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Linear thermoelastic problem is solved for the thermal stress and displace-
ment fields in an elastic strip of infinite extent weakened by two Griffith
cracks. The faces of the cracks are heated by maintaining them at certain
constant temperature. The problem is reduced to that of solving two
set of triple integral equations involving trigonometric kernels. These
equations are solved by the application of finite Hilbert transform tech-
nique. The solutions are used for deriving expressions for temperature,
displacement and stress in the neighbourhood of cracks.

1. INTRODUCTION

In engineering practice, an important class of problems concerns the
evaluation of thermal stress set up in a heated elastic solid containing cracks.
Because of the various technical applications, particularly the importance of
these problems in the theory of fractures in recent years, considerable interest
has been devoted to the problems of calculating thermal stresses in infinite,
semi-infinite solids, thick plates, infinite eylinders and elastic spheres containing
penny-shaped cracks (Florence and Goodier 1963, Olesiak and Sneddon 1960
Shail 1964, 1965a, b; Srivastava and Dewadi 1970). Here we shall use
the method of integral transform for studying the problem of finding the
distribution of thermal stresses in an infinitely long elastic strip containing
two Griffith cracks which are opened out by the application of prescribed
temperature to their inner faces. The complimentary isothermal problem
has been solved by Tranter (1961) (see also Lowengrub and Srivastava 1968).
Formulation of the Problem

We shall consider the temperature and displacement fields in perfectly
elastic medium which is conducting heat. With regards to both its mechanical
and thermal properties, the medium is assumed to be isotropic and homogeneous.
The stresses in the medium can be described by three components o,,, oy,
o,y The displacement vector U may be taken to have the components (%, v, 0).
We consider the strip of material —o0 < 2 << o0, —h < y < h with the cracks
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located in the interior of the material on the line y = 0. —1 Lz —a,
a < z < 1 and we suppose that the cracks are opened out by the application
of prescribed temperature to their inner surfaces. Since identical thermal
and mechanical conditions are prescribed on the two faces of the cracks, the
problem is equivalent to the problem of findings of the distribution of thermo-
elastic stress in the region 0 < y < & with the mixed boundary conditions on
y = 0and y = h. In view of symmetry the x-axis must be free from shearing
stresses o, and »(x, 0) must vanish outside the regions occupied by the cracks.
It is also assumed that the edges of the strip are free from stress and kept at
zero temperature. Thus the requisite thermal and elastic conditions on the

x-axis are
oyy(®, +h) =0, —00 < & < 0 o (LD
ol@, +h) =0, —00 < & < .. (1.9)
Oz, +h) = 0 —c < ¥ << ... (L3
oyylz, 0) = —p(x) -1 —aaLrLl .. (14)
Oy(x,0)=20 —w0 <2 < W ... (L.B)
v(z, 0) = 0, > 1 ... (1.6)
O(z, 0) = —Lmg(a) I —aaLrLl ... (1.7)
a0/0y = 0, lz] > 1. ... (1.8)

In section 2-4, of the paper, the mixed boundary value problems posed
by the equations (1.1)-(1.8) is first reduced to two sets of triple integral equa-
tions with trigonometric kernels. The integral equations are solved by using
the finite Hilbert transform technique given by Lowengrub and Srivastava
(1970). The displacement and stress components for the physical important
case when the prescribed temperature is constant are derived. Another
objective of this paper is to calculate the stress intensity factor, the critical
value of which controls the onset of crack propagation in brittle materials.
In the appendix we have quoted some results from Ling (1957-58) which have
been frequently used in the following sections.

2. SorvuTioN OF THE Two-DIMENSIONAL EQUATIONS OF THERMOELASTICITY
The equations of equilibrium of two-dimensional elastic medium econduct-
ing heat may be written in the forms :

Pu Pu . .00
2(1—7) ¥ +(1—29) ”Eaﬁ*%@ = 204(1+419) B .. (2.1)

02 0% 0% 06
(1—29) 5 +2<1—n>7y?+m"7/ = 2147 g .22
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where 6 is the deviation of the absolute temperature of the elastic medium in
a state of zero stress and strain, a; the coefficient of linear expansion, 9 Pois-
sion’s ratio. The temperature field is determined by Laplace’s equation

%0 0%
E—————— — - 2.
in the steady state and in the absence of thermal sources.

Two components of stress, which we require, in terms of displacement,
are

ou 0
oY) = 1y ( ;,—gnLa-Z ) (2.4)
2 0 5
Tl 9) 175 [a—m g+ (1470 | e (25)

where u; = E/2(1+7) and E is the Young’s modulus.

The partial differential equations (2.1) and (2.2) can be reduced to ordi-
nary simultaneous linear differential equations by the introduction of Fourier
Sine and Cosine transforms. We define

3
@, y) = Folulz, y), 1—E] = (}27) J e y) sin Zode .. (26)
2y} o
2, y) = Felv(x, ), 25 E] = (;-) { v(x, y) cos Exdx . (2.7)
— 2 H o0
AE, y) = F[0(x, y), z—> E] = (;) (j)' O(z, y) cos Exdx .. (2.8)

If we multiply both the sides of (2.1) by sin £z, integrate with respect to
x from 0 to oo and make use of well-known property of Fourier Sine transform
(Sneddon 1951) we get

[((1—29)D2—2(1—7)E2a— Db = — 2a(1+7)E0 . (2.9)

where D = d/dy.
Similarly if we multiply (2.2) and (2.3) by cos &z and integrate for all
positive values of x, we obtain

(201 —9)D2— (1 —29)E2)0+ D% = 20,(14-9)D6. e (2.10)

[DE—£%)6 = 0 e (2a1)
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Again from (2.4) and (2.5), we have

Ty = Fi0,y(x, y), t— E] = m[Du—Ev). e (2.12)
6?/?! = Fc[o'yy(xy 7/), r—r i]

o 2m v .

= 1oy [(1—,“) 3?/+ﬂ3;~at(l+n)] e (2.13)

Now if we elminate # and v from (2.9) and (2.10) in turn and make use of
(2.11), we find that
(D2—E2ym = 0
(D*—E2% = 0.

The boundary values appropriate to any given problem can be transformed

(2.14)

to boundary values on the Fourier Sine and Cosine transforms %, 9, f and eqns.
(2.9), (2.10) and (2.14) can be solved to give the values of the transforms.
From these equations we obtain the required solution by using the Fourier
Sine and Cosine inversion theorems. Thus, we get

w(x, y) = Ffu, y); £ o]
v(x’ ?/) - Fc[a(iy ?/): E-"') :l']
O(x, y) = F IO, y); E— ]

3. SorutioNs For THE Erastic Mepiom 0 € y < A
The appropriate solutions for the said problem are

# = [{C+ D(y—h)E} cosh (y—h)E+{B+F(y—h)E)sinhi(y—h))jsinh &b ... (3.1)
v = [{C,+D,(y—h)E} cosh E(y—h)
+{E;-+Fy(y—h)E} sinh E(y—h)]/sinh £k . (3.2)
;)  sinhEy—h
where b= oy(14+75) sinh &R (3.3)

D= —F, C+E,+(3—49)D,=0
(3.4)
D= —F, C+E—(B—49)D = 267x(%) |

We have to satisfy the conditions (1.1)-(1.3). From (2.12) and (2.13)

we have

= O Dly— R F— By Fy(y— B sinh Ely— 1)

+{E+ F(y—h)+D—C,—D\(y—h)E} cosh E(y—h)] .. (3.5)

Fyy = bl (1= m)(C 4 Dyly—RJE-+ )+ B+ Fly—R)E)—Eysinh Ey—)

HA =B+ Foly—h)E+Dy) +9(C+D(y—h)} cosh E(y—h)]. ... (3.6)
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Since o,y = yy = 0 for y = h, we have
E+D—C, =0,
(1—9)(Dy+ E,)+90 = 0 .. (37

From (3.4) and (3.7) we have

C, = 2(0—9)D+E%(E

C = —2(1—n)D,, B, = —(1—-2n)D,,
)s
E = (1-29)D+4E7x(E).

Hence the expressions for the components of displacement vector and
stress tonsor are

uw(z, y) = Fs[({D(y—h)E—2(1—9)D,} cosh (y—h)E
+H{(1—29)D-+E2y(E)— Dy(y—hR)E} sinh(y—h)E)/sinh ER; E—> ] ... (3.8)

v(z, y) = Fe[({2(0—n)D+Ex(E)+- D\ (y—h)E} cosh(y—h)E—{D(y—h)E
+(1—29)D,} sinh (y—h)E)/sinh Eh; E— x .. (3.9)

Tl 4) = Fo | sy (Dyy~H)E-+ Dy sinh (y—h)E

—D(y—h)E cosh (y—h)E): E—z | .. (3.10)
Tl ) = o | S0 (1D, Dly—R)psinh (y— g
- Dy(y—h)E cosh (y—R)E): Z—)x] . (3.11)
_ x©&) . . .
O(x, y) = Fc[ T T g Sth (G—hE; Eoa ] o (3.12)

4. REDUCTION OF THE PROBLEM TO TWO SETS OF TRIPLE INTEGRAL
Equations wite TRIGONOMETRIC KERNEL
We still have to satisfy boundary conditions for y = 0. First we deal
with the conditions on the temperature. In case when temperature on the
surface of the crack is preseribed, we have to satisfy the conditions (1.7) and
(1.8). These conditions lead to

[ x(®) 008 tr dE ~ L a1+ 7p(@) = ple).  a< @ <) . 4D

[ Ex(E) coth Zh . cos ExdE = 0, 0L < 0, 1< o < 0, . (4.2)
0
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Thus for the determination of the unknown funection y(£) we have

R <1;:fzi’?) £-16(E) cos Ex dE — p(z), a < o < 1 (4.3)

I { e . = plx), g L .
[ o oostadi=0, 0o 1< < 0. e (4.4)
0

where @(E) = £ coth £h y(£).

Next from the conditions (1.5), i.e. the condition of the absence of tangential
stress in the central plane, we get

Dy(1+4-Eh coth £h)+-DER = 0 e (4.5)

It remains to find the only unknown function D4(8) say M(E) from the
remaining two boundary conditions (1.4) and (1.6), we get

oo

fE[M+-HERIME) cos & dt = F(z), a2z L ... (4.8)
0
fM(i)cosixdizo, 0<zLa; 1 oo v (47)
]
e e 2y(u-+1)—1
where H(u) = %% Tsinh 2u (4.8)
and
_ m(l—n)p) <. Eh-+tanh £k g e
Fl@) = =TT 20 (1 )kt [ E7(0) {1+m } cos Ex d¥.
(4.9)

5. SorutioN oF INTEGRAL EquaTioNs (THE TEMPERATURE FIELD)

We have to solve the integral equations :

[ gE)costudi =0, o0La<l. . (5.1)
(1]
Zj ( ;;Z::: ) E-lpE) cos Ex dE = p(z), a<Lr] .. (5.2)
[ $(2) cos & dE = 0, 1<z <o . (53)
0

The solution of these equations is (Lowengrub and Srivastava 1968)

PE) =

h(;z) (1—cos &t)dt . (5.4)

o8
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B 2
- nl(B—a®)(1 tz)]*[

je Sl i) P'(y)dy+-

where h(t2) 2/2—— 2

1 Ply)dy
+2“/1°g(1+a) f{(y yP(y )}*] .. (8.5)

_az (1_

with  P(a) = plx)— E-1(E)(14-€%R)2 cos Ex dE.

SRR
o g

Putting the value of ¢(£) and expanding cosine function in series form
we get

2 «/(1—
h(t?) = 7r{(t2——a2)(1——t2)}‘} £ .f

s e e
2a h(y?) 1 JL
y dy£ V(1 —2%)(x2— )

y: | 4
x (L A o0y ) det

ISR

log lla

By® B
><{ ———,f;” + (6x2+y2)?/2}

where Ay =} [ w31 +e2)-idu — -3533
0
Ay = —1/24 j[o u5(1+4-e2%)"1dy = —-0987
]
B, =3} [ u(l--em)1 — -2056
0

B, = —1/24 | u¥(14e2u)-1dy — -0204.
0

Now, in the case b > 1 an iterative solution of (5.5) can be obtained by
using the well-known method given in Tricomi (1957). If A(f?) is expressed as

) = R+ 1D B oo, . (56)
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Then
2 2 (1 —a? ’
W) = e }*{ f v yy 2D P+
L% 3 _yPdy
log _i___—;% a V(yP—a®)(1—y?

hi(1?) = hg(f?) = hy(t?) = O

holtt) = ———22Bo - ] yhlyAdy

m log __{ (1) (2—a?)t @

—t2(14-a%—21%)

hll) = s [ § Aoty |

2
+ i | (Buyho(y?)(3 a2+ 42) + Boyho(y))dt.

wlog_ﬁ (2—a?)(1—- )3t

In the case g{x) = 6, = constant
ho(?) — —K  where K = f,0,(14-7)a/(1—7) log i'TZ ((2—a?)(1—e)p
Ry(12) = hy(t?) = hs(i2) = 0
hy(t?) = —Ka

hy(#?) = K[Ayn(1-+a®— 26382+ f]

where a = aBy/log ( 1Ta )
a’B? 7Ba(1+a?)
/= (lo 1—a)2 _210 e
J 14-a & 140

The temperature in the plane of the crack is determined by the equation

S I
O, 0) = s [ J ( t) § & oos Ea(1 —cos 22

)
t

I
B oy

dé | 25-1(1-¢2h)~1 cos Ex (1—cos Ef)dE, o (57)
o
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Hence for 0 L 2 K a

H(x,O):—I;—X
e B[ 2 aimd yE—a ]r-l- e | 2130
< [( +7z§_h_4>ﬁ lo l—a o8 (1+a)x
L TFa

+}~bl;i— (—2Boa+Bl(l+a2+12x2)_7r/2x2/\/(a2_x2)(1—x2)>}] +O(k8) ... (5.8)
For a1

o(z, O)ﬁg[<1+k2 }ﬁ)+" {E;?;-O-Jr;; ( 2Byt By(1-Fa?+1222)—

T x2 -
) ‘\/(a2__x2)(1——x2))}]+0(h ) - (89)
and for 1 < z < o0,
K « By [ 2 ay/@®— 14+ /2 —a?
O(x, 0) = 5 {(l‘f"}?—;ﬁ) o 1—a log (14+-a)x
g TFa
+ {2y (- 2Boa+Bl(1+a2+12w2)—%x2/\/m)}] +O™)

(5.10)
We shall require the value of the function F(x) defined in (4.9). Its value is

Fo) = 7 [Re@)+2K {3 4 pp M+ 1,020 1 1034

+h—14 <%“.M3(1+a2+12x2)+% M5(120x2+60x2(1+a/2)+
+(3+2a2+3a4)}]+0(h—6> . (511

where R(z) = “‘;l_t;’) 9o+ | Z‘@log ( 1-—-'5) dt.

a
The values of M,, M, and M, are given by

22+l « u-4-tanh »
o1 [ TS
(2n-+1)! { ut (2u+sinh 2u) u

22n+1
(21&—}—1)‘ HanrotLansn—Kania} ... (6.12)

M 2n+1 T
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where I is the Howland (1930) integrals

© usdu
Isz g m. (8> ].) e (513)

and K, is defined as

o ySe—u
Ks _ y

o (2u--sinh 2u) cosh du(s>1). .. (514)

The values of these integrals are
K, = 0-1471 K, = 0-0554
K, = 0-0685 K, = 00610
and the values of I; ean be obtained from Nelson (1961).

Thus
M, = 1-2423; M, = 2-5208.
6. SoLutioN oF INTEGRAL EQUATIONS (4.6) AND (4.7)

We shall first reduce these equations to a Fredholm integral equation
which can be solved by iterative method. The integral equations to be solved

are
:f EME)N1+H(ER)] cos Ex dE = m2 F(2), a< x < 1 . (6.1)
:j;DM(E)cosExdE:O, <o Iz < . ... (6.2
Tts solution is
M(E) = £ }: g(£?) sin Et.dt. .. (63)
where g(¢) is the solution of the Fredholm integral equation of the second kind
9) = Ba)+ T oK 2)det (64
satisfying the condition
i g(i2)dt = o. .. (6.5)
with K, 7) = ; Jl[ fﬂ(gk) sin & cos Ey dy]

$(x) = A[F(y)]
X = y/(z®—a?)(1—2?).
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Integrating (6.4) with respect to = from a to 1, we get because of (6.5)

0= [ $)dy+ [ a() | K(t,ydydt-+CF .. (68)
Eliminating C from (6.6) and (6.4), we get
o) = dy(e)t I{Lg(tz)x(t, x)dt e (6.7)
where Pylz) = ¢(x)——;,17 ‘}l P(y)dy,

X(t’ II)) = K(t: x)“ 'FI“X— } K(t, y)dy

In the above expressions one can make use of the substitution &b =
and express sine and cosine functions in power series, after some calculations
carried out with the help of the results given in Appendix, one gets

2 jx%—a?, | I 1t 3
Kt 2) = —— (5= |5+ @+ —50—a)]+00-9) ... (6.8)

o= 2o (Bt {33 (5

+3x2(1—x2)—§, +2a? %——aﬁ }—;—O(k-“) ] .. (6.9)

where on using Ling’s (1957-58) tabulation

= e~2u—2qy(u+1)—1 . ‘
Iy = of u . Su-Lsinh 2u du = —2-3497
© e~ 2y(u4-1)—1
_ 3 0.
I, = [ e du = —99620.
If we suppose the solution of (6.7) as
2 2 2
9(2®) = go(2®)+ gl(,f) + gﬁ,ff) +...+—95h(fl +O(h"). .. (6.10)

then

9oa®) = Ko@) ~py | AP0 +R@)dy
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91(x?) = ga(a?) = 0.

2 E 1 ' l—a
2 P 2
Ga(x?) = < IO( 7% ) £tg0(t Yat+2KM, [1 X }

2 E 1 1
9uaY) = — [I0 ( T—az) £ tgo(t)dt+1, {z tg,(t)dt+-

2R (M, 4+ 1M y(T—BaP— 1202 — — {2K(1 —a)(@ M+ M o(3—da—9a2)
T Fx

1—o

—x 7 |+ [ Mo r A 4 |

FX '8
where y = aM,-+3M,(3—4a—9a?)
0 = 75—82a%2—117a4—120a222.

Special case : Constant pressure

Now we shall study the case when the cracks are opened by constant
normal internal pressure. In this case

= \/ .2, p = constant.
T

This gives
i =3 P o, 1)
91(2?) = ga(2?) = 0
ga(a?) = __\7%}( xz_%,) peg+-2K [aM1+%M3(7—5a2 1222)— IFX“y]
g, = \/ 2 [ 1803 (= _% ) 2L, (3a4+ Cya?+Cy)
+2K [%aM3(7—5a2—12x2)——1F¥ 7—{——21;— Mb— FX“ _11[8_5 5]
where Cy = 1+4+a?—2E[F
C, = fc:: _1_K?
0, = K*+C, %

K' = 1—a?.
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7. StRESS INTENSITY FaACTORS

It is of interest to workers in fracture mechanics to calculate the stress
intensity factors at the ends of the cracks when p(x) = +1/(2/m)p and g(z) = 6,.
They are given by the relations

N = lim (a—x)oy,(z, 0)] .. (1.1)
z-3a

N = lim+4(z—1)¥oy,(z), 0)] ... (7.2)
z—>»1

From (8.10), we observe that
2 d 2
owl@, 0) = N2 L FME); 2142 PAEme) HEhz), .. (19)
Hence we find that

2 1 ggedt 2 1

Tl 0 = ] e~ | K@, 1)g(t2)dt. o (7.4)

where K(xz,t) is given by (6.8). Thus we find that

K gy — 2 [ 20 _TH08 | 200,
’ 8
a

72 k4 '+ X (3x2+a2+01+1)+0(h—6)]

—2K |

1—ay ICym
(1—57) " (7.5)
Again for 0 K v a

Lig@)dt [ (B/F)—a?) 10y | 120§
i [o— ”‘é‘p[ X “1] <1 2R T 4hA )+

4 2 3
+ 2 (O gy 3 @)} o)

—b*E|F 2 64/1—g2++/a2—a?
+3 [1+(1_x2)(x2“a2) s — log e ] (7.6)
+

and for > 1. _

A 2 (B2 ) (- )
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oI, (328+Cx2+C 3 _
— o (BTG g 3 @10, J 009

yog [ Z—EIF 2 “\/“’2”'”‘/’”2““2] e (1)

I—a (1 +a)
logH_a
Thus
— P B o 1,0y | I%0? 21, 2 5
N = o —amm [(7—a) (1= )+ 3 Got4 00
E|F—a?
-6
+0(h=%) | +2K [{Za(l——az)}*] (7.8)
_ p E I.Cy | I32Cs?
N = 2O—ad) [(1_7) (1“ o7 T4 )
21, s 1-E/F
+”7b“( (3+C1+0C,)+0(h~") ]+2K [m] (7.9)
8. SHEAPE OF THE DEFORMED CRACKS
The displacement along the crack is given by
2
21—plo(z, 0) = Vo F[ME)ia], a<z< ] AN
which on putting the value of M(E) gives
2(1—y(z, 0) = jl gt3dt, a < x<l. ... (8.2)
a

Hence

I,C, I2Czi21C,C I
2(1—o(e, 0) = p [ D) {1— o000 20T oL 1)

x B, )+ 22 }+ 2K pigy 2K 1 _aypig)
where sin ¢ = —(—(IT:—%?;

D) = | BE, $)—F - F(E'9)]
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APPENDIX

Here we quote results from Gradshteyn and Ryzhik (1963) that we have
frequently used

T Sin£§Sin£td§_—l x—}—;’

) _

= cos £x(1—cos &) 1 ¢

oj z dt = — lo —=

® gin £x(1—cos £f) 1 2 ! t+

f : df = 5 alog|l—— |+ log ti;l
xm/2[a?—2)(p*—a?)]H; 0 < 2 < a

b di

R =0 ;
£ vV (B—a?) (B2 — ) (I*—2?) ra<e<b

—7)2[(22—a?)(x®—b2)|}; b < x < O

a\/b*—a? + by/a?—a?

(

mlab log 2(a+b) ; 0<a a
b log |1—2/a?) B b a '
4 t\/(t2j(izy(62:7)‘ dt = 71/2ab IOg m a < x < b
| R -
ar/x?—b% 4 by/2P—a®
lL w/ab log ERRY b < o0
LY ey
, log t+x [‘ﬂ/bF s1n =, b)’0<x<“
£ \/(tz—ob2 b2— 2) dt = /b K(a/b); <2<;c <b
_] e il
L ﬂ/bF(m y’b)’ z>b

< t2——b2§ ) log ’iﬂ

=)

z dt=ﬂ(x—~7211;b—,->; a<x<b.
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