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oo
Let A, be the class of functions f(z) =24+ % ap,,2¥*), n > 1, which are
ke=nt

analytic in the open unit dise D = (2 : [2] < 1). The paper deals with the
determination of the disc in which f{z) is convex and univalent. For
example, let f(z} and g(z) be in 4, and Re(g'(z)) > 0 in D. If Re({(z)/¢'(z))
> 0 in D, then the disc in which f(z) is convex and univalent is determined.
All results are sharp.

1. INTRODUCTION

Let 8 denote the class of regular and univalent functions f(z) in D =
(z :]2] < 1), which are normalized by the conditions f(0) = 0, f'(0) = 1. For
fixed a, 0 < o < 1, let C() denote the subclass of § consisting of functions f
satisfying the condition

Re( 142 ;:}3) >a for zeD. .. (L1)

Funections in the class C{er) are known as convex functions of order «.

We denote by S,,n = 1, 2, 3, ..., the classes of all regular and univalent

functions in D having Taylor expansion of the form f(z) = z+kE b 25,
7> 1. It is clear that 8§ = 8,08, D ... DO 8,.

Let C (&) denote the subclass of S, elements which satisfy (1.1).

Let A, be the class of functions f(z) =2+ 2 ag,2%, n > 1, which are
k=n
analytic in D.
In the present paper we obtain the radius of convexity of f(z)ed, under
certain conditions imposed on it. All results are sharp. Theorems 2, 4 and

6 of Ratti (1970) and Theorem 4 of Singh (1968) follow as special cases of the
results derived here by taking n = 1.
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2. LEMMAS

The following lemmas will be used.

Lemma 1—Suppose that k(z) = 1+ 3’. cxz®, m 2> 1, is analytic and satisfies
k=n
Re(h(z)) > 0 for zeD, then
#(z)
h(z)

2n|z|n?
S T

(2.1)

The proof of above lemma can be found in Macgregor (1963).

Lemma 2—The function H{z) = 1+ % cx?®, n > 1, is regular and satisfies
k=n
Re(H(z)) > a, 0 < o << 1, for zeD, if
_ 14-(2a—1)z"¢(2)
He) = T F2mg(2) ... (2.2)

where ¢(z) is a regular function and satisfies |¢(z)| < 1 for zeD.

H(z)—oc, we note that h(z) is regular and satisfies

l—a
Re(A(z)) > 0in D and A{0) = 1. Let w(z) = %——{_——ZE%’ where w(z) is reguar and
jwiz)] < 1in D, also w(z) has n-th order zero at origin. Hence we can write
w(z) = 2"¢P(z) where ¢(z) is regular in D. It can be shown by applying Schwarz’s

lemma that |¢(z)| < 1in D. Expressing h(z) in terms of w(z), we obtain

Proof :  Setting Az) =

1—w(z)
h(z) = T Fui)
Thus 1—w(z)  1+(2a—1)w(z)
H) = at(1—a) I+we) 1+wi)
1 2a— 1))
I B >

Conversely if H(z) is given by (2.2) it is obvious that H(z) is regular and
Re(H(z)) > a in D.

Lemma 3— Let H(z) be given by (2.2) then

Re(H() > ~HE L
Proof : H) = 1+(12:‘L; 2(’;’)@(2) —ata

— 1—2"¢(z)
== d+(1 ——a) W.
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Therefore,
1—2"¢(z)
Re(H(:)) = a+(1—2) Re( 3207
— |#"¢(z) |
= a0-a) 200
S aq(ogimlz® _ 1+@a=Dz|r

I4]z|» 14 z|m

Lemma 4—Suppose that in the disc [z] < 1, a function f(z) is regular
and satisfies there the inequality |f(z)| << 1 and has the representation f(z)

= ¢y+ 2 cxz¥, where n > 1. Then in the disc |2| << 1, we have

k=n

anl

If,(z)l | |2n 1_lf(z)[2)

with equality holding only when

2D e

50 = ¢ b 1ol =1, lal <1,

Proof of above lemma can be found in Golusin (1957, p. 290).

Theorem 1—Let f(z) and g(z) be in A4, and Re(¢'(z)) > 0in D. If
Re(f'(2)/g'(z)) > 0 in D, then f(z) is convex and univalent for |z| < r,, where,

7o = [V(dn2 - 1)—2n]Vn,
This result is sharp.

Proof : Let F Ez; h(z), where k(z) satisfies the conditions of Lemma 1.

Thus
['®) = h2)g' (). e (8.1)

The logarithmic differentiation of (3.1) yields

@) _ ke | o)
F&) = ) T gt

or

2f'(2) zh'(2) | 29"(2)
e~ ) e - (32)
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Using Lemma 1 in (3.2), we obtain

2f"(2) 2nlz|n 2n|z|n
e S

_ 1—dn]z|n—|z|2n
o 1—|z]%n _

Therefore, for |z| < r,, where r, is as stated in the theorem, f(z) is convex
and univalent.

To show that the result is sharp, consider

f@) 0} (1+8n )2ds

,_Sn

17

and g(z) = z( ) ds. It is easy to verify that the conditions of the

theorem are satlsﬁed. But

zf"(2) 2nzn 2nzn
1—*_f(z) =1+ 1427 + 1—zn
. l+4nz”—z2” .

- 1—z2n

at 2" = —(y/4n®+1-—-2n).
Therefore f(z) is not univalent convex in any circle |z] < r, if r > r,

Theorem 2—Let f(z) and ¢(z) be in A, and g¢(z) is starlike for zeD. If
Re(f'(2)/g'()) > 0 in D, then f(z) is convex and univalent for |z| < r,, where

7, = ((2n+1)—V/(2n+1)2—1)V/n,
This result is sharp.

Proof : Let f'(z)/g'(z) = h(z), where h(z) satisfies the conditions of
Lemma 1,
Thus
fz) = h2)g ().

The logarithmic differentiation of f'(z) yields

e _ Ke) | 0@
&~ ) 5
o) He) | %)
14— [ = 14+ ) —+ 7@ ... (3.3)
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As g(2) is starlike in D, therefore,

29'(2)  1—w(z)
g) 14w

forllows from Lemma 2.

Thus
m 29"(z) _ 22w (2) 1—w(z)
9(=) 1—(w(z))? " 1+w(z)
Therefore
29" (2) 1—2(n+1)|2|"+ |2]| 2
Re (1+g,(z) ) > e : (3.4)

The last result has been obtained by using the lemma 4 and the fact that

I—w(z)\  1—|wz)|?
Re(1+w(z)> T 14w) |2

Using (3.4) and Lemma 1 in (3.3), we obtain

nlz|m | 1—2n+1)[z]n [2]
1—|z]|2n P

Re(l-{-?}i,”((z—%)) >

_1—-202n41)|z| "4 2|20
B 1—jz|2n '

(3.5)

Therefore, for |z]| < r,, where r, is same as stated in the theorem, f(z) is convex
and univalent. To show that the result is sharp, consider

4 1 0
16 = | g 4 and o) = o

It is easy to check that conditions of the theorem are satisfied. But,

2f"(z) _ 14-2(2n4-1)2m 22

=~ a0

14

at z = —’r,;.

Therefore, f(z) ceases to be univalent convex in any circle |2| < r if r > 7).

Theorem 3—Let f(z) be in A, and g(z) be in C (o). If Re(f'(z)/g'(z)) > 0
in D, then f(z) is convex and univalent for |z| < r,(a), where

( Vai—2na-+nt+2n—(nt+1—a) )1/”

ral@) = | So—1

if a£1)2,
ro(1/2) = (1/2n+-1))V» if a=1/2.
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This result is sharp.
Proof : From Theorem 1, we have

f@) = hi2)g'(z)

and

zf"(2) zh'(2) | 29"(2)
H—f( 1+ ) +g’(z) . ... (3.6)

Since g(z)eC,(a), therefore,
4') _ 1+(2a— L))

g 1)
Thus
50)) o 14Ga—1)z|»
Re(lvgy)> Tl o 60

follows from Lemma 3.

Using (3.7) and lemma 1 in (3.6), we obtain

( zf”z)> 14+2a—1)]z|?  2n|z|"
f'@)

1+ [z 1—[zf
_1—(2n—2a+2)|z ln.__(za_..l)|z|2"
= 1—|z|2%

Therefore, for |z| < r,(x), where r,(a) is as stated in the theorem, f(z) is convex
and univalent. To show that the result is sharp, consider

z 1-+4-sm z 1
fey= I n=gmmresm 9 96) = [ q—gme-aom %

It is easy to check that conditions of the theorem are satisfied, but

zf”(z) 14-(2n—2a+-2)s"—(20—1)2%
f () 122 -

at 2% = —r (a).

Therefore, f(z) cannot be univalent convex in any circle |z| <7, if r > r,(a).
Theorem 4—Let f(z) =24 Z ag 2%, n > 1 be starlike in D. If
k=1
|2f(2)[f(z)—1| << 1, then f(z) is convex and univalent for [z| < r,, where

_ ({Ekm)= gy

This result is sharp.
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Proof : Let (2f'(2)/f(z)—1) = h{z), where h(z) is regular and |A(z)| <1
in D, and h(0) = 0. Therefore h(z) = z2¢(z) where ¢(2) is regular in D.
Schwarz’s lemma enables us to state that |¢(2)] < 1in D. Therefore

#'(z)

@) = 142%¢(z) = 14 uw(z). ... (3.8)
The logarithmio differential of (3.8) yields
'@ _ 2w'(z)
1+f’(z) = 1+w(z)—{—1+w(z). (3.9)
Therefore
2f"(2) n|z|®
Re (14%5) > 1-ls1"~ 20

_k)z| sl

=1 1—|z|»

(3.10)

The inequality (3.10) has been obtained by using Lemma 4. Therefore for
|z] < r,, where r, is as stated in the theorem, f(z) is convex and univalent.
To show that the result is sharp, consider

f2) = 2™
It is easy to check that conditions of the theorem are satisfied. But

zf"(z)  1H(n4-2)en 4227
fe 1427 -

1+
ab 2% = —r,.

Thus f(z) fails to be univalent convex in any circle |z| < r, if r > 1.
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