Changing y into y/x in (3.1) and (3.2) yields the multiplication formula,

| o+m| (@), A4-Cy—1, ALC,— 14K, .., A+C—14+m—1K | «t
. p | (®,);(,)
o+m | (c5), p+Ci—1, u+C,—14+K, ..., p+0C—14m—1K | 4t
v (d,); (d,)

_ ™t T+ C—14pK)T(A+pE) -0, £ (1-C)),
o TOFO,—T+pE)T(utpK) ' o !

X mirFm(—n, A, A+K, ..., A4+m—1K; u, p+K, ..., p+m—1K; t)

o (a,) T
p | (by); (b))
x F ... (3.3)
é 01"_7":(02,6) Yy
v | (d);(d,)

provided o+p < dv+1.

Puttingm=1,0=1,8=1,p=1, v=0 and a, = p4+C,—1 in (3.3)
we get
Fy(A+0Cy—1; by, by, ¢y xt, yit)

1—(:1

F(A)F(al)t o (1_01),,
= b . Aene
Ia;—c;+1)INA+cy+1) 40 P oFi(—n, A5 p; 1)
X Fy(an; by, bj; e 5 2, ). . (34)

which has been established by Manocha (1970) with a slight change of para-
meters. Similarly by giving suitable values to (3.3) we can obtain the result
for F, of H. L. Manocha.

4. Next in theorem 2, we put,
o (a,;,) x
p | (by);(b,)
(cs) xy
v | (dy); (dy)

f@)=2"""F
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So that the right-hand sidé becomes as,

mt (TA4pE)\ & (=t [ (1—p—pK),
5 irern ) Sl e )

Xmi1Fm(—n, A—n, A—n+K, ..., A—n+m—1K; p—n, py—n+K, ...,
vers p—n+m—1 K; t)

r+stay—-1

o RCRYCAY
th_lml{vio (Z;L:(fi ‘)’r)(c(i‘);)sry' o [rt+sta—14n).. .(r+s+ta))jz

=T {2} £ CO { Al } vorimiy o™

p=0 ‘\D(pg+pK) ) oo n! (1—A—pK),

Xml (—n, A—n, A—n+K, ..., A—n+m—1 K; p—n, p—n+K, ...,
ey t—n+4+m—1 K; t)

o | (@147), (@) | T

pl B, ()
xF .. (4.1)
0| (c) ry

v | d); @)

1

where, o+p < 8v-1.
Also the left-hand side becomes,

o] (ag) xt
1 gy p | (B);(b)
S I o
& (cp) xyt

v | (d,);(d,)

;-1 % (@g)ri8(b,)s(b,)sr t8ys
ra=0 (Ca)ris(dy)r(d,)s7 5!

< { Lot rto b pEA) | prstenssimis
L@+ r+s-+pE+p)

p=0
- xal—lta1+z—-1+m]g m—1 { I‘(al+pK+)\) }
g0 \ D +pK+p)
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o+m | (@), A+a,, Ada,+K, ..., Aday+m—1K | zt
P (b,); () |
S+m | (cg), pt+ay, pta,+K, ..., p+a,+m—1 K | 2yt
v (dy); (d})

xF (4.2)

Changing y into y/« in (4.1) and (4.2) we get the multiplication formula

o+m | (a,), Ad-ay, A+a,+K, ..., Ata,+m—1 K | «t
p (8,); (b;)
S+m | (¢o), pp-+ay, p+a,+K, ..., pt+a+m—1 K | yt
v (d)i(d)

™ T(uta tpK) TA4pEN o, 2 (—07 [ (1—p—pK),
= I e o) 2w { TApm | @

X myrFn(—n, A=n, A—n+K, ..., A—n+m—1 K; p—n, p—n-+-K, ...,

ooy i—n+m—1 K; t)
o | (@1+n),(a,)| =
p | (by);(b)
xF where, o+4-p < 8+v+1. ... (4.8)
8| (c5) Yy
| v (dv); (d;)

Putting m =1, o =1, p=1,8=1, v=0 and A+a, = ¢, in (4.3) we get
the result for F, of Manocha (1970) with a slight change of parameters.
Similarly we can get other result of #, of Manocha.

5. Taking m =1 and A = 1 in theorem 1, we get
1 b3 (=) Po( 1; u; )D flx)] = £+ S(xt) 5.1)
F([l«) o n! 1 —n, 1 4, z[ (x]— K,l—-n,t[ (x ] e ( .
Putting f(x) = 2?1 Hy(a, f#; ¥;x, y) in (5.1) we get,

r —1) = (1—
Hya, B, p+y—1; at, yt) = I‘?{;’;(y)’ b ( nz’ﬁ

X o y(—~m, 1; p; O)F~"Hy(ex, f; y—n; @, y).
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6. Taking m =1 and g = 0 in theorem 2, we get

roy s =0 1

neo 1! Tt (1 2, t"_lel(—-n, A—mn; —n; ) D3 x“f x)] = Kt t‘f(xt)]

(6.1)
Putting f(x) = 2*1Gy(a, B; B'; =, vy), we get

Gila+2, B, B o, yt) = 1;‘((’;)5/\“)) - Eﬂo( 1?:“ ( 1(“)/{)

X1Fo(A—mn; —; 1)Gy(a+tn, B; B'; %, y).
where H, and @, are defined by Erdelyi (1960) as

(“)2m+n(ﬂ)n m,

H a, Py, 2, = "y,
o B, 9) mon=0 (Vmigm!n! Y

and

xmyn,

e

mn=0 m Y n '

Gia, B sz, y) = & (DminlB)mlB)m_n
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