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The propagation of one-dimensional waves in fluid mechanics is governed by a
system of quasi-linear partial differential equations in two independent variables.
By approximation in the neighbourhood of a characteristic curve, by a non-linear
approximation, we can study non-linear waves locally in the neighbourhood of the
characteristic curves of lower order or higher order terms. In this paper we have
obtained the approximate system of equations valid in the neighbourhood of a mul-
tiple characteristic ot the lowest order terms. Some general discussion about the
waves carried by the multiple characteristics is also given.

1. InTrRODUCTION

The propagation of one-dimensional waves in fluid mechanics (interpreted in its
broadest sense) is governed by a system of quasi-linear partial differential equations
in two independent variables: x= spatial co-ordinate and {=time. The fact that these
equations are quasi-linear, presents an almost unsurmountable difficulty in finding the
complete analytic solution for most of the problems. An alternative to the attempts for
obtaining approximate solutions of the full equations, will he to derive approximate
but simple equations from-the original system of equations valid at various times.
Amongst the earliest attempts we find Kortweg-de Varies (KdV) equation (1895)
and Burger’s equation (1948)

bd) “- Cg ¢ D(ﬁ A o ('b = {) .. lll)

7 Y Y]

where p=3 for KdV equation and p==2 for Burger’s equation. In equ. (1.1) ¢, and ¢,
are constants and the new independent variables = and ¢ will be defined
later. Recently, there has been many attempts in approximating a system of equations
by a single equation or a simpler system of equations following a wave motion
(Whitham 1959, Kulikovskii and Slobodkina 1967, Taniuty and Wie 1968,
Bhatnagar and Prasad 1970, 1971
We find that eqn. (1.1) can be obtained by adding a small non-linear correction
term to the approximate equation of Whitham (1959):
2 e, LY o . (1.2)
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which has been shown to govern the propagation of small amplitude waves (with
constant velocity C) after a long time when the waves have been sufficiently diffused.
After a sufficiently long time when full diffusion of any wave has taken place, the long
wave length waves dominate and the disturbance becomes concentrated in the neigh-
bourhood of the characteristic curves of the lowest order terms. If € is one of the
characteristic velocities of the lowest order terms, then the part of the disturbance
moving with this characteristic velocity satisfy equ. (1.2). €, is the value of C in the
undisturbed equilibrium state. Though eqn. (1.2) shows a qualitative behaviour of
the main disturbance, it is too approximate to reveal the interesting non-
linear behaviour and as Whitham (1959) points out, the non-linear behaviour must
be built in by solving the full equations of motion. Taniuti and Wie (1968) have
succeeded in approximaling any fist order system of quasi-linear partial differential
equations by eqn. (l.1) which gives the quantitative non-linear behaviour of the
wave form in the neighbourhood of the characteristic curve.

The approximate equation of Taniuty and Wie (1968) is valid when the charac-
teristic velocity under consideration is simple. In the present paper we have obtained
the approximate system of equations valid in the neighbourhood of a multiple
characteristic of the lowest order terms and also given some general discussion about
the waves carried by the multiple characteristic.

Following the summation convention we assume that a repeated suffix will

represent sum over the range 1, 2, ...., n. The sum over any other range will be
s

clearly shown by the summation symbol

i=1

2. AprroxmMATE EguaTions AND Discussion

Consider a system of r first order differential equations:

du; du, i , 8 P
AUMJ+%E§+[Z:H{P{)§

By 8 i=1,2,....,n
+(Ka)§A]U%ZO’P>ZQ>I - @D

in which 4,,, By, (H?),; and (Kf), are nXn matrices and their elements are func-

w
]
3]
L]
—

tions of u,, uy, . ..., u,. The lowest order terms in (2.1) are the first order terms and
. . . . . N du,
the first two terms in this equation are linear in the first order derivatives .bT' and

%‘.’L . The product of first order terms appear in the third term but we shall see that in
X

a neighbourhood of a characteéristic curve given by the first two terms, these product
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terms can be neglected. The characteristic velocities, given only by the first two lowest
order terms, are the roots of the polynomial equation.

| B, — A4, =0 (2.2)

in A. We assume that A=C'is a real root of eqn. (2.2) of multiplicity s and the rank
of the matrix [B; —C4,;] is n—s. We do not make any assumption about the other
roots. We further assume that there exists a constant solution #;, = #{¥ such that
;s Ay s B;,(H ),1’ (Kﬁ) and C can loe expressed as a power series in a small
parameter e.

U = u}o) + e u}” 4+ €2 u](.z) + .. .. .. (2.3a)

4, = AD e AD £ AD @3

Bij = B@) + € B{_I) + €2 B(rt" -+ . e .. (2.3¢)

(Hf)ij = \Ha;,o) + € (HB)(” -+ .. .. .. (2.3d)

z”Kf)l.l. = Kﬁ)ifﬁ.’) -~ e (KA ,(}) - .. . .. (2.3¢)
and

(=C,—eC * .. .. .. (2.3

Since the rank of (B, — C4,;) is (n—ys), there exist s generalized left eigenvectors

B(k) = [B(lk): Bék):"": Bik)],k: 1’2’ SRR
and s generalized right eigenvectors
B =[50, b0, . 5P T k=12, ..
satisfying
By — Cay) = 0) L e
and (B, — C4;) b =0
Let
0= Bl te By - } (2.5)
b0 = b + € b -

Substituting 4,;, B;, C, B b9 from eqns. (2.3) and (2.5) in eqn. (2.4) and
equating various coefficients of e to zero, we get
By BY —C, A7) = 0 } (2.6)
(B~ Co 4D ) 83
(B — CodfP ) %, + (B — o AD) 1) = C AT bRy e (2)
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Pre-multiplying eqn. (2.7) by g¢*) (y and using eqn. (2.6), we get

¢, — Bl W (V. By) o o — Go By (4. (T, 4y)0} 08 2.8)
1 N2 )
1o 7 ©)

for any pair of values of # and k. Here we have used
B = uV (v, B;),and AP =u (7, 4,), - . .. (2.9)

where 4!) represents a vector with components u{!.

We now introduce the coordinates £, » through the equations

E= ¢ (x —Cgt) .. .. .. .. (2.10a)

= ey . .. . .. (2.10h

a=._1__ .. .. .. .. (2.10¢}
p—1

Using (2.10) and substituting (2.3) in (2.1), we get by equating various powers
of e to zero

(BY — C, AD) b“f =0 . .. . . (2.11
¥ ouf! dui
(B — Co AP) —L + (B ~ Co 4fp) o + 4 —
7
q P u M
+ I: 2 I {(K5H® —C, (HAH ]__’~ = 0 etc. (2.12)
B=1 aml [} bfp
Equation (2.11) gives us
P = Z W, (& ) B8 + g, (n) .. .. .. . (2.13)

h=1

where g, () is an arbitrary function of 5 and W), are s functions of { and 7.
This equation shows that in the neighbourhood of the characteristic curve, the

significant variation in 4" with ¢ is only due to the variation of s new dependent
variables Wy, W,, ...., W,

'

From eqns. (2.8) and (2.13), we get

C,:ZCW’W,+¢(1;) e e (2.14)

rel
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where
Cw — _Et(’(l())) {bO‘ (qu ) }b},;é) ; 'ng%) {bO‘ (vuAij)o} bjk()O) (2.15)
’ Bty 457 6%
for any &, k=1,2, .., sand r=1,2, .. 5, and
h)
‘?5(77) — 65(0)[g(7’)' (Vu Bu) CO g("]) (V ) ]b(o) (2.16)

h) k
Bty 4 8%,

for any #, k=1,2,. .s. Here g(n) represents a vector whose components are g, (7).

Pre-multiply eqn. (2.12) by B, BZ),. ... B{) and substituting 4" from
(2.13) we get
> W, oW, o W
ZK""[bk—'_C’ k} 2"'* + R (21D
E=1 K
where
Ky = BB, AQ sk . (2.18)
g ?
wm = [ S0 (e ame)] w e
am] -1
and
dg
F = — A® T8 . .. e (2.20)
n () Wi dn

If we are interested in u, satisfying the condition
= u? as x = o ie u® — 0 forx— o (k2 1)
then from equation (2.13) g; () - 0asx — =, and we can put ¢(n)=0, F,(n)=0.

It is also possible to get rid of the functions F, () and ¢(n) in (2.17) and (2.14)
by the following transformation

=0+ ¢ (n), r=nand W (&) = Wi D+We* () . (22])
whete W, * () and £*(n) satisfy the following differential equations
: dW )
> Ku—gi— = Fu ) |
and ! S 2

dj* = sz, Cw,, Wit () + ¢ (). }

K ko |
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Thus it is sufficient for us to discuss the equation

> 1Y(4 1Y 14 c W,
2 th [ k -+ { Z CWr W } k] — zl Bk -—bf—pk s
k=1 k=

(h=12,....,5) . (2.23)

The system of s equations (2.23) governs the propagation of a part of the dis-
turbances which moves with velocity €, in (%, 7) space.

In terms of the independent variables «, ¢ the equation (2.23) reduces to

: W, W, . W,
Zlth[ Y {Co‘}‘eECW,W} ]—“z I‘hk———axp

Jo= r=1 k=1

(2.24)

Considering s=1, neglecting ¢ Cy, . W; in comparison with C, and replacing W,
by ¢, we get eqn. (1.2). To show explicitly the nature of the wave carried by a
multiple characteristic we assume that the equation

| Kye — Ay | =0 o - - (2.25)

has s distinct real roots A;, Ay,. ...,  and let [} satisfy

S5
k=1,2,....,s
(r) _ — & s 5.
h-Zl 0 (B — A gy ) =0 (r =1,2....,5 (2.26)
Then, in terms of the dependent variables
= > & wy W e e (2.27)
h=1
eqn. (2.23) reduces to
P
28, 08, LS rr=1,2..... .. .. (228
7 o€ A, ogr

This shows that a wave propagating with the multiple characteristic velocity €
1 1 1
N )\ 3 eeney —}\‘S.
In the linear theory in the zeroth approximation, these s parts of the wave are inde-
pendent of each other moving with the constant velocity C ;. Their interaction appears
only in the first order terms when each one of them contribute to the change C; in
the wave velocity.

can be divided into s distinct parts with different diffusion coefficients —
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3. AN ExaMpLE : CONVECTIVE WAVES IN MAGNETOGASDYNAMICS.

Assuming the direction of the magnetic field to be perpendicular to the x-axis,
one-dimensional magnetogas-dynamic equations can be written in the form

bp Dp du
u L 4 p— =0, . .. .. 3.1
o dx P ox ( )
2p Y du v—1) ( 2B 2
Ly = —} =0 3.2
At " Ll) X op? dx ) (3.2)
2 1 1 0B )
w0 LW oy Yy (3.3)
ot X p o ®p dx
and
B 1 2B
8 0B pw L5 e (3.4)
ot dx X po  ox?

where p is mass density, p gas pressure, u particle velocity, B magnetic intensity, p
magnetic permeability, o conductivity and v the ratio of specific heats. We assume o
and p to be constants and the product op to be a small quantity. Thus we can take

M = [1,0,0,0]
6@ = [0, 1,0, — u/Bl J

e Tu 0 0
1
b 0 =« wvw O ]
u; = , By = | (3.5)
u 0 1 wuw B
P mp f
t
s
| B | 0 0 B u _|
and 4,; to be the unit matrix. A=u is a double root of the equation | B; —A 4,; | =0.
Thus C==u, s=2 and
B(l) = [1: 0,0, + P/B] w,
2 — 0, — yp/B
P = [0, 1,0, — wp/B] l> (3.6)
l
|

We assume the undisturbed state to be an equilibrium state so that in the cons-
tant solution we can take

p=p9 = p P=p =p, u=u =0and B=B=B, .. (3.7)



852 PHOOLAN PRASAD AND 5. G TAGARE

Any disturbance created on this constant state will break up into smaller groups.
Two groups of the disturbance will propagate with finite velocities & Va 2452,
2
0

v

2o (square of ordinary sound velocity) and 6%, = B (square of
Po KpPo

Alfven velocity) in forward and backward directions. The rest of the disturbance

will propagate with muluple characteristic velocity A=z and we call this part of
the wave ‘“‘the convective wave”’. We wish to study these convective waves assuming
the disturbance to be sufficiently small.

where a%, =

From the expression (2.19) we find that the contribution from the third term in
(2.1) to the final eqn. (2.23) is only from the highest order terms in derivatives. Thus,
instead of writing the rest of the terms of (3.1) to (3.4) in the form

AR (LR ps)
god asl {\ w/ o a) dx i 4

we may directly use the result

0 0 0 0
: : 0 0 0 0
I {{KR)— [H3 Cyy, = | ¢ 0 o0 0 (3.8)
sei ! o0 o o !
s -
Finally we get
_ 1 a? 3
C,=0,K, =1,K,= E—,szo’ K22=1+—b_§ , !
.. (3.9)
P i 1 _0 B . j>
11 Bt ” bf, s He21 s Mo 61 . bg _j
W 1 W, 1 274
LI L L L 310
hE] b;  dy a,u.b(z, dE2
and
2 2
We % 2W, L aa
] 6p (a2 +62) €2

For the perturbations in the physical variables, we get

PN = Wy, p = Wy, ) = 0, B = — BL W, .. (3.12)
0
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Equations (3.12) show that to the first order terms, the particle velocity is zero
in that part of the disturbance which moves with the velocity u. Here the disturbance
consists of two independent parts, the first part W, represents the change in density
and the second part W, represents the change in the gas pressure. The change in
magnetic intensity is proportional to that in the gas pressure. The change in the gas
pressure Oor magnetic intensity is governed by a simple diffusion equation (3.11) with

the coefficient of diffusion as — % ___ This result should be compared with
G (a2 + b2)
the well-known result (Cowling 1957) that in a material at rest, the coefficient of

diffusion for the magnetic field is —~1_, which is identical with the result in this paper
op

when the fluid is incompressible (24== ). The compressibility of the fluid has an

effect of slowing the rate of diffusion of the magnetic field.

Eliminating the second derivative from (3.10) and (3.11), we get

Wy, 1 W, 31y

a7 a2 2y

which with the help of (3.12) shows that to the first order terms, there is no change in
the entropy of fluid.
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