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Khoroshev's (1963) problem of the collapse of non-empty spherical cavity
has been studied by incuding the effect of surface tension on the bubhle
dvnamics, Contrary 1o the semi-empirical tormula used by Khoroshev, the
exact value of the minimum radius has heen used. Pressure and velocity
at any instant along with the total time of expansion process have been
computed numerically on  an  electionic  computer. The results  are
presented graphically.

1. INTRODUCTION

‘The importance of the dynamics of cavitation bubbles was fairly well realized
in the beginning of 20th century. A simple mathematical model describing the
dynamics of an empty spherical cavity was given by Ravyleigh (1917). But it rose to
new dimensions during the second world war with the development of anti-submarine
weapons. A comprehensive survey of the underwater explosion studies during second
world war is given in Cole (1948). Recently, a detailed study on dynamic loading of
structures due to underwater explosions has heen given by Zamyshlyaev and
Yokovlev (1967).

Khoroshev has extended Rayleigh’s problem to gas-filled cavities and has also
studied the expansion phase that follows the collapse of the bubble. But due to surface
tension, small gas bubbles can maintain a high difference of pressure across
the interface. These highly pressurised bubbles when strike against a rigid boundary
such as a metallic plate are responsible for its severe erosion. Thus in the present paper
the effect of surface tension on the growth and collapse of small gas filled bubbles
has been studied.

2. CorrLapsE Puase

Under the assumption that a gas inside the bubble surrounded by water behaves
like an ideal one, Khoroshev’s expression for the velocity of the interface is modified
as follows due to the presence of surface tension.
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(Sec appendix A’ for its derivation)

£(0) s A= 3 , t the time, R the bubble radius, R, the initia]

0 0" 0
maximum bubble radius when it just begins to collapse, P, the external hydrostatic
pressure, P,(0) the pressure inside the bubble when R=R , p, the density of water,

o the surface tension and K the specific heat ratio for the vapour mixture inside the
bubble.

where 8 =

When _Z_I: = 0, and — >0, R attains its minimum value R, , which can
!
be expiessed as:
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F16- 1. The values of the minimum radius <min of the bubble attained during
the collapse phase against the air content parameter s for various values of
the surface tension parameter .
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F16. 2. The values of the collapse time T against s for various values of a.
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To investigate the effect of surface tension on the bubble size, we have plotted ,,;,
against 8 for different values of A in Fig. 1. The figure shows that the increase in A
results in reduction of the minimum size of the bubble, especially when it is situated
near the free surface.

By integrating eqn. (1) we get the dimensionless time of collapse as:

T—VEF(SYN .. . y 3)
where
1
Fy(s, 3) = > <z 4)
2 V=2 =221 Z(1+35FN—35]"

Z=R[R,, T=t / ( fz n

) and C,is the velocity of sound in water.
0

The integral (4) is evaluated numerically and 7 is plotted against & for different
values of A in Fig. 2. We find that the time of collapse becomes shorter with
the increase in the surface temsion parameter A. A=0 corresponds to Khoroshev’s
results.

3. ExpansioN PHASE

The pressure at a distance 7 from the centre of an expanding spherical bubble
under an acoustic approximation is given by:

PO, 1) = Pox [ 1438+2 x3<1+38+/\ 38 )
’ 3] x® szin -ya x3 Z3min x4z4min
2 3
+ )\( - )] : . . . (5)
J Zmin mein
where x = R y= !
‘min, Rmin

For points sufficiently removed from the bubble surface, i.e. when »is very large,
(5) can be simplified as:
P,

P(r,t) = 5 [

14+38+A 3
x? zamlu Zmin

(6)

Now using the wave equation for a spherical source, the expressions for pressure
on the bubble surface and velocity of the inter-surface in the dimensionless form can
be written as:
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2 £
P (x, )= FoCo [ 582X :I . i, (7)
4 x4 z4min X Kmin
Vi) = [ 30 2 —3]
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where r = t/(.li’"‘_")
G

The values of the maximum pressure and velocity when the expansion just starts are
obtained by substituting x=1 in (7) and (8). In order to know these flow variables
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F1c. 3. The values of the bubble radius A (== R/R,,.,',,) during expansion against time ¢ for
various values of a and &.
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at any instant during the expansion phase, step by step numerical calculations are
carried out by using the expression

xn — Xy T V(xn) A Tn
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Fic. 4. The variation of pressure P (x, ) with the bubble radius during expansion, for various

values of p and & .
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It is, however, assumed that for a sufficiently small interval Ar,, the bubble radius
changes by the quantity (x,—x,_,) and the interface moves with the speed V(x,). The
process is continued until the change in the bubble radius (x,—=x,_,)and the velocity
V (x,) become 0-1 %, of their respective initial values.

n

The maximum radius of the bubble obtained after the completion of the expan-
sion phase as calculated by the above approximate method is almost identical to its
initial value R . This is so for the reason that there is no dissipation of energy in the
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Fic. 5, The variation of the interface velocity V with the bubble radius x during expansion,
for various values of 3 and 5 -



822 S. K. BAHL AND JASWANT RAI

collapse or expansion processes. The expansion time, pressure and velocity distribu-
tion during expansion thus calculated are shown in Figs. 3, 4 and 5 respectively.

Itis observed (see Fig. 3) that with the increase in the value of A, expansion phase
is completed in comparatively smaller time and there is a steep fall in the values of
pressure and velocity in the early stage of expansion (Figs. 4 and 5). The pressure
developed becomes extremely important for low pressure gas-filled bubbles in the
presence of surface tension.
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APPENDIX A

Derivation of eqn. (1)

Let P,(t) be the pressure inside a spherical gas bubble in an infinite ideal incom-
pressible liquid at any time £ and R(¢) be its radius at that instant. Let P(R, ¢) be the
pressure in the liquid outside the bubble at the boundary r=R(t). If o be the force of
surface tension at the gas-liquid interface we must have

P —PRY) = 22 (1)

at any time ¢.

It is assumed that the gas inside the bubble undergoes adiabatic compression
or expansion and the bulk motion of the gas inside it is negligible, This gives

3k :
Pty = P,(0) (% , where R, is the initial radius of the bubble having

gas at the initial pressure P (0) and % is the specific heat ratio for the vapour
mixture inside the bubble.
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Let us consider that the bubble is expanding with velocity R(t). This motion of
the bubble boundary pushes the surrounding liquid towards infinity, Thus the Euler’s
equation of motion and the continuity equation for the surrounding liquid in spherical
symmetry reduce to the form

du n du 1 dP(r,¢t)

— U e = — 2
of or Po or @

and oy (3)
or r

Integrating (3) we get

Since at the boundaryv of the bubble r=R. u=R. the constant
A(t) = R?R

. d2R
and R =

P dR
where R = I TN

2

o . RIR . . .
Substituting U/ ="—— in (2) and integrating with respect to r we get
;

Py 1 ( 2R2R+R?R ) + L ( R2RS ) + Constant. G
Po r 2rt
Asr —> o, P —> P,

so eqn. (4) can be re-written as

. . 2 P4
P(r,t>—Po=—”i(2RzR+R2R>—fP-(RR > (5)
r

2 ré

The pressure at the boundary of the gas bubble r=R from outside is then

PR, 1)=Py+p, ( RR + ; RZ).

Now using the condition (1) the equation of motion of a radially expanding or
collapsing boundary of the gas bubble surrounded by an ideal incompressible liquid
can be expressed as

. 3 . 1 R, \3 20
RR + =~ R2 = _ Po(__“) —Py— —
+2 Pﬂ[ b() R [ R

'
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or
2 2 3k
' 2 [(i}i ]+_3_(_df_) ZL[P,,(O)(ﬁ) Po _ 29
> "k [\ 5 \ oo | -5 F

2
Multiplying (6) by R%, putting % (%i) = g and integrating with respect to R,

we have
(F) = S [ - B - 5+
dt 3p0 R k—1 R R R
R, \2 }] .
—1 .. .. .. 7
{(R ) 7
where 8=M and A = 3o

(i} P OR 0
The constant of integration has been evaluated by applying the initial condition when

t=O,R=R0and-§R; =0
dt

Eqn. (1) of the paper is identical to eqn. (7) derived here.



