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The formal solution of triple equations involving Fourier Bessel series is given
in this paper. Finallv the solution of these series equations is reducad to Fre-
dholm integral equation of second kind in one independent variable, which
can be best solved by numerical methods.

1. InTrRODUCTION

Recently. Sneddon and Srivastav (1964) have discussed a pair of series equa-
tions of the following type:

(- -]
z A g, T A = e 0 < p <] . ST
/
- n=1l
x
, nd LAy =m(p).l<p<a .. . (1Y)
ne}

where I(p), m(p), are prescribed functions and coefficients a, are unknown. Also
{A,} are, the positive zeros of Bessel function J, (¢A). They have considered the above
equations for general values of p in the range — 3 <p <1, ultimately reducing the
problem to that of Fredholm integral equation of second kind. Here in this paper
we shall solve triple series equations given as below:

a,F, (A p) =4 (p),0 <p<a . . (1Y)
nel
2 A a, J, (A, p) =my (p), a < p <vb e - (1-4)
nel
a7, (A p) =m (p), b<p <o . . .o (1-5)
nel
(0 <p<l)
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Here [,(p), my(p), n;(p) are prescribed and equations are solved for unknown co-
efficients a,, where (A)) are the zeros of Bessel function, 7,(2,¢). Our method is similar
to that of Cooke (1963) for solving triple integral equations of Bessel functions, The
solution of triple series equations is reduced to Fredholm integral equation of second
kind. The analysis given here is purely formal and no attempt is made to justify
various limiting processes.

2. AserL TyYPE INTEGRAL EQUATIONS

The integral equation

FEOX::

has the solution

=gx),0<a<l,a<x<bh . .. (2-1)

t
2sinma  d [ ug (u) du.

— _— ,a <t <b, .. .. 2-2

YO - dt S (12—u2)l—e 22)
a
and that the integral equation
b
SO oca<la<x<b .. . @23
(=)
X
has the solution given as below
b
fly= —2Snmae d ( w@d oy (24
o di (u2—t2)1-e
t
3. THe SorutioN oF TriIPLE SERIES EQUATIONS
Let
©

6 F,(pd) = M(p), ,a<p<b .. .. .. (31

n=] ’ -

Then using (1-3), (3:1), (1-5) and Fourier Bessel expansion theorem that

9 a
a, = m—)[J‘ ull (u) jv (uz\,,) du

0

b . | o
+ S u M (u) 7, (ud,) du + S un, (u) J, (ul,) du.] . .. . (3-2)

b
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Substituting the value of ¢, in (1-4), we get on interchanging the order of integra-

tion and summation,
b
S M(u)K(u,p)du:F(p),a<p<b

where
F(p) = my (p) — S by (4) K (uyp) dt — S m () K (5, p) du
o b

o

W72 3, (pA) J (4h)
Kwe="7 Z P

After the slight change in (Watson 1944, p.373) we have

| ey 7, ()

=2ty Dot ]) Fppy @9), 0> — Lp > — 1.

We get from (3-6)

2] -2y

Fv (A, 1) —f@—"

[ @—epremi, 0na
v>p—1,p>0.

Hence we can write (3-5) in the form

21-1) 1—v
K (4, p) = —-[—I-,(—Zj]— S} (uz—tﬁ)p-l ppti g (t,p) di

where

o Foop () T, (pA) X7
3 .

L(te) = = F241 (€A,)

ne=l

(3-3)

(34)

(3-3)

(3.6)

(3-7)

(3-8)

(39)
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We also know from Sneddon and Srivastav (1964)

EXSN AT YUY
¢ ! ]3+l (¢Ay)

=2 7P (p2—t2)P=1 H (p—t) 2

- e” I'(p) — - singm
* S K@@, )’y .
1, (¢9)

0

v41>p, p>0, [and H (p—¢) denotes the Heavyside unit function].

Therefore (3.8) gives

min (p,u)

22—2p_p‘v ul-—~v tzv.2p+1 dt R
K (u: P) = W ; (uz_tz)l-p(Pz_tz)l—p — (“;P)
where
u! =Y sin pr 2277
R A = 2___ —lgv—p+1
(u,p) ~T0) S (u?—2)P=1gr—p+ 14y
-]
o S KL ,»)s"d
X 1, ()

1t is easy to wtite (3:12) in the form
0 .
1-2p
R (4, p)= 2% sinpm S K, @) L1, @), d
™ 1, ©)

0
We can write the above expression in the form

2u sin
R (u, P)= - i Kv, v, 9,=2p (ps u, c)
where
o
K (ay) I L (¢t 14y d
Kv,u, B,y (p,t,d) = S Ld ( 'y) “I(P-(ya) B (}’)J’ 1y
y (@)

(3-10)

(3:11)

(3:12)

(3-13)

(3-14)

(3:15)
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We have from equation (3-3), by using (3:11), (3-14)

4 in o) - 2v=2p+1
S ' M (x) du S t P+ dt
J (uZ_t2)l"'P (p2__t2)l—l’
2p~1 4
oo 4 . 2
9Zp Sin [:f [ F([’)] S pv qu,v,v,»Zp \ ps U, 6‘) M (u) du
v{r :F
e [ éz‘;)_z]p (P),a<p<b
Now using the result
b min (p,u) [ b a b
Sdus dt =SdtSdu+SdtJdu
0 a i [ a
we get
P b
-t gy ul =" M (u) du
(p2—1t2)1 -7 (u—12)1-»
t
b
-2+t gy u v M (u) du 227t sin pm (I'(p)]°
(pE_tZ)l-p (uz__tz)l-p .
’ L1 F ()’
| 0By () M )t = OO oy

[
Let us assume that

b
W= M (u) du,
() = S W

,a<t<b.

Using (2:4), it is easy to obtain from (3-19) that

2[sin (1—-p)n] 4 §_‘_'zﬂf‘;,0<p<1. .

= M () = — ‘—;_—‘"_‘ 7{;““ (12—u?)?

u
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(3:16)

(3:17)

(3-18)

(3-19)

(3-20)
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Now we can write (3-18) in the from

Jp Z(t) 22t g [D(p)]2 F (p)p’

(p2—tz)l_”" = 22—2p
" 22~ Ygin par [I'(, ]2

mw

b
S puK,, 9, (psu, c) M(u)du

a

~ Sa (2v—2p+1 dt S ul_'M(u) du,

(Pz_tz)l——p (u2__tz)l—p
0 a

,a<p<bh

Using (2-2), the above expression leads to

=12 [ D(p)® sin (1—p)m d § p't F(p) dp

1) =
20 7 212 dt (£2—p2)P
+ 1, + 1, a <t <b.
wheie
{ a
.9 v-2p+1
I, = _._f P12 gin [(1—p) =] _d. S pdp P @
™ dt ) (2—p?)? (p? — )+
a [
b
w' = M () du
(uz__y2)l—p
and

¢
222 (2= 1-2 [ T'(p)]2 sin pmr sin (1 —p)m i J p "t dp
P dt (t2—p2)?

b
X S uM (u) K,,,_,, (puc) du.

We can write (3-23) as :

5, =

m

—2sin [(1—p)m] 27~-1-% Sb ' M (u) du
a (uz_yz)l—p

% S_yZv‘2p+l 4},

4
d S pdp
at (t2—p?y (p2—y%)' 7

(3-21)

(3-22)

(3-23)

(3-24)

(3-25)
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Using the well known resuit

t

d pdp t(a2—y2)P
a = , 0<y<a, <p<l.
dt S (B2—p®)? (p2—2)'? (2—p%) (2—a?)” ?
We find
PR L1 (50 Ll L i
! w(12—a2)P 2—y?

0
b

S u'=" M (u) du
(uz_yz)l—p

{3-20) can be wiitten in the form :

—2sin A—p)m &

1-¥ M —
“ (w) ar du
where
b
. J tZ (1) dt
J (2—u2)p

and the last integral in (3:27) is in the form

b

R. — —2sin (1—p)7w ( dj du
: - Jodu (R

On integration by parts, we get from (3:30)

Ri=2 sin (1—p)n[ : J‘b sZ(s) ds

(aa_yz)l-p ’ (52——a2)"

b s »
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(3-26)

(3:27)

(3.28)

{3-29)

(3-30)

(3-31)

after substituting the value of j and inverting the order of integration in the last term.

Hence (3-31) leads to

,, |
modiniope 20 [, e,

m (a3—y2)1-P J (s2—a?)? sy

(3-32)
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We have used the result for getting (3-32)

udu (s2—a?)17P

E—adP @ 20—p) () @)

, .. (333)

0<y<a0<p<l

A=8mezmm
where

Ly (s, )=

(3:34)

7 (12—a?)? (s2—a?)?

Now consider :

1= 227 [I'(p)]? sin psin [(1—p)m] fep-1-2v
2= ~

b
‘”&mwfuMmaww

a

K, ()
I (o)

X

where

4
R, (ty) = d | P () dp
T (E—p?p

We can write (3-20) in the form

b
uM (4) = — 20 sin [#(1—p)] __d_ J' sZ(s) ds

T du (s2—u?yy '
u
We denote the integral by

o S sZ(s) ds.

(s2—u2)‘” )

—4 [sm(l—p) H]z st2p—2v J'a (az_}z)Zpy!v—Zp+l d}, .
(s2—p?) (12—»?)

(3-35)

(3-36)

(3-37)

(3-38)
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The last integral of (3:35) can be written as

b b
L(y) = S w M () 1, () du = — 250 (L=p)7 S W I (w) ‘2_’ du.  (3-39)
m u

On integrating by parts we have after inverting the order of integration in the
last term,

b
b 5
T I_y (w)« du |
-+ Y “ -Sz(5> dSS .WJ .. . . (340)

The above expression can be written in the form

b
Ly = 2sm{d—pm S [ L @) B ]sz (ds .. (341
~ " (.(2702\I’
where
_ d I, ) (w) v du .
B(y,s)——f e .. . N (342
Hence
b
I, = ‘ Z (s) u (s,t) ds, . .. .. v (3+43)
whete
u(st) = ° [T'(p)] 222+ sin p ﬂs[ sin (1—p)m]? 2421
” -
- %R (cy) (@1 (ay)
K, (c») y'"P Ry (cy (av v \ &) + 9B )d :, 3.44
x [ — A 1m0 )iy | o

Equation (3:21) can be written as:

b
RO=FRO+ [ ZOMEOHAN b a<t<t, . . (@34)
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where
!
2p—2v—1 1 o vl
F, (t) = ! [F(pl)-]: sin (l—p)w d S p* ! F (p) dp. . . (3-46)
- 2% p (E—p2p

Equation (3-45) is Fredholm integral equation of second kind, having the kernel
u(s,t)+L, (s,t) and the free term F, (f). From eqn. (3.45), we can get easily J(¢).
After knowing 2 (¢) we can determine M (u) from (3-20) and then e, witl the help
of (3-2). The soloution of (3-45) can be obtained by numerical methods. This is
standard equation.
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