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Heat transfer for hydrodynamically and thermally fully developed laminar
flow in a curved annulus has been attempted by a method of series ex-
pansion. Expressions have been derived for the excess temperature
within the fluid and isotherms have been sketched for a particular value
of the radii ratio within the fluid, it has been observed that both heated and
cooled regions develop.

INTRODUCTION

Heat transfer effects in a curved pipe for low Dean numbers have been
determined by Ozisik and Topakoglu (1968) using the velocity field obtained
by Topakoglu (1967). The procedure adopted by Ozisik and Topakoglu has
been used here to study the heat transfer effects in a curved annulus. The
interesting feature of the analysis is that no approximations in the governing
equations have been made as has been done by earlier workers by assuming
the radius of curvature large compared to the radius of the tube. The analysis
for the velocity field is carried out firstly for general cross-section and the
expressions have then been obtained for the curved annulus of circular cross-
section. This has been subsequently used for determining the temperature
distribution within the annular pipe. After the expressions for the tempera
ture distribution have been obtained, an attempt has been made to plot the
isotherms in the plane of the cross-section of the annular pipe.

We introduce the following assumptions for the analysis of the temperature
distribution within the annular pipe :

(1) Velocity and temperature field are fully developed,

(2) Flow is laminar,

(3) Viscous dissipation is negligible and

(4) Wall temperature around the periphery of both the walls of any

cross-section and its rate of change in the axial direction are uniform.

Yol. 5, No. 8.
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Assumption (4) is important as this would be helpful in obtaining the
solution of many heat transfer problems for different fluids within curved

annular pipe.

ForMULATION OF THE PROBLEM

Following Topakoglu (1967) three mutually perpendicular reference axes
are defined by taking Oz, axis as the axis of symmetry of the curved annulus
and Oz, and Ox,-axes lying in the plane passing through the centres of the
annular cross-sections. To locate any point in the pipe the cylindrical co-
ordinates X, Y and @ are chosen with respect to the X, X, and Xj-axes as
is shown in Fig. 1. Due to the assumption of axial symmetry of flow, the
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Fig. 1. Coordinate system.

components of velocity Vector E) in the X, Y and 8 directions will depend
on the X and Y coordinates only. Denoting these components by U, V and
W respectively, the continuity equation allows U and V to be written in terms
of stream function ¥

1 1
U= ? Ty and V = ——I; IFx. (1)

The subscripts denote the partial derivatives with respect to the corres-
ponding variables, this convention being used throughout the paper.
The momentum equations for steady flow of an incompressible viscous
fluid are
Y2H, = VDWW -+ HY2W2) v Y (D% )y

Y2Hy = Yy DWW+ Y V2W2)y—v Y (DY),

oY, YW)
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where

_p 1
_p+2s

1 9
2 2
D*=v'~y 37

and p,v and p are density, kinematic viscosity and pressure respectively.
v? is the Laplacian Operator in X O Y plane.

One may obtain compatibility equation from (2) as

H, = L(constant), and Hyy—Hyx =0 . (3)
_1dp
where = 5 3 e (4)

Substituting H, Hy and H, from (2) into (3), compatibility equations expressed
only in terms of the velocity components may be written as

1 ¥, YW
WDHYW) = —3 "‘Sa’(i':?)—)JFL
W, Y2D¢ 1
V.D4IF = *—"Y Lm——)‘—'— "j7—2 (Y2W2). “es (5)
where Dt = D(D?).

DmvexsioNnLesS ForMs

Let A4 be a characteristic length of the cross-section of the region in which
the fluid is flowing. All the independent and dependent variables may be
non-dimensionalized by introducing

X =zd, Y =Adg 1
Y — Avg, W=-£w ... (6)
e

where « and 7 are the dimensionless coordinates along OX and OY axes respec-
tively. ¢ is the dimensjonless stream function, w is the dimensionless normal
velocity component and ! is the dimensionless constant for the pressure
gradient.
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Substituting (6) into (5) we would obtain

7 O, )
d(¢, n2D*) | 1
[ 9 S —- 2,.2
Dt = ﬂ-«—-——-——a(w’ﬂ) —{—772 (PPew?), e (D
where 1 8 02 02
2 e _ 2
D=y v and V—ax2+a772'

Now let X be the mean radius of curvature and introduce the dimensionless
o corresponding to T as

O'Zz. oee (8)

The constant I may be related to the negative dimensionless pressure gradient,
l,, along the mean circle by

= —al, e {(9)

The mean circle is a circle in the X,0X, plane having rdius £ centred at
0. As a matter of fact by using (4), (6) and (9) one could show that

A 1 1 0p

which is the negative dimensionless pressure gradient along the mean circle.

Since the secondary flow approaches zero for very large values of o, it
is convenient to introduce a new stream y as

¢=£_¢. .. (11

It is further convenient to transfer the origin of coordinates to a point
where the mean radius of curvature of the region is referred. This may be
carried out by introducing a new coordinate y along the oy axis, defined as

Y= ’)7-——0'. cee (1 2)
Also one could see that

4 L SR v '] —_ -
D=y Vit e o o o 19)
where
o2 o2 1 9
2 4 oB(o? 2 g2 O
v ) + o and y viv®, D 7 o
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Using (9), (11), (12) and (13) in (7) we would obtain

1 o, w
Vzw = ,']1—2 w(l——oﬂsﬁx)'}'? [U (?(g, x)) “‘wy“o'lo ]

1 1 oY, vy 1
Vi = P (wz)m—}—? [ 2VYyt+o W]“;ﬁ [ 3¢y - (14)
oy, 3
o 2V _sop gy ]+ pali—ov)
92 02
where V= W‘+W'

Expansion OF NoORMAL VELOCITY AND STREAM FUNCTION IN

TerMs oF CURVATURE
We introduce

T= ... {(18)

To obtain a series of linear equations for the non-linear differential
equation (14), one would expand the unknown functions w and ¥ in power
series of T as

w = wyFTw 12wy ... )
¥ = 1Y +7+

(16)

where w; and ¥ will depend on the coordinates of the points of the fluid.

The solution of the linear differential equations satisfying the boundary
conditions will give us the physical picture.

For considering the flow in a curved annulus with circular cross-section
we introduce the polar coordinates as

Yy = r GOs a, X == 7sin a. .. (A7
Also we would have

d a 1 . 0

i €08 & A~ 8iN & - and . (18)
9 . o 1 i)

%:Sln da—r+7 .COSda—&. ves (19)

At the boundary the functions w and y will satisfy

wg=0, Yy;=0 and —%2?- = 0 on both the boundary of the annulus.
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Frow N A STRAIGHT ANNULUS

Substituting (16) into the first equation of (14) and equating the terms
without 7 on both sides at the equation yield

Viwy = —I,. ... (20)

The solution of (20) with the boundary conditions (19) i.e. the solution of
(20) for a flow between two stationary concentric torus shaped having radii
4 and KA for the outer and inner periphery cireles (w, =0 at r =1 and
r = K) is given by
wy = B(1—r2—A log r) .. (21)
1—K?

lo . _
R = vy R being the Reynolds number, and A = TRE

(22)

FIRST APPROXIMATION TO SECONDARY FLOwW

Substituting (16) into the second equation of (14) and equating coefficients
of 7 on both sides of the equation yield

Vi = (), = o (o)

=2w0{sina;;+%cosa5%] wy
9. s dw, 9
= 2wosina. 7. (23)

Expressing y? in polar coordinates and remembering the form of w, as given
by (21), ¢, will be )

Yr=¢sina
where g, will be a function of r alone.

The equation in terms of g, will be

d
Vi = 20y . (20)
02 1 4 1 a2 1 90 1
Where v= (Grty o) (et a—n)
The solution of (24) is given by
R

0= 28 [784-2(3A log r—2A—3)ré-4-9(2A log r—5A—4)(Art log 7)

28
1

e (25
> (25)

+N1"'4+(M1+M2 10g 7)72+N2]

10
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The four constants have to be determined from the boundary conditions, that

i8 to say,
g=0 and gi:O at r=1 and r==%.

The four constants are given by

= — __L (i 4 24— 2__ 3
Ny = - RETATT [3K®4(11A43)K*4(3A2—4A—3)K2—(3.75A
+ 12224+ 10A-3)],
1
— — 4 2__ — 2 2
N, = BT [(2A—9) K4+ (9.5A2— 200 — 9) K2 (11.25A
+9.5442)A1K?,
. 2
—_— _ 6 2__ —_ 4 3
M, = SR ATT) [4(A—9) K8 (1902— 1061 — 36) K4-1 (22.51
A2 201+ 8) K24 22.5A3-} 6422+ 424+ 8],
= A 6 4 2 2
M, = KEIATT [4K64(19A+26) K4-4-(22.5A2+ 8214 26) K
22,522+ 191+ 4] )
DETERMINATION OF w,
The differential equation determining w, is given by
Viw, = % ____62{:,;0) — wpy+-Iyr cos o
1 gy, 0o 1 .
= —%/%;‘—:)92«——( COS & - — — sin aa—a&\) wytlgreosa. ... (27)
The above equation can be written as
viw, = F, cos a o (28)
where F, = lor—(l-}-g—;.) w;.

From (28) we find that w; = f; cos a, where f; will be a function of  only.
The differential equation satisfying the boundary contition that f, = 0 at
r==1 and r = K is given by

A
SHi= “rl +A27‘+A373+A475+A4T7+Asr°+10gr( -4;—2 +Agr+Agrd

+ AagS+ Ay ) - tlog (A s+ Ayt Ays) e (30)
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where

B

4=Fo e AM ,— 22 M, —

288 [ 8

(—12M,416M,+8AN, +396)3+-21622)
4

64
72N,-- 14581248641 126/\—{—144 1]
864 - 576 4_ 0
1 ’R 2 4 2 R8
— Ty | g (U= 1)+30— K4 22K log K)——5c
o { AM2—2A£11—4N2 (Kz_1)_{_—12M2+16M1+8(;\N1+396/\3+2]6/\2
4
79N, -+ 145812} 8642 1261144
4 1 1y T T 8__
X (K4—1)+4 564 (K8—1) =76 (K8—1)

1, 0 v AN, | K
+4p (B—1)+log K (—"52+ =

(4N, —AM,+ 22 M)

K¢ n K® K®
+ g (4M,— 144207200 — — (342X34216))+ -~ A )

2
+(tog K)? (&

0K ot S OO

RX  BRs
Ay = 20

R 2
4  288%S8 T("(K —1

1
(B y—2A M, —4;) 4 [

+3(1—K%—22K2log K)— 4N, (K2—1)

R { AM ,—2AM,—
388 §

+—12M2+16M1+8(;\i\7,+396/\3+216/\2 (Ri—1)+ ’72N1+lc;56i)\2+864/\

12614144 (
576

(K8—1)— Ko 1)4 5 (K¥—1) 4 log K (— 272

K4
D+ T (AM,—14423-722%)

K?
4

— K (seorer2160) —Ii—s-)\ )+(1og K (= LS

9
72 AMy =3

L 3]
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3
Ay = ifi +'2§£‘>2‘6‘1‘ [—12M,+16],+8AN, 30623 216A2),
R8
A= 355 [12N1+1458124-8642]
R3
Ay = — g~ [1260+144]
R3
4q = 40 % 288
_RS
A7 = 3553 Ao
RA R?
Ag = T+§m (4N, —AM ;22 M)
_R3
Ay = Ygogs [4M,— 1440 7207]
Rs
Rs
An = o
R3
die = gogs ML
RS
4y = 4% 288 0
—_— RS 2
414 = 33958 31

It has been checked that g, and f, tends to the expression of Topakoglu
(1967), when the curved annulus tends to curved pipe, i.e. when K = 0.

ANALYSIS or THE TEMPERATURE DISTRIBUTION

Based on the assumption made in the introduction, the temperature at
any point has the following form!:

T = ME0+N(X, ¥) - (32)
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where X refers to the radius of the curvature, M is a constant which determines
the temperature gradient in the longitudinal direction of the pipe. It is as-
sumed that N(X, Y) is zero at both the boundaries and therfore it denotes the
excess of temperature over the boundaries.

The energy equation can be written in the form

o7 or or 9 1 a7 1 a7
Uox Va7t 5z =2 (vTty syt ) (33)
where y is the thermal diffusivity and
g2 02
2
V= (ax2+aw)'
Substituting (32) in (33) we would obtain
1 11 70N,V N
2 _— Y A —
VN_Y{X<6(X,Y) TIMW ) =57} (34)
We introduce additional non-dimensional variable
E AE

where m and » are non-dimensional temperature gradient and E is the refer-
ence flux. With the help of equns. (35) and (6), eqn. (34) becomes

o)

1 on, @)
2. —_— u—
Vin = p [P{%a(:v,?]) +0‘wm} 3y (36)
where P is the Prandtl number and
3 o2
2 - (2 a7
V= (6:62 + an? )
With ¢=%¢, Yy =n—0
and y = r cos a, x = rsin «, eqn. (36) reduces to
1 1 3(¥, n) sin & dn on
V%—?[PO'{7 6(1',“) —|—mw}—{——7—— 5&—008@'7} ees (37)
where '
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ExpansioN oF Excess or TEMPERATURE
Apart from the series as given in (16) let us introduce the series
n = Ny+TR TN+ ... ... (38)
Also as supposed by Ozisik and Topukoglu (1968), we take

—;— =T [ 1—7r cos “'*“;“ T22%(14-cos 20)+... -'

a convergent series in the inside region of the annular pipe. Substituting
(38) and (16) in (37) and equating terms without 7 on both the sides we would

obtain,
viny, = Pmw, = PmR(1—r2—2 log r) ... (39)

The solution of the differential satisfying the boundary condition that
ng=0at r =1 and n, = 0 at r = K we would have

R [3 2
= = P2 [ 40 (o) 04 ]
PmR 1 3 K2
4 " TogK [Z+K2(T—1>+A(1+K2(10gK—l))].logr .. (40)

SEcOND APPROXIMATION TO EXCESS oF TEMPERATURE

The differential equation determining n, is given by

oy, i
vin, = P [—: . —‘g—(w;l:—gl)——}-/l(wl——rwo cos a)] -

(41)
where Yy=¢,8ina, o, =fcosa.

g, and f, are known from eqns. (25) and (30). Substituting these, we would
obtain
vin, = C,cos a .. (42)

1, .
where 01 =P [—'T nogl+m(fl_rf0) ]—"’o

where prime denotes differentiation with respect to ». Now from (33) it is
evident that n, = ¢, cos & where ¢, is a function of r only. Therefore, we have

V’GI = 01- ves (43)
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The solution of this differential equation satisfying the boundary condition
that C; = 0 at r = 1 and r = K is given by

Oy = | B4 By* 4 B+ Birs+ Bys+ Byt + %

+log r(B,
+(10g 7)2(By 77+ Bygr-+ Bygt®+ Byr)+ Byg(log r)3r5] e (44)

where

PmR3
B, = 0P+ D) 15006

600+ 4652 1, | 39624360 ) PmR?
4 14400 % 96

1
—7 2 __
{ 5 4( 7200--600N,+-1890024-105000— =5

600 3
I

+ £ &g+ EH0g K-1)]] ). P

PmR3

1
— 2 14400 < 96
+ zg (400N 804001+ 1287251%) } 14400 x 96

B, = 1 —4800N,--2400.M,—1000.M ,—4400AN,— 72001 — 19440022
4 48 1

‘132900"3+[%+ %2 (K2—4)+A[1+K*(log K-l)]],w)}:

log K
+2l4 (—1400M,+ 1200 M, -+ 600AN, 45055013 4- 252002) }

PmR? N SPmR
1440096 ' 96

PmR3 1
By= a0ttt 64[ 19200 M, +9600N,— 24000 M, - 14400,

3 K@
4-24000A M ,— [-4-+—4— (K?—4)+A[1+K*(log K—1)]

9600N1+4752OO/\2+259200A] P 1

g K ~ =Ty (—1800M,
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By=

B,

Bgz

Bg="‘

Bm =

Bn =
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+2400. M, +1200AN, + 5940013+ 32400A2)(K4—1)
+ (800N ;+ 16200212+ 96001 )(K 8~ 1)— (2100 -+ 2400)(K®—1)
+240(K10—1)+log K[—4800AN -+ 2400K%(4N,—AM,+2A M)
+ 2400 K4( M ,— 36A3— 1812)— 16 K6(2850A24-18001)+ K& . 2400A]
+(log K)[2400 KA M ,+ 21600 K47+ 14400 K6A2])

7 (— 200N, 39002 3, — 3600A31;) }

PmR
+_96_[ 2N KB - (3(1— K9~ 2AK=10gK)—181

1
A=K [By(K¥?—1)+ By(K1%—1)-}- By(K®—1)+ By(K°%—1)
-+Bg(K*—1)+-log K(BgK'°+4ByK8+- B, K¢+ By; K4+ By, K?-- By,)
+(B4K®+ B, K%} BisK*+ B,;K?)(log K)?+ B, K¥(log K)*]

1

= [0=K% [By(K%—K?)+ By(K2— K1)+ By(K2*— K8)- B,(K2— K*)

+ By(K?*— K*)—(ByK+ B,K3+ B, K®+ By K4+ B,,K*1-B,,) log K

—(ByK®+B,;K°+ B, K*-+ B,, K*)(log K)*—B;3K%(log K)*]

PmR3
Ta00596 [120AP+152]
PmR? [ 3000 -+ 240022 p 21600)\-{—34250)@]
14400 x 96 2 iy 4
PmR3 300 K? .
14400 % 96 {[ 50210008, — 5 Tog K [+ (&-9

+A[1+K2(log K—-l)]] +3600A4 10800/\2-{-8175/13] P
+50M,—800A2— 217573 }

PmR8

14400 % 96 {[_300M2+3OOAM1——6OO/\M2+

log X
x[3+ & (g—a4 20+ K205 E-1))] P

(600 M ,—375A M-+ 3007 M)}

( 1080012+ 54002

)
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PmR? 3, K?
B = Tagonsgs || 1200V 120000, — | S (KE
M,—2M »
2 _ 2 1 —
+A[14K2(log K 1)]] 300 ( s )] P4 (—450M, 16001,

+300AN, -+ 1485023+ 8100A2)(K4— K2) - (200N, + 405072
+24002)( K8 — K2)— (5251 600)(K8— K2)-+ 60(K10— K?)

n (IT"zg__KlT [—1200AN - 600 KX (4N y—AM,+2A M)

4 600K4(M ,— 36A3—18A2)— 600 K4(19A2-+ 121 )+ 600 KA
+600KAM, log K +5600K* log KA-3600K¢ log KA%]—600AN, }

. PmR

48AK%log K 24 [ 3, K?
96

e R gk L7+t &Y

+A[L+E3(log K—1)]] ]

P'mR% (600N, (3 K®
Bis = 11100 % 96 { fog K [—4“+ ¢ K=+ A0+K(log K—1)] ]}
_ PmR3 9 5
Bu= 50556 [300AP+1502%]
3
By, = —'Ig(%%?s' [(7650134- 540012) P — 45023]
PmER3 270012 K?

—_ 3 23
Bio = 14400 % 96 {<3°0"M2‘ log K [‘Z“’"T(K -4

+A[1+E*(log K—l)]]) P+ 15OAM2}

PmR3

B — ] 300, [3 K
17 ™ "14400 % 96

{[600;\1\72—-@— S (B

L A[14K*(log K—-—l)]] ] P-—6OO)¢N2}

PmR?

B e 73
8= Tizp0se6 L1800A°. Pl.

11
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It may be pointed out that the expressions of n, and n, tends to the ex-
pressions of Ozisik and Topakoglu (1968) when K = 0 (curved annulus tending

to curved pipe).

IsoraErMs 1IN THE PLANE OF THE CROSS-SECTION

The istotherms are given by

7 = ng-+7m, = constant

we assume 7 = 1/3, R = 63.3 (as assumed by Dean (1927)), and P = 1000.
The curves have been sketched in Fig. 2. The constant values (n X 10-7) have

Rz

37y

Fig. 2. Isotherms in the plane of the cross-section.

also been shown on the curves. The value of K has taken to be  for these
calculations. It is very interesting to see that within the annular region heated
and cooled regions develop. This phenomenon has also been observed while
studying the case of heat transfer effects in a straight rotating annular pipe
obtained by Srivastava and Sarin (1972).
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