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Four integrals involving the products of classical polynomials and Fox
H-function are given. The interesting particular cases are evaluated.

1. We know (Edwards 1922)
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We shall use (1.4) to evaluate certain interesting integrals,

2. Known results required in the proof of the sequel—
Fox (1961) H-function is defined as
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where an empty product is interpreted as 1, 0 < [ < ¢,0 < « < p; ¢'s and f’s are
all positive L is a suitable contour of Barne’s type such that the poles of I’ (b~ - 5),
j=1,2,....1 lie on the right-hand side of the contour and those of I’ (1—a; + ¢s,)
Jj=1,2,....u lie on the left hand side of the contour. Further, Braaksma (1963) has
discussed the asymptotic expansion and analytic continuation as

H" [ {(ay ¢,)}

q’

where 2 ;= Zf 0 and ¢ = min R (%), h=1,2,....1
a, ¢,

j=1 "
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e H [ {<bq:f)}] = ‘0( I * I'B) for large X

wherez Zf‘<0 z ﬁ 2 zf A>0

i=} i=1 i=ltu IA J=1+1

] =0 ( | x1%) tor small x

arg x| < Aw/,

and B = max R( ml),j: 1,2,....u.

i

The Fox H-function reduces to Meijer’s G-function for ¢,=f,=1 and therefore
has large number of special functions as particular cases given by Gupta (1967),
some of the interesting ones are copied here
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1,0 [ (=v, 1) } .
H[‘l[ ‘(() 1) ‘“P(V) o tv; 5 ) .. . (2.8)

Dhawan (1968) has given the following two integrals:

® o
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Where K is given by (1.2) and R(s) > 0, R(t) > 0.
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where K is given by (1.2) and A4)_, is a generalised polynomial defined by Singh
and Srivastava (1963) and further studied by Singh (1964).

Cohen (1969) has defined a generalized polynomial as O, = O, (v; ay, 2,..4,;

byt x) = O, [v; (ap; by (b)) : ]
(2v), l: —n,n+42y,ay,8,. . . .a, ]

= X . . .- 2.11
n! p+2 Fq+2 V+';'; bo; bl: ----- >bq * ( )

which is very useful in the impact ionization problem discussed by Cohen and Lands-
berg (1967) and Landsberg ¢t al. (1964). Employing methods similar to those used by
Fasenmyer (1947) and Rainville ( 1960), Cohen (1969) gave the following integral
representation

bg, by, by ..
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1
0, [v; (a); by, (b)) : %] = ‘7—?— S ey 10, [y; (p); %5 bos (b)) : 2] dy.. (2.12)
0

3. The following integrals have been established
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where K is given by (1.2) and

S @) =(ax+p)°"" (a'x+ ) " exp [—plax+by)"* —gla'x+By)* ] L, (ax+By,
v p) Li, (@'2+BY, v, 9) - - (32)

and R (s) >0, R(t)>0. R {u+o+0 (p;+p,)} >3/2, R{ p—a+d (py+pa)} < 3/2
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[

x[ E ]{<1-‘:,?><~%,—‘§)‘< 59 (—2—0—u—n, Q){ (s, )} ]
PP | (b} (=1=0,Q) (=1—0—A~, Q)

(3.3)
where K is given by (1.2) and
S (% ) =(ax+B)"? (a's+By)"? exp [plax+By) +p(a'x+B)] 4,_ (ax+ By, € p)
Ay (ax+By, e p) R(N)>0, R(p)>0, R(o+aQ+t+ty+e+e+1)>0,
R{o+BQ-+ty+t, +c+c) <0
ey=0 | exp (ax+B) |, cy=0 | exp (ax+BY) |, Ay (ax+Fy, & p) ~ 5,
4 (o5 4B, €, p) ~ 2"

and the set of condition mentioned in first result is satisfied.
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[l’ "1 , ’ ’
[wvsaorar | 520 7 Jaco
(= g LY e [ R | (I=ptsp) (1= £ 2 {(a, )}]
Kmlinly v ri2,se1 L pPAm {(by S} (I —p+s+m, py

Hrl.m’ [ <" | (1—ottps) (1= v va) (@ e”)} ] (3.4)
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where K and f(x, y) are given by (1.2) and (3.2) respectively. and R(p+0,p,)
S5 R (utp)>1 Rlutbip)<h Rlptdop) <3, R(s) >0, R (&) >0 where

?
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4 €y
and the following set of condition is satisfied.

i Ax>0 |} argz ) <%)‘":)a"gzl1 <iMNT

(ii) A=0==1,, A, A, are real and positive, R (¢, ¢;) <0
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where K and f (x, ») are given by (1.2) and (3.2) respectively.
Risi > 0, R(t) >0, R(p+o4n+m) > 0

n _ ' - 21
where O, () = vl_ 2 (n+m—1)! (_Z_)

2n o (n—m)! 2

Proof of (3.1} : Express the Fox function in contour integral by (2.1) in the
L.H.S. of (3.1), change the order of integrations which is permissible since the inte-
grals involved are absolutely convergent under the conditions of the H-function,
evaluate the double integral with the help of (2.9) and use again the definition (2.1)
the R.H.S. of (3.1) followed immediately. For proof of (3.3) use (2.10) in place of
(2.9), and proceed as for the proof of (3.1).

Proof of (3.4) : Consider
Si(ax+By) = (ax+Bp) ! exp (—p (a'x+B)7 ) L}, (ax+By+y1 )

H | e | ]
and

{(b,, £}
Sl v+ = ('x+BH° exp (—g (a'x+B3)") L (v +BD, 72 9)

13, ua , )
~H [(“’x*»ﬁiw' N “"n"’n”]

ri, sy ‘{(b'lef/sl)}

Use them in (1.4), express the two Fox functions in contour integrals, change the
order of integrations, use (2.9) to evaluate the inner integral, interpret with the help
of (2.1) to obtain the R.H.S. of (3.4)

Proof of (3.5) : Consider

1
flax+By) =(ax+8y) T exp [—(ax+5)] O, [v; (8,); & bos(b,): (ax+By) (a'x+B)]
and
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1
o (@ +8) = (@x+B9) " Zexp [—(x+B5)] O, [v5 (a5 b b, (8); (ax+B)
(a'x-+B’y)] and using these relations in (1.4) evaluate with the help of (2.12), the
R.H.S. of (3.5) follows immediately.

4. Particular cases—For integral (3.1)

(i) If e, =f, =1, using (2.2) we have
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and f (x, y) is given by (3.2)

) a = 2

(i) If l=s=2, umr=0, fy=fy=1, b,— o2, , _ 3*

we have by using (2.3)

S (xy) (44Z°P2 K, (1/442%) dx dy
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where symbols used have same value as in (4.1) here and hereafter.
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(iii) If I=s=2, u=0, e,=fi=fy=r=1, a,=86—, +1
by=384w+1, by=8—w-+ } we have by using(2.4)
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#
(iv) If =4, u=0, r=2, s=4, 6,=0, by=4, by=0b, by=—b, a,—}+a, a,=1~a
a=e=f1=f,=fy=f,=1, we have using (2.5)

<o)

j j F &) (29 W, , QVAZ?) W_,, VAL dsdy
0 0

4,4
— nt A’H [Z_"
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(v) ¥ i=2, u=1,r=1, s=3, ay=%, by=a, b,=0, b= —a, e;=f,=f,=f,=1, we
have by using (2.6)

QI_—,‘O8

Sf . (VAZP) K, (VAZP) dxdy
0

' 23R (e p1) (D5 £2) (E, py) (F, ) (5 1)
QX/;A Hs,s[—_!' % }

B | (4, 1) (O 1) (“‘a’ 1) \gz Pl) \h) PZ) (4'5)

(vi) If I=1, u=r=54,=0, s=2, by=—v, fi=1, f=A, we have using (7.7)

S) S)f (%,9) T (4Z°) dudy

-+H. %

(¢, p1) (D5 £2) (E, py) (F, £ )]

(4.6)
0, 1) (v, /\) (& po) (4, Pz)
(vii) If 1 =y=r=s=1, a,=1+02, b;=0, ¢;=f; =1, we have using (2.8)
[ [ @) By (rims—te) dstr =
I'(v)
00
H L5 |: 5_‘_' (5: Pl) (D) “:j—:“) (E: Pz) (F: %) (l_v:l)j] (47)
5,3 B {(0,1) (g p) (R, pa)

Special cases as in article 4 can be cited for integrals (3.3) and (3.4). But for

integral (3.5) it would be expedient to employ the special cases of O, given in
Cohen (1969).
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