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This paper gives a generalization of a result of Jackson {1931) on basic inte-
gration of g-hypergeometric series, Certain basic integral operators have been
defined and applied to deduce general transformations of ¢-hypergeomerric
series.

I. INTRODUCTION

During the last two decades the study of basic hypergeometric functions has
gained considerable importance by virtue of their significant applications in the
theory of elliptic functions and combinatory analysis. Several general methods have
been given to develop their transformation theory, but it seems rather curious that
the only basic integral operator that has been exploited with advantage is probably
g-Laplace integral operator defined by Hahn (1949) and later studied in details by
Abdi (1960) in a series of remarkable papers. Even in the important works of Slater
(1966) one finds a notable absence of the use of basic integrals of Jackson (1951)
and Hahn (1949, 1950) as a tool to develop the theory of g-functions.

The object of this paper is to exhibit the possibility of exploiting certain basic
double integrals to find interesting integral formulae, series transformations and
transformations between integrals for g-hypergeometric functions of one and two
variables. No attempt has been made at a systematic enumeration of all possible
results that one might be able to find through the aid of the integrals given in the
paper. However, suitable illustrations have been given to indicate the type of formulae
one might obtain through such operators.

2. NOTATIONS AND DEFINITIONS

Following Hahn we define a basic integral as below:
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The generalized basic hypergeometric functions of one and two variables are
defined as :
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where (a),= (¢, = (1—¢%, (t—g* = ¢ (@) =1, | ¢ | <1, and the

colons in the double hvpergeometric series mark off the double parameters of the
type (a),,., and semicolons the parameters of the type (b),, and (4'),. The deno-
minator parameters in the series definition are written in the @ -symbols in the.
second line whenever therc is a chance of confusion. Similar notations shall be
followed in the case of functions with more parameters also.

Further, we shall write

H[ a,b,....; :lfo © (I—g*") (I—g"*m)..

¢, d, ... v nlzo (I—=g°t") (1—¢#*m).

We shall also need in what follows the following functions*:

G =S x e, (—0)d g%
0
where Eq () = [ (0]t = z( x)! h(r—l)’

(9),

is a basic analogue of the gamma funcnon.

* For an explicit expression see Hahn (1950, p. 290)
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3. A MiLp ExTENsiON oF A REsuLT oF Jackson [1931, (49)]

We begin with the evaluation of a class of basic double integrals based on
the following extension of a result due to Jackson:

Lemma.
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is an absolutely convergent series, then
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converges to the sum A(—s, —t).

Proof: We have
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Evaluating the inner integrals and simplifying we get

LAC
G(r
M > @@, G (p+5) G (r+1)
=G (s) G (t) S _(_S)L@L. DPr (X)g=sp=rt=4plp=D)—ir(r~1)

& 9, @),
since G (s+7) = (5), g~¥C=D-r G (s).
Substituting the value of DP" (}) from (3.3), we have the desired result.

As an illustration of (3.2) being convergent to the sum A(—s, —), let us consider
the integral

S S vn@og—n—) s1y1d@0d@. (3.4)
0 0
Our lemma gives that (3.4) equals to G{s) G(#) times
RO ()nld ), @ @),
Z Z @, @, ° Z Z @ @ Oman L (33)

Summing the n—series in (3.5) by the basic analogue of Vandermonde’s theorem
(Slater 1966, p. 247), we get (3.5) equals to
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Having shown directly the validity of assuming (3.2) equal to A (—s, —t), we

proceed to evaluate rather indirectly certain other integrals in the form of our
extension.

We, in fact, prove that

S S 7yl D [ g by b ci—x,—y | dlg, %) d(g, p)

0 a

a, b, b, c—s—1 )
=G(s)G () IT L —t, b—s, b’-t,cj (3.6)

for 0 <Re s<min. (g, b), 0<<Re t<min. (q, §').

To prove (3.6), we start with the following known transformation (Jackson 1942,
(37) (there is a misprint in the quadratic factor ¢*27¢~D it should be ¢¢—1)
M [a:b;b';c:—x,—y)

(a) () (B') (c—0),, armm=1) m m a—{—m,b—{—m;—x}
~,,,Z=°’ (@), (c+m—1),, (€)am i xJ 241[ c+2m
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c+2m

Substituting (3.7) on the left in (3.6) and integrating term by term (valid by
absolute convergence), by the help of the integral (Jackson 1951, (59))
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we get, on using the summation formula for the well-poised (#; (Slater 1966) and
after some simplification, the desired result.

Proceeding exactly as above, we can prove that
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0< Re (s+t) < min. (g, b). (3.10

In proviug (3.8-10), we have used ( Jackson 1942, (33), (35) and (43)) respec-
tively, aftet correcting the misprints.

The above method can easily be extended to basic hypergeometric series of two
variables and more parameters. As for example, it can be proved that

S C o1 -1 g | @ ()i (ag-1); —x,—
OS OSk o [ (byr)s (Baor)s :\d(q,x)d(q,_y)
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where the symbol (a,) denotes the sequence of 4 parameters a;. ..., a,.
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¥
4. THE M_-AND M, -OPERATORS AND THEIR INVERSE

In this section we shall briefly show how the basic double integrals discussed
in Section 3 could possibly be exploited as an operator to deduce general hypergeo-
metric transformations. We define the operators M3 and V% by the equations

@

ML (=] = A() = S & (—x) #=1 d (g, %)
g

and

X o0
M8 (e = =2 ) = § Q# (—n) #1571 dlg, ) dla)
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Their inverses shall be defined to mean
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As illustrations. we have
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To illustrate the use of these operators I deduce one simple yet, very general.
transformation. Let us start with the basic analogue of Gauss’s theorem, namely

a—s, a—1 (S) (t ra~s—r)~
H[a-s—t,a ] z (@), (@), | ' ' 2

Multiplying both sides of the above by suitable product terms, this can be
rewritten as '

G (5) G (3) H[ a0 e (B -r]

—s— (ay_ )=t (ag_p)—s (b)), {Ba-1)
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(d) [(aA l]r [(aA—l)]r r4r(r—1) G G ,
zo @, [C ), [, © (s47) G (t41)

(b - )_55 (ﬁA— )- ) (G'A— )+r: (a _1)+T, a-+r, a+r]
I -1 1 1 4 ) ]
X [ (bA__l)‘f‘r, (Ba-1)+r (aA_l)—t, (aA—.l) —s,a—s, a—1 (4.4)

Interpreting both sides of (4.4), with the help of the inverse operator

[ M:’ ]_l, we get by virtue of (4.1) and (4.2), the transformation
a: (a,_1); (@4-1)5 =%
R T A
(a), [(a,_1)], [{ay-1)],
o (@), [(6,_)1, [(B4-1)];

atr, (a4) + 715 —* | et (agay) 15—y
Xﬁ[ (byy) + 7 }”[ By +7 ] (+5)

Thus, we have seen how starting from a very simple summation theorem (4.3)
one can get with elegance and simplicity as general a transformation as (4.5). Of
course, once we know the form of (4.5) one can either verify it directly by diago-
nal summation or by Jackson’s g-differential operators (1942}. However, the purpose
of deriving it here was to impress upon the case by which this and similar trans{ot ma-
tions could be deduced o1 even predicted by the help of the present method, starting
from other summation theorems.
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5. Tue £2-OPERATOR

It is easily seen by term by term integration and simplification that
1
1 = —_—
(1—g)2 S S o (1=gp)yy &P "(1=gx)poy (F—g™* ) _pp
a0

o[ G |dgn dao)

= Bq [17,)’] Bq [A'-—ﬁ, P] r+l¢:+] [ EZ'%: l)’\; f ] t Re [’>0: Re 77>0 (51)

The integral (5.1) suggests the use of an integral operator of the type

S Sy”“(l-qy)ﬂ 27 (1=gx), (1—g*w) _, [.. . ]

d(g,x) d(g,)
as a tool to ‘augment’ coefficients in functions of the hypergeometric type.

-Qa'.,,“\[ ]= l___q)g
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The following simple special cases of the £2-operator can easily be verified;
() Qgrtt . 111 =B,{n A] B, [9+A~—a,pl.

i) Q%2 ., [11=B,[n$] B, [t Al

Qg;;‘,, n+p, A [0 —g" ) (1—¢" %) ]
[ LLogtats ] __._(n)" (Ve B ; k a positive integer.

(iii)

=

7 AP (1+2+2);

vy Qe [27)

= B [t. A—t] B [p,m — ] _g%% ; n.m positive integers.

6. AN INTERESTING TRANSFORMATION For THE §£2-OPERATOR

We give here a very interesting transformation connecting two £2-operators
which are a transformation of a double basic integral into another obtained through
a relation between two basic hypergeometric series ,®;. We shall, in particular,

prove that
Q% e koar (A=K xu),_, (A—gF*pu)_, ;]
= (l_x)a-k 92:7\-4, k Ak [x2(1 —9°+A W) _.al- (6.1)

To prove (6.1) we use certain g-differential operators. It is easily seen that, for

suitable parameters,

1
B, k6, \—H] £ (x) = -l—l_—q S# =g fe0) d @) 62
0

d

where 0 = x —.
dx

Letting f (x) = (1—¢""*x),_, 2@, (at+k, @56, 2g*~%)
in (6.2) the right-hand side equals to

1 ‘
k, a; xug*—*
LS uk =l (1—qu)y g (1= x0),_, P, ( at akxuq“ ) d (g,u).
1—¢ s
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Integrating term by term the @-series this becomes

(a+k), (),
a0 (@a (A),

]

£ - -a n. Atn . o8k
B, (A—k, k) A VA s ST Sl

Transforming the inner ®-series by the transformation
(1=%)gppey [ @321 =0 [ g7 ¢ P 597 P ],
and simplifying the double series by diagonal summation, we finally get
B [ k+0,\—k] (1—¢"* x),_, b [ a+k, a; k; x¢" ]
=B, [k, A\—k] (1—x),_, #[a+Xa; X;x]. (6.3)

(6.3) can be written in the more symmetrical form as

bai [’““’ta] (1—%),_ & (atk a; A; x)
= I [ A-{—B] (Y=g % x),_p ¢ (a+ ], a; ks xg kY. 6.4)

Replacing the g-differential operator in (6.4) by their equivalent integrals by
the help of (6.2) and also writing the basic integrals for the ,%, series on both sides
(Hahn 1949, (3.5)), we get the desired transformation which written in full is equi-
valent to

i

S S R G R =) NP Lol § B PR (1—g"*xuy,_,

0 0

(1 —q)2
(1—g***apu)_,_, d (g, %) d (g, )

1 i
S S A0 (L—gx)y ey I (1=
o o

X (1—¢*"*up)_, ., d (9:%) d (3, 9) (6.5)

It is interesting to note that in the right hand integrals of (6.5) the variables
have been separated. This transformation is a g-analogue of one given earlier by
Burchnall and Chaundy (1944) and cannot be possibly effected directly as was done
by Chaundy in the case of ordinary integrals.

7. AN ArppLicaTiON OF THE Q-OPERATOR

I shall conclude this communication by giving a simple illustration of an applica-
tion of the Q-operator.
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Let us consider the transformation (Agarwal 1953, (5.2))
O A: B; B'; x, y; A
Cc; C';

-] [o:]

(_)'+5 (a)’h\' (b)r (b/)s i
Ly & @, @, @, @, 7 girr=D+ists=)

4: B,c, —r;¢,—s; 9,95 A
X¢[ a: b, C; ¥, C'; ]

@ | atrts: btr; U455 2,y
X @ \: cbr; o'+ ’ (7.1

0,a
D m—p, 4 k—t
and y respectively, we at once get with reference to Section 5(iv), that

@ [ A: B, t; B', p; u, v; )\]

Operating £2 l: ceen :} on both sides after writing ux, uy for x

Ck;Cym;

= i i (—')"-H' (a)r+s (b),. (b')s (t),. (ﬁ)s o v qir(r—l)-{..h(,_u
24 247 (@, @, @, @), &), (),

A: B,c,—1; B',¢',—s; ¢, g3 A
X“”l: a:4,C; ¥, C'; ]

< & l: atrts: btr, t4r; b s, ps; u, 0 ]

ctr, k+ry 45, n+s; (7°2)

This simple technique indicates as to how one could go on adding numerator and
denominator parameters on both sides without disturbing the nature of the trans-
formation itself; a fact not so obvious otherwise. The author hopes to exploit these
integral operators further in a subsequent communication.
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