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In this paper, the effects of a secondary flow, which arises due to the yawedness of
a wedge are studied. The chord and spanwise velocity components of the main-
stream are perturped such that the yawedness is the same in both unperturbed and
perturbed flows. The skin friction coefficienis, the displacement thicknesses and. the
deflection of the velocity vector relative to that in main-stream are studied graphi-
cally.

- 1. INTRODUCTION

Following the work of Lighthill (1954) and Sarma (1964) in two-dimensional
flow, the unsteady three-dimensional laminar boundary layer equations are solved,
assuming that the flow is a perturbed one about a steady mean. The steady flow past
an infinite wedge was analysed by Cook (1930).

The main interest in this paper is to study the effects of yawedness of an infinite
wedge in unsteady flow for a given wedge angle and for a given perturbation para-
meter. The physical meaning of the perturbation parameter A is this. If A=0, the
direction of the velocity vector in the mainstream and in the plane normal to the
spanwise direction is unperturbed, that is, the mainstream in the plane (x, z) is
perturbed only in magnitude but not in direction. If A5£0, both the direction as well
as the magnitude are perturbed. Thus A can be made to relate to the perturbation of
the direction of the velocity vector, in the mainstream and of the basic flow in the
plane (x, z). The chord and spanwise velocity components of the mainstream, U
and V, are assumed to be such that

VvV,

U U,
where V', and U, are the chord and spanwise velocity components respectively in
steady flow. This implies that the yawedness is the same in main-stream in both steady
and unsteady cases. Gupta (1970) has worked the problem perturbing the chordwise
component alone. Thus the solution obtained by him for the spanwise direction
shows that the skinfriction coefficient is zero initially where-as in this paper it is very
large due to the impulsive motion.

The equations are linearised as by Lighthill (1954) and two different solutions,
one for large times and the other for small times are obtained as by Sarma (1964).
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In particular, an impulsive motion is analysed in detail. The solutions for small and
large times show smooth joining. These facts are illustrated graphically.

2. THE Basic EQUATIONs

Let the co-ordinates x and y bg along chord and spanwise directions and z be
normal to the surface, u, v, and w the corresponding components of velocity, ¢ the
time, v the kinematic viscosity, U (x, ) and V (x, t) the mainstream velocities in chord
and spanwise directions. Assuming the velocities to be independent of y, the laminar
boundary layer equations of motion for incompressible three-dimensional flow past
an infinite wedge are

U 2

. LA - . AT @.1)
hY; dx Az dt dx dz?

, ; ) y 7 32p
b_l - u _b.l_. + w -D—Z- == o7 LU ——DI - = ) (2.2)
h dx dz A dx dz2
end 2 L 2 _ g (2.3) .

dx dz

The boundary conditions are

u=v=w=0atz=0, ]‘
= U (5, 6)=Uo#) + € Us(r, ) maxm (1bex Uy () as z — =,  +  (24)
vV (x,8)=V4(x) + € Vilx, t)=aB (1+ex* Upy(t)) as z —> o J

where m, a, A and B are constants, ¢ a small reference parametric constant, Uy, (t) an
arbitrary function of time. The ‘0’ and ‘1’ suffixed quantities denote the steady and
the time dependent parts of the motion respectively. The boundary conditions (2.4)
imply that the main stream is perturbed only in magnitude, but not in direction, i.e.
the yawedness of the wedge is the same in both steady as well as unsteady flows and
it is defined by

B. = i,,. (2.5)

X

We solve the above set of equations following the work of Lighthill (1954)
and we write

u=uy(x,2) + euy (x,2,1¢), ]

2:00 (x’z) + €Uy (x, Z, t)n
w=w, (x,2) + € w, (*, 2, )5 )

(2.6)
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Ugy W, Uy, wy and v, are all known functions. From Sarma (1964)

we have
ce ‘ . dnbr[ , 1
uy = ax™f'(n), u = Zol at=n gm + A+ (I-mia E"ﬂ ¢, (), 2
2av 71& (m—1)/2 [ ( 1—”1) / N <m+1> :l i
wy = x \m —_— ) — — s
0 (m-l—l ) . Ui 5 S 7 VG :
wy = ( ) Z I'al oy A e (bemdn - (m+l) . dnU]W L (2.7,
aim+1) ’ a0 i
1—m ;o oo =m '
X (——- ¢, (M —(m+Atn{l—m— —— b {n) |1
. 2 2 ;
a (m-+1) am= 1y :
2y i
and from Rosenhead (1963)
=aBg () (2.8)

where f, g and ¢, satisfy ordinary differential equations which can be obtained from
Sarma (1964) and Rosenhead (1963). The equation for f, g and ¢, are numerically
solved by Gupta (1970) for different values of m and A. These values are quoted in
Table I. Substituting (2.4) and (2.6) in (2.2) and neglecting €2 terms, we get the
following equation for 7,, the unsteady part of the spanwise velocity component.

_D.z;’1_+ul 2, -+ u 00y - 131)0 —}-»wo_?fl,:aﬁx“b_UM.
Bl ox X 3z dz ot
+A~1 bzvl
-+ X Ba? x™ Uy + v , (2.9)
dz2
with », =0atz=0and vy, -~ Vyasz - = . (2.10)

3. SoruTtioNn For LArGE TiumEs

To solve (2.9) we assume

v, = BZ 1=n A +(l—mn ~ "M M hl ("7) (31)

m=0
e . . . ar U,
Substituting (2.7) (2.8) and (3.1) in (2.9) and equating the coefficients of e

on both sides we get
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i . ’
Af/hlo_(m+ )fh// (m+)\+1 m )g,80:A+ m—f‘l hn,” 3
2 b (3.2
with ko (0) = Ko(0) = 0, hy (e ) =1 JJ
7 ’ 0 1— ’
b O L m e g (”‘“)f/z" 3
_ (m—H) ' % (3.3)
with Ay (0) = Ay (0) = k' () =0 J
and &', +(Ad-n—nm) f' K, —(m+A+tn—nm + m Y& é, j
i
m-+1 " m+ly o, | (3.4)
. h = [ 4
() = ) ,f
|
|

with , (0) = 4, (0) = k', (co ) = 0.

Thus the partial differential equation is reduced to a set of ordinary diffe-
rential equations containing the constants m—the wedge angle parameter and A—the
perturbation parameter. The differential equation for %, is numerically integrated
and the required results are given in the Table 1.

The skin friction components are given by

hordwi ( o | + !
chordawise T, = gl =T € Tr
dz ) o0 ! 1 25
'r (3.5)
spanwise : T, ( ) Toy + € T |
1) axm—1 )
\,\rhere T, — ( \"Z—’— ) )Q_f// (0) £
(m+1 axm 1 ;
Toy = f"VO (—————QV—__)Z k4 (0)5 :
g \ |
S ( (m+l) axm— }% Z’ [’al—nxrn+A + (1—m)n &' UM ¢",, (0)]’ > (36)
2v n=0 dt" i
I
(m+1) axm—1 Z‘” lon A (min d"U, *
T = uf ( m+-1) ax )%‘ [a x M ;, 0)1, ,
2v n=g dt )
# (=pv), the coefficient of viscosity; p, the density. J
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The displacement thicknesses in chord and spanwise directions are defined by

T )
) u
0
© ‘ - (3.7)
i
0 J
2y 1 Limit S
h 8 = e T \E _ ’
where §;, ( 1) e ) > [n—f ()]
2y 1 Limit
4 = —_ 2 —G ,
o ( (m+1) axm—1> g [r—G(#)]
1 2v 3 Limit
8, = [— =" _\® [aU,x™*? _ ’
1 U, ((m-l—l) axm—l) [aUpx > (f(m)—o(m)
= U L (3.8)
— l=n gm o+ 2 e (1=mhn M ,
;} ¢ dt" ¢" ( © )]
2v 3 Limit
I U 2 Ie. —h
b, = ( (m+1) a® x’”—l) [l # 7> oo (G(m)—ho(n)]
0 dnU
— Z gt~ g+ A —mn _dt—"M hn ( 0 )]’ and G'('fl)=g(n).
n=0

As a particular case we study the flow when chord and spanwise velocity compo-

nents in the mainstrteam are impulsively increased by €U gx* and

eV x* respectively,

i.e. when Uy, () = 1. Then the coefficients of unsteady parts of skinfrictions and
boundary layer thicknesses in chord and spanwise directions are given by

]

=)
Tiu v _ m-+1 3
Q. = P — = (5 ) o .

Uy ),}

y (m+1)
&, =— T, = ( 2

Ty v

J 5 o,

J

(3.9)
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B ((m +1) ax""”—‘)

- ((m + 1) aygm-2 ! )

1

2

% Limit

[$o(n) — S ()]

(3.10)
2o (n)—G(m)].

| N ——— ———

The limiting direction of the velocity vector on the surface is the same as that of resul-
tant skin friction, and the angle of deflection of the velocity vector which is equal to
the angle between this limiting direction and the velocity vector in the main-stream
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Fre. 1. Variation of spanwise skin friction coefficient with dimensionless time V.
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15 written as

1 1

Tr
— — tan”

0= 0y + eb = tan™
Tu

where

0, = tan"[

By (£'(0) ~f”(0>)]
F70) + By2g'(0) L

1.32['
010
0.88
066
o 0us
0224

0.0

-0.22

1 1 i
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.
i (3.11)
o, Uo _ h"(0) F(0) — g'(0) 8,"(0)
" S7H0) + Ba¢"™(0)
(3.12)
———A ]
_BoXN
L,
2’9

! I ! da

(o] 04 07

10 14 jEd

N ————a

Fic. 2. Variation of deflection of the velocity vector with dimensionless time V. (m=1/4).
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The skin friction coefficient in the spanwise direction and the deflection are studied
graphically with time in Figs. 1-—3. The chordwise analysis is already made by
Gupta (1970).
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Fio. 3. Variation of deflection of the velocity vector with dimensionless time V. (m=1/9).
4, SorLuTioN FOR SMALL TiMEs.

Following Sarma (1964) we obtain the solutions of (2.1) and (2.2) and it can be
shown that
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11

a S Uy (ty—1)uy (x, 3, 7)dr,
o

ll

3

af S Uy ti—7)vy (x, m, 7) dT,
V]

I

U

where u, and v, are the Laplace inverses of

©
1—m

By (02,5) = 2, ()2 amer—n (CT) g7 (2

n=0

vy (0.85) = Z (fsym2  xr=n (1_;_":_) H, (3)
n=0 i

[E

zzzz( 2v )

Vs et "

> . (4.3)

The equation for ¥, () is given by Gupta (1970) and we shall give the differential

equation satisfied by H, () below.

= — 1 n==0,
0 for n=1,
= — A n=2,

=5 4 (= L e

~
L]
(=1

3
|
@

.,,
I
o

H! (2)—H, () 4

3
|
w2
1

PR Y s (R)

- § [ [122) Jotzrs

Hn—r—s (z)

m

+S5 o+ (er—3) (1_'2_) -—m—A]‘Y'“Z’cH_l

2/‘n—-r-—f*l (Z)

+ 5 | o+ (252) =1 e vtz @)

n>=3
(44)
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with the boundary conditions

H,(0) = 0,for all n, Hy () = land H, (0 ) =0for n > 1 )

" 1 m
where by, = 1 f" (0), by = — 5 (m+l ) , by = 0, etc.

S (4.5)

b
c;=g'(0), cy==c3=0, ¢, = ?021 , etc.

J

Just as given by Sarma (1964), a general solution satisfying the boundary conditions
at the wall can be assumed to be

0 ==

5 =S 6.+ S 6, L (4.6)
r=0 r=0

and
=] =]

H,(J) = A, T+ S_: i, 2 L (4.7)
r=0 reQ

The constant C, , and C, , can be obtained from Gupta (1970) and some of the

4, , and 4, , are given below

-104) - “Io o =1 d r 0 :Jr,o = Oforr > 1.
Ar.l = A.r,l =0 forr ?O,Ao‘2= — Ao,2= )“Ar,2:‘4r.2=0

m—1
forr;l,fln‘az——A(,_3=y01(7n+)‘),A1,3='}'51 [m+)\— 9

4

+_”;_1[m+A_ _l_i_’"} Ay = __’;ff [; (l~—m)—l]
m—1

+ A yby + v —g

b 3
2y, A, = 0forr > 2. 445 = L [E (m—1)+1+2A ]

"Is,a=—-“y:;—2‘ [:—(1 —m)—-l], A =0forr>4bdgu=—140,

2 2 1
= —Ay =3 Abgy?, 4y 4=0, 4,,=0 forr >3, 3 1‘1.1,4’: El

1 1
= = 7 bav® 2(m+A) 1], diy=— 3 byy? (1—2m), 4, (=0forr >3,
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dos= —dos=ve 2m+}) 2m+2—1), 4; 5= ye; (2m+-2) ( _;— +m+)\)

My 7
~2hpby(A+m—1), 4, ;=0for 122, &y y= = [2A + 5 (m—1)+1]

1 5 . Abyy 7
== (2m—+A) = (m—1)+m+A |, 4 5= = [2A+ 5 (m—1)+1]

m—1
+ 8 (2m+)‘)7‘:lﬂ
Ab 3 _ m+1\1
ffa‘s= —_ ;y [ 7 (1—m)—1 :|, A,‘5=O for r > 4 and y= (——2—)2 (4.8

The unsteady part of skin friction coefficient in spanwise direction for small time,
using (4.2), is given by

=
T v Ay 10

—_—— T 4 =S — e m—1
Q,= UV, =A; + A1~ Aoyt Z F<(n+3)) (8x™7)

{(n+1)/2

n=0 9

Aoy | —1 24, 1 & dpes
T m—1 g L2 m—1 2 n —\(n+2)2
Va (‘1" I~ (‘1" J 2 “““I,(n+—4)<‘1""' )

2

— ch: _14.9_;*._:_?_). (tlx"'—') (n+1)y2 _*'Sl I: Uy (tl)U—(tl)M (‘1—‘")]
0

n=0
r( :

n+l

@ -
Aypin ( ) (m-1) *12—1' 0:0 ( —38j2
[ e (e S e (),

n=0 1"( n-;l )
4 n-1
+ ‘\1/'i X 2
n
= = o(5)

moly(+)  n-1
x( ) r 2 de. (4.9
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Considering the particular case when Uy(4) and U,,(#,—7) are unit functions
throughout the range of integration then the Q,, and Q,, for small times, are

( i3 )%
Ty, VY 1
Qi = pUUy - \/-_— + 2(2m—+-2A) (‘N/ﬂ)* - bzyN[

m+A

15 1
(=) - + = ] by NI = (3(m-+2)+13(1—m)—13/2)

1 [ 19 5]
— @) | m A= (em) ko |+ [From (3)]
(4.10)
v 1 1 m--A
Q'l" = UV = '\/(n.N) + 2ANE _;;-'I'N ycl[—Q

3 ]6[3 AL [FRLIPRVS N
+ g (1=m) | +by |5 (m—1) — 3 +4]+\/; a7 *N33(m—T7A—1%)

m—+A m—1
N ) (23R

9
) + -;—'ybz)\(-—ﬁﬁ—[- 5 (1—m)+1)]+

(4.11)

where N=fx""! = =

The unsteady part of the angle of deflection is given by

0‘( ) [f”(o)L«/(anv) WN+7”‘N(m;A+%(1"m)‘)

' 3 3 1
+b27N(—(m—-—1)——2—)\+;) \/—bystlz(m—W\—g)

8

—1 4
+ ye N2 (2m+A) (f’-}i + m16 ) L b (Z6at — - (1 —m) +1)]

9Nt m+A 15
—g(O)[m_—+\/—(2m+A> ybw(—2—)+7(mf1)

1 13
+ ) e bt ((s(nen 4130 —m) — 5 )
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1
" yLf73(0)+ B4 %'%(0)]
(4.12)

! 2 19 5
— o Vb N @meAd) (mAd — (1 —m) + ?)'”

CONCLUSION

Thus we have obtained the skin friction coefficients in chord and spanwise direc-
tions and the deflection of the velocity vector for large and small times. The variation
of these quantities are studied with the dimensionless time N for different values of
the parameters m and A. For m=0, 1/9, 1/4, the skin friction coefficient in the spanwise
direction, for small times decreases rapidly with N and shows a joining with the values
for large times. As we increase the angle of the wedge, i.e. m, keeping m plus A cons-
tant the skin friction coefficient in the spanwise direction decreases. The chordwise
component, as given by Gupta (1970), shows a similar behaviour. But the spanwise
component, according to Gupta (1970) (in which only the chordwise motion is per-
turbed but not spanwise) increases with V. For a fixed m, i.e. for a given wedge, the
skin-friction coefficient Q ;, increases with A—the perturbation parameter. These
facts can be seen from Fig. 1.

The unsteady part of defiection as defined by (3.11) of the velocity vector which
is due to the secondary flow in the spanwise direction depends on the parameters m,
Aand B,. In case of impulsive motion, for a given wedge and for given 8, and A, the
deflection decreases rapidly with N and joins with the large time values. This shows
that due to secondary flow the velocity vector in the boundary layer deflects in the
clockwise direction by a very large angle. In some cases the deflection becomes
zero and then negative, showing that the angle made by the velocity vector with the
chordwise direction is less than that in the main-stream. It increases with A and m,
where as it decreases with B, —the yawedness of the wedge. These facts can be ob-
served in Figs. 2 and 3.

In the case of yawed flat plate (m=0), both the deflections 8, and 6, are zero.
This means that the yawedness of the plate has no effect on the formation of the boun-
dary layer.
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