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The object of the present paper is to determine a necessary and sufficient condition
for Norlund summabitity of the conjugate series of a Fourier series which includes
as special cases, the results of Siddiqi (1948), Singh (1963) and Saxéna (1965).

1. Let the Fourier series corresponding to a function f (%), periodic with period
27 and integrable (L), be

l [
— aqy + 2 (a, cos nx + b, sin nx). .. .. (Ln
2 n=1

The conjugate series of (1.1) is

w0
z (b, cos nx — a, sin nx). .. (1.2)

n=1

We denote by S (x) the partial sum of the series (1.2). We shall use the following
notations :

bO=b ) =FE+D—f -1
vo={ 1voiew
]

2. Let 2 a, be a given infinite series with the sequence of partial sums {s,}. Let
{#,} be a sequence of constants, real or complex, and let us write

Po=po+p+.... + 8,

The sequence-to-sequence transformation, viz.

2 Py S N Dy e
t = il i SRR A , P, # 0, .. 2.1
A 20 5 20 7 # 2.1
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defines the sequence {¢} of Norlund means (Nsrlund 1919, Woronoi 1932) of the

sequence {s,}. The series 2 a, is said to be summable (N, p,) to the sums, if lim ¢,
n > o

exists and equals s.
3. The following main results are known.

Theorem A—If

w0l bt . .
® OL%WJ (3.1)

as t— -0 then the conjugate series (1.2) is summable (N, (n+1)!) or summable by
harmonic means to

™

1 1
—_ tycot{ — t )at
i roe(s0)
0
at points where this integral exists.

Theorem B—Under the condition (3.1) the conjugate series (1.2) is summable

(N’ pn) to

1 1
—_— 4 (1) cot ( ¢ ) dt
0
where {p,} is a non-negative, non-increasing sequence such that

= P
E k_ =0().
- klogk

Theorem C—Let a function P (), tending to co with  and @ a sequence {#,} be
defined as follows in terms of p(u), monotonic decreasing and strictly positive for
u>0:

u

Pw= s p=rm . (69

then

Y@ = | (w) |du =0 (t),ast— +0 .. (3.3)

[ e

X

and S Px) dx = O (P (u)), as u —
i
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ensures that the conjugate series (1.2) is summable (V, p,) to

f-(x) ="li—)n:Ju 217. 15 ¢ (u) cot (;_u) du

Theorem A has been proved by Siddigi (1948), Theorem B by Singh (1963)
and Theorem € by Saxena (1965). Our aim here is to generalize Theorem B so as
to include Theorems 4 and C as special cases and at the same time to give a set of
necessary and sufficient conditions.

4. We prove the following theorem.

Theorem—Let the sequence {/)n} be defined as in (3.2) and let x (¢) be a positive,
non-decreasing function of ¢ If

‘Ij(t)::o( . )ast—-»—i—() .. 4.1
x (/)
then a necessary and sufficient condition that the conjugate series (1.2) is summable
(N, p,) to.
! 1
_— (tycot | —1 ) dt
2m S v (2 >
6

1s that

" PO g 0@ @)yasu— . . (4.2)

tx (t)

5. In order to prove the theorem (§ 4) we require following lemma.
Lemma (McFadden 1942, Lemma 5.11)— If {#,} is non-negative and non-increa-
sing, then0 < a < b < «,0 € ¢ < mandanyn.

b
e KP (1!, for any a,
l 2 pk el(. k)t l < ‘{ Kt‘lﬁa,fOTaZ [t—l]

k=a

where K is an absolute constant.

Proof of the theorem—Sufficiency: Let S, (x) denote the nth Partial sum of the
series (1.2). Then, we have

n

S(x) = 2 | v

2

cos 3t — cos (n+4) ¢ dt.

sin 3t
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For series (1.2), using the transformation defined by (2.1), we have

1 4 1
;- — t) cot _t>dt
" 2w§¢()c0(2 y

”

= _li P, S,_x (x) — 1 ‘ a/x(t}cot(.; t) dt

P 4=t 27 .
n ”
' Lt cosinr—k - L
_ A]—Z/Pk _l bt cos tt u.),\ ~1_n k Lyt di
P, 4= 2% " sin § ¢

- 1 = cos (n — k + 5yt

= - H it
J‘p“:znp > b Gn b7 ‘
0

1 N cos g —k L . R . .
= - { Y (F) ; B . S dt —o}y{foro < &< m
o

sin & ¢

1 ¢ ¢ ‘ .

= I + I, + o (1) (say).

Since the conjugate function exists, therefore,

in

%r S a0 cot(—lé- t>dz=o (1.
[4]

Hence
n
1 - cosyt—cos(n—k+4)¢
I =3 | ) R — = dt
! S¢(> QWPHZP" sin -} ¢
° -

lin

i . 1
— ) iy
om P Zﬁk S‘“”"Ot<2 )d’
= 0
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Yn

1 .
= 5o S(ll{l)z ZQ&mPt}dt—t—ogl

" ve= 0

n

S L (0] Z n/]kd(] -0l
k=0 )

tin

aE:

[ S f){dt]—}-o(l)
~ (X ) Lol

<x ) ol = o(lj.

Now for _— t € 8. We have.

n

! - cos (n — k + 3) ¢ <P(1/t)>
- =0

2m Zp"’ sin § ¢ t

kel

= 0

by virtue of the lemma.

Thus

3
) el S kb,

Camrd sin , t
k=0

i

&)
S~
~ -
3

86 Ly 2

in

R R

/

[r ] o () | ¥ xoel i eom)

XT”)%’W)) e <7;:—"3) i O<Fl.:) S ’ <xl,/t> fx<(ll//tt)) dx 1jt)
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+0(%>5”<xém>d{
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P (i}t
tx (1/1)

)0 |

b x o

dy (1)2)
[x (1/5)2

dx (1/t)
[x(1/6)]?

o (1) j

1/n

P(n')) *

J P(l/t)}
tx (1/t)

1 8
* M [ X (l/t):llln

8

T <—P%) (t :c((lll/tt) >l/n i . tl; ((11//?) “ }
() o)+ () 2
zo(x%>*”(xwﬁwm>+”<P@>‘”Pw)
—o()

by virtue of (4.2)

6. Proof of Necessity : The proof of sufficiency shows that all we need to prove

here is that

P15

)

-0 ()

0 (7’1:>”Sn x(:/t) d{
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considering the left-hand side, we have

1 P(l/'l)} <1>} I
(ad | VD S N S
0(1;)8 {tx(l!r) N7 T
i ) S U o (LY (i dxan
( N ) x (/) x (1i)
_ (1 [tPnlt)j, '*0<1>S P, &
T l’x(l/f\ ‘ 7; tx 1t

[}

. d x (1]t)
oo | S

i/n

=o< : )+0( : >+0( ! )S AL
x (n) P (n) | P in) ty (/)

1 8
om{ —_
" ( ) <X (l/t) >l/n
= : ! L[ Pa
_O(X(n))—’—O(P(r”)"‘0<P(n)>15 T (6.2)

Hence from (6.1), we have

(7)o () =2 () § (2S00

But the first two terms tend to a constant with large n and the last equation reduces to
(4.2) which proves the required result.

7. If we consider the case x (t)=log (f) and p, =

1 I we obtain Theorem A.

The particular cases y (t) = log (t) andy (/) =1 are Theorems B and
C, respectively.
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