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The main objective of the present paper is to deduce the kinetic (dynamical)
equation for the spectral distribution of the scalar quantity, namely con-
centration in a mixture of miscible fluids. We start with the one-dimeu-
sional Burger's equation and the one-dimensional equation. describing the
turbulent fluctuation of the concentration. We assume that no quantities
with non-vanishing average are present in the system. The fluid is taken
to be incompressible. We analyse the random fluctuations in terms of their
spatial Fourier transforms and introduce correlation funections connected
with the average products of the Fourier transforms of the relevant quan-
tities. We derive a hierarchy of coupled equations in the Fourier space
referring to correlation functions of different orders. Finally, the kinetic
equation for E, (k, t) is derived by using the Bogoliubov expansion method
in the context of weak turbulence.

NOMENCLATURE
vV = one dimensional velocity field
v = turbulent fluctuation of one dimensional velocity field
r = concentration (one dimensional)
v = fluctuation of T
v = kinematic viscosity
I = coefficient of molecular diffusion
¢ = time
0 = partial differential operator
x = one dimensional space variable
k = wave number
Bk, t) = energy spectrum function
E(k,t) = energy spectrum function for y
) = Dirac Delta function
S, = third order wave correlation function
F, = fourth order wave correlation function
€ = small parameter (¢ < 1)
<...> = angular bracket which is used to denote an ensemble average.

Vol. §, No. 8.



STATISTICAL THEORY FOR WEAK HOMOGENECUS TURBULENCE 725

1. INTRODUCTION

Malfliet (1971) introduced the Bogoliubov expansion method, known from
the kinetic theory in statistical mechanics, in the field of weak homogeneous
turbulence. He applied the mathematics of this method to a one-dimensional
model equation which enabled him to close the hierarchy of the associated
wave-correlation functions. He derived the kinetic equations which statisti-
cally describe the non-linear interaction of the different modes. He applied
the above method to the theory of hydrodynamical turbulence and worked
out the theory for the Burger’s model equation. The dynamical equation
for the energy spectrum of the latter shows the cascade of energy towards
the higher wave numbers. He also applied the Bogoliubov theory to three-
dimensional incompressible turbulence and investigated some properties of
a one-dimensional mode! of magnetohydrodynamic turbulence. We shall
now extend the above considerations to the case in which the varying quantity
is concentrated in a mixture of miscible fluids.

2. DrrivaTioN oF THE HigrarcHY OF THE ONE-DIMENSIONAL MODEL

We start from the one-dimensional Burger’s equation (Malfliet 1971)
and the one-dimensional equation for the diffusion and convection of I' (Hinze
1959) :

v ov 0%

oo o o B
and

ar ar oer

o Ve = e S

where T' is concentration and f (constant) denotes the coefficient of molecular
diffusion.

Assuming ' = <I'>+vy and V = <V>-+v and keeping in mind that
<I'> and < V> are zero throughout the field. we have

9y, 0y _ , 0 ;
a*{—'-'v 'a*:i‘ = f%é". vee (2.3)
To analyse the turbulent fluctuations we introduce the Fourier trans-

forms, connected with the modes of the linearized approximation :

tkx—v

oo, t) = ok ek with o'k ) = o(—k.0) ... (2.4)

@ ) =] vk e TGk with v*(k, t) = Y(—k. 1), ... (2.5)
Yo, ) =1yt Yk, 6) = ;
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Moreover, in view of the assumption that no quantities with non-vanishing
average are present in the system, we have

oWk =0,t) = y(k =0, ) = 0. ... (2:6)

Substituting eqns. (2.4) and (2.5) into our basic equation (2.3), we arrive
at the Fourier transformed equation :

ok, ) (o)l 2k 2fkE

Al aK'. ... (2.7)

= —ik [ ok, tyy(k—K', t)e

In a turbulent scalar field the fluctuating quantity may be assumed to be
composed of fluctuations corresponding to different wave numbers in a conti-
nuous wave number range. A spectral analysis of the y-fluctuations will show
how the contributions are distributed over these wave numbers. Therefore,
to derive the dynamical equation for the one dimensional spectrum Z, (k, ¢),
we first derive

d
o [k, (ks 0] = 22900 o, by g by 2 1)

— —iky [ dkU(k, yy(y—, )y(y, )
— v+ 2fkk’ It
><e{ el f }+{k1 = ko). ... (2.8)

We shall now introduce the following energy spectrum functions defined
by :
~2vk?t

E(k) = E(—k) = G(k)e . (29)

wnd E k) = E(—k) = G,k)e " . (210)
to be defined with the aid of the assumptions

<v(k)> = 0, for all k and ¢ ... (2.11a)

<y(k)> = 0, forall k and ¢ v (2.118)

<vlleyyolley)> = Qky)d(ky+E,), .. (2.110)

<Yy (ly)> = G (y)Bky+y), .. (2.11d)

<ol y(ky)y(kg)> = Sy(ky; by, ky)O(key+Fog+-ky) v (2.11e)
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and so on. Here for our own convenience, we have not mentioned the time-
dependence of the relevant quantities. Regarding the fourth order wave
correlation functions we make the assumption

<o(ky)o(ko)y(ky)y(ke)> = F(ky, ky; ks, kg)O(ky+Ka+-Fg+ky)
+ <ol )v(ky) > <y(ks)y(ks)>
= <o(ly)y(ky)> <w(ky)y(ks)>
+ <vky)y(ky) > <wv(ko)y(ks)> .o (212)

but while evaluating the above wave correlation function we shall neglect the
direct coupling between a kinetic and concentration mode, that is

<v(k;)y(ky)> = 0 for all k, and k,. ... (2.13)
We also find

o <ol k> = (208 sk >
i)
+ otk T ik

+ vl (k) 20

.
= — 5L 1 dky<vllg, 0oy~ kostyll, tYy(ks, 1)>

— ko kig—s )t

| {—(v+f)ko?+ 2fkako}
_—zkz '[ dk0<v(k0’ t)v(kl’ t)Y(k2_k0a t)Y(kga t)>€ (ko + fhakolt

{— (v +f)k02 + 2fkok8}t

—iky | dleg <ol yolkey, tyy(ly, £yy(ks— o, £)>e (2.14)

Averaging eqn. (2.8) over an ensemble and using eqns. (2.11), we have
a . = ' ? ’
8(key+ky) 3 G, k) = —¢ [ dE'k S (K5 kby—K', ky)0(ky+ky)

—(v k24 2k, Kk
wel TUHIEIAAREY | g k). .. (2.15)

Integrating both sides of this equation over kg, We get

r — (R 2f b k!
5% Gylhey) = —i [ kydl/Sy(k'; by —F', e TR A

by —ky). . (2.16)
Replacing k, by &k, we get

a .= , , , {—(v+Hk2+27kk’ }¢
3 G,,(k) = —z’jwkdk Sk'; k—k', —k)e | +{k——k}. ... (2.17)
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Similarly a dynamical equation for S,(k;; k,, k) is obtained from eqn. (2.14)
by using eqns. (2.12) and (2.13). The equation reads :

a8,
o

.
O(ky+ky+ks) = 0(ky+ky+ks) [— %’1” ;f dkoF (kg, ky—ko; ks, k3)

Xe—-i’vko(ko—kl)t_ikz } dkoFy(kO’ kl; k’g—ko) ka)

— 00

(v - 2.4 9 . @
Xe{ ( ‘*‘fﬂo -+ sz}(o}z"“'ik:; J~ dko

{— (vt + 2fksko}t

xe F (ko ky; kg, kea—hy)

. — {(v-+)2+ 2fk ke )t
— koGl )G ey +- ke e Thatel

{(v-l-f)kl”—l-?fk;ks}t]

—ik3G(k1)Gv(k1+k3)e— (2.18)

Now in order to obtain an equation for the wave correlaton function
S.k', k—k', —k), we integrate the above equation over k,; while replacing
k, by &’ and k, by —k (so that k, is replaced by k—£') :

Vs — vkegleg— )t
aﬁf S,k —k, k—k') = Jg [ degF (o, K —kg; —k, k—k)e oo™

+ik T dkoF (ko, k'; —k—k,, k—k')e{—(v+f)k°2_2fk°k}t

—ih— ) [ dkoF (kg K, ek — ey, — ) TR AR ROR

k()G (K —k)e — (v +F)kP—2fkk' 1t

ik— k)G )G (ke (IR R

(2.19)
In order to close the hierarchy, we neglect the fourth order correlation

F, in eqn. (2.19) and then it reads :

a5,

o~ (Pl 2k o
ot

— kG(K )G (k—K')

— i )G )G k)e~ CTIEITAE=EN 0 90)
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3. THE BocoLiuBov ExPaNsioN METHOD AND THE DERIVATION
oF THE Dy~xamic EQuaTioN For E (£, t)

For weakly turbulent systems (Malfliet 1971), we assume that

Gk, t) = eGW e (3.1a)
Gk, t) =¢ GV ... (3.1b)
8, = 628+ ... .. (3.1c)
and so on.
Further we introduce
Bk, t) = Glkye """ . (3.20)
and
Efkt) =G ke o, (3.25)
We have
(1) —2f12 _Off2
O gk, 1y = 9957 (s, tye ™I aprpae, e T
ot 7 ot v
= Alk; E,)+eAYk; E,)+... (say). ... (3.3)

In order to facilitate the calculations, we introduce a formal expansion
9

for — G\WO(k, t) :

or = GM(k, t)

% GM(k, t) = Bi(k)+eByk)+... .. (8.4)

with B}~ 0(1) for all ¢ (: =1, 2, 3, ...).

Therefore, we have

—2fk% —2fk?t

AYk; E,)) = —2fk*GP(k, t)e + Bi(k)e .. (3.50)

and

AYk, B,) = Byk)e 7" .. (3.5D)

etc.

From eqns. (2.17) and (3.1¢), we have
3 aon) = By -+eBYk)+ ..

= —i [ kdb(eSOK'; k—k', —k)+ 8O ; k—Fk', —F)

{— (v + 2fkK"}¢

+..Je F-{b—> —k}. .. (3.6)
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Using eqn. (2.20), we have
0 0
2 __ Q&L k—k. — — SOk b—k . —
¢ SEE; k—F, k)+636t SXE'; k—E', —k)+...
— (v ‘2 »
— ik{ezg(l)(k’)0§l)(k—k’)}e {( +f)k 2fkk}l

—i(b— kR GV GOy (I AR =R (3.7)

Now we compare the contributions of the various order of ¢ for equations
(3.6) and (3.7). For 0(1) eqn. (3.6) reduces to

IGD
Bik) =~ =0. .. (3.8)

Thus the wave correlation function G} does not vary in time up to order
1. Considering the term of 0(e) of the same equation we have :

0GMNkY, oy
aF fom = eBy(k)

= —i | kdk'eSOU; k—k, —k)e TN 0 s . .. (3.9)
The time derivative of 8 (k'; k—k', —k) is given by

i Sg'z) = ’I:IC{G(I)(k’)Ggl)(]c_kl)}e—‘{(v+f)k’2_2fkk,}t

o
B R e 11 I LN C R 1)

Since GV(k) and G{)(k) are independent of time by the lowest order
approximation, therefore, we integrate the last equation with respect to i,
taking into account the assumed initial conditions. On integration, the last
equation reads :

—ik
~ DR 2fkk
(k—k')
PR 2% b—F)
Substituting this result in (3.6), we get

gl O R ) [

(-3 —2f k')t

SO, k—T', —k) GOE )P k—E)e "

{2+ 210 (k—F')}e

+ GO )G (R)e (3.11)

k) = —sk | d — kGO )G e—F)

R L
(v+f)k"—2fkek’

o—{-HNW+ 20 (k— ')}t
G NE T 2R (e—%)

X Fi(le— k) GO )G k)

|+t —1. e (312)
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The last equation is correct up to 0(¢?). Substituting eqns. (3.8) and
(3.12) into eqns. (3.5a) and (3.5b), we have

Al(k, By) = 21000, 0
= — 2Bk, t) ... (3.13)
and
Ag(k, E,y) = B%(k)e_szﬂt
- _}omdk’e{_(v+f).k,2+2ﬂck’}t- [“kzau)(k')G‘,l)(k—k')

e—{(v+f)k’2—2ﬂck’}t
(v-+Hk'2—2fkk’
o —{v+E?+2fk (k—K')}2 ~2fk2
X TN R (o) e
We can simplify eqn. (3.14) as

X +k(k— k&' ) G &) GO (k)

+{k——k}. .. (3.14)

k(k— k") EV(E ) BV (k)
(v+Hk*+2fk' (k—k')
_ BPEOEED(R—E)
(v-+-k">—2fkk’
After substitution of eqns. (3.13) and (3.15) into our formal kinetic eqn.
(3.3), we get up to 0(¢?) :

9
ot

Ak, B) = [ A [

|+ § akif— — &} o (3.15)

k(k— k') EV(k) B (k)
(v+Hk"2+-2fk (k—k')

B ) = —SfEPG O+e | db |

BEEV(E ) ED(k—E')
T R E—2fkk’

Omitting the indices (1) for £V and E{, we get

]+e [ db'{k—>—F). . (3.16)

9
at

Hk—k)E(k)B,(k)
DR+ 21k (—F)

Bk, t) = —2fi2E (k, ) | dk' {

RE(®)E. (k—k')
TNk —ofkk

The term f dk'{k— —k)} is the same as the sum of the preceding terms written

}+ T k' {e——1. o (3.17)

out explicitly. We can verify it by replacing the integration variable k&' by
—k’ in this term and making use of the even character of E(k) and E (k).

6
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The full kinetic equation for E (k) then becomes :

2k(k— k') E(k')E,(k)
vk +-2fk' (k—F')

5 ) = —2fRB, 0+ [k |

2k2
T wE2—2fkk

E’(k’)E,,(k—-k')] . (3.18)

4, CONCLUSION

The first term on the right-hand side of eqn. (3.18) describes the ordinary
linear dissipation due to molecular diffusion. The integral in the second
term represents the non-linear growth due to a mixed interaction and the last
term describes a mixed interaction of two different modes (£’ and k—#%") which
contributes negatively to the y-field fluctuations.

In order to avoid the irrelevant mathematical calculations we derived
the kinetic equation for the one dimensional energy spectrum function for
v-fluctuations but the above considerations can also be extended to the three
dimensional case. In a future paper, we are also considering an interesting
case in which the coefficient of molecular diffusion equals the coefficient of
viscosity.
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