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Continuing the work of Boicun and Lal, in this paper, we prove that a
trigonometric integral is absolutely summable by a certain class of functional
Noérlund methods.

§1. Let f be locally integrable in (0, c0), and p(t) a real, locally integrable
function on the real half-line. If

Pg) = | sty

and
1 ¥

o(y) = 5— [ Ply—w)f(u)du
®) = py J PO~
then the integral f flu)du is said to be absolutely summable by functional
) :

Norlund method or summable |N, p(y)], if
Slowldy <.

§2. Let f(¢) be Lebesgue integrable in (—o0, c0). Write

¥ () = Hfle+)—flz—1)}.

Recently, Boicun (1967) and Lal (1974) have studied the absolute summa-
bility of the trigonometric integral

o L
% [ du | f(t)sin (t—2x)udt,
0 -
by using functional Norlund methods. The latter author, in fact, obtained
a more general result by associating a ‘weight’ with the above integral. In

this paper we establish the following theorem.
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Theorem—Let p(t) be a positive, differentiable and monotonic decreasing

function such that X(¢) = g((:)) is of bounded variation in (0, 00). Let e(t)

be a positive, differentiable and monotonic non-decreasing function such
that e(t)/P(f) monotonically decreases as ¢ increases to oo and

P) | gy 2 < et

Further, let y(t) tend to a limit as ¢ — co, be a function of bounded’ variation
in every finite interval (0, @)

e (%) 1agn] < e,

o3

and

o ()40 o <o

Then, the integral

1 = wp(u) ® .
- 6‘. Plu) e:(u)du_{at J(t) sin (F—ax)udt
is summable |N,p(y)| at the point z = 6.

The choice e(f) =logt and p(f) = t*1 (0 < a < 1) gives an interesting
particular case of the above theorem on the |C, | summability of the integral

% ]3 log %du ;ju' f(t) sin (¢—2z)u df.

0
§3. The following lemmas are required for the proof of our theorem.

Lemma 1 (Bo;cun 1967)—1Let »(u) be a non-negative, monotonic decreasing
function defined in [0, oo}, differentiable in [a, b], 0 < @ < b < oo, and integra-
ble in [0, ¢] for any ¢ > 0. Then for any positive ¢ and y we have

| j’v(u)e“”‘“" du]l < C V( )

where 1
V() = | v(u)du.
)]

Lemma 2 (Lal 1974)—If p(t) is a positive and monotonic decreasing func-
tion such that
e(u)

du < Cely)
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then

ei::) du < Cely).

@
& e,

Lemma 3—1f X(u) is of bounded variation in (0, c0), then

79T |axe)| <o
o Y yr

Proof : We have

= d
[T ayw)|
[
2
—tim | T )
N0 Y v
2
_ZN_ 2% dy }Vldx(nj‘vdy}
T oy u —
- g (] v T 4 oo £
N
5 N
< lim [f |dx(u)l+fldx(u)lJ
N—=» o 0 1_;_

= T |dX@)] < .
4]

Hence the lemma.
§4. Proof of the Theorem—Lal (1974) has shown that under the hy})dtheses

on f
lim ¢(t) =

t—> o
Using this fact we have

? Pr(t) sin utdt = ?‘ Pr(t) sin utdi - @17 f cos utdyr(t).
0 0 T
2u

Now

o) = py | Po—) By el S0 sin @yt

2 (‘)_
= P (j)' Ply—u) — P() e(u)du j' Y(t) sin utdt
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and therefore T o' (y)| dy
0

zp@/ WP yl)’(y upy) Pg:; e(u)du | (t)sin wtdt | dy

w

Y ply—u)Ply)—Ply—u)ply) up() B sin wide
({ S Py Py e(u)du [ Yr(t)sin utdtt dy

+ ; I‘ E ply— u)P%_)vz(y)( w)p(y) IZ;EZ; e(u)du-j cos ut dyr(t) dy
2%

2 = v P P B
< T ay § PUTIEG SR ey § |y s

u)du j' cos mt dgﬁ

2u.

7 ply—w)Py)—Ply—u)ply) x()
0 P(y)

2 T a ply-—-)PEy)—Py—uply) ,
< [yl [ weoyin | o) ay

e(u)eos utdu |

'? (y—w)Py)—Ply—u)py) x()
2 Py)

= | — — Ply—
% { [dy(t)| f dy !ifl Ply u)P(ggz(yI)’(y up (y). XSL) e(u)oos utdu

2 = o P Ply—
< 2 Jtyola 6{ welu)y(updu ] PE=Y ‘%( )(y WP 4
+*‘:‘£¢ld’ﬁ(t)|j dy Jypy u)P(ggz(};y WP, X( ) €(u)eos utdu
2t o

g e © dy % ( u)

+ 5 Ty Tf By | L PO —x @)X y—w) L2 eos y—ujudu
+2 Hdmt) 7 —dL”T'P (e(m)— x(y))x( cly— )cos( tdu
- IL{_,P(?/) f~ u)(x( XJ)X?/—)( ) 00 (=)

3 S
4 2 T[d;ﬁ(t)[ I’ _dy zf (y—u)¥(u)e(u)cos ut duI
T3 = yPy) |; PV
11 ]

= L+ L+ I+ 1,+1;, say.
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To prove the theorem we have to show that

I; < o, (i=1,234p5). (4.1)
Now
_2 2 = ply—u)Ply)—Ply—u)p(y)
= — {)t]gh(t)ldtg ue(w)y(w)du z{ Py dy
2 « .th -
< — Jtlyp®)|dt [ usx(wdu
[1] 0
© (kY@ '
<cfe (5) .

< o0 . (4.2)

under the hypotheses of the theorem. And

I, ‘,;Z [ |dye(t) :fr i ( —E(‘/}),;;yl;(y u)p (y) 7%?” e(u)cos@t du
20 B
2 = T ) T ply—w)Py)— Ply—u)ply)
<7 flapol § Fo e | Bt a
2t

(4.3)
under the hypotheses of the theorem.
By the application of the second mean value theorem and Lemma 1
we have

2 ely—u)
J Plu)(x(w)—x®))xy—u) —) cos(y —u)tdu

e(y—u)
— ) Ply—w) p(u)eos(y—u)tdu

- x(y)f (w)p(y—u) P((y u)) cos(y—u)tdu
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v
j:' plu)cos(y—u)idu |

0Ly <y/2)

cos(y~—u)tdu

“ofr (%)e<%>]+0[p LMt ]

and therefore

2T e dy % ely—u)
L=z [19Ol [ 750 f{ P(u)(rl)—x )ty —w) Ty cosly—ulidu
t -—
y
1y« ¢(2)
4 OIP () T gpgy
t
y

Y
= Japw] = ?(7)¢ (%)
+om f 1{ yPly) dy

—om Je () 1apw+om T 12OL T _2lq,
T

;fe( ) [dyr(t) ] < oo (4.4)

using Lemma 2 and the hypotheses of the theorem. Now

v e(y—u)
1 é Plu)(x(w)—x@)xy—u) W) cos(y—u)tdu
ely—u) * .
[ Pxto—xtopt—) B =) [ costy—vndo]
2 T

w
Vor

d
- JT 5 | Pl (x(w)—

x() ply—wely—u) }du ?cos(y——fv)t dv
ER .

P(y—u)
2



ABSOLUTE SUMMABILITY OF A TRIGONOMETRIC INTEGRAL 881

=0 H‘z’%) P j%ldx(u)]]Jro (+) }2_ P )m_y?%g(i);wdu

§|=|

Y
X [ |dX(v)|
u

Yy
du £ [dx(v)|

+0(¢) y.fP(u)i 4 (m/;(z;)e_(z)—u))
2

and therefore

o0 L) d
I,=00) Je(g) 1w | § 1yl
+ 7 v

1I'

o |d @ y
+ o) £ l li(t)l i y%) _f p(u) p(yP(";)E(Z) %) du { ldX(””
¢

2

[ o ]I‘?";-
— Iy

= lag)] = dy TF p(y—u)e(y-—u) y
+om IR T 201 P 5 (Pt o f ravcn
t

2
= I +La+15+ 100 52y ... (4.5)

Since y is of bounded variation

T2 ¥ jaywi< |27 g
=Y g ° ¥

e,

= 0(1),

by virtue of Lemma 3, and therefore we have

Ly=00) fe(§) Iyl < . (40)
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? (5 )° (o)

o

m
2t>

I,,=00) o) T -2 padu f 1axo)]
e o tp(g) = yP@) 4 ul
2t t 2

o nod
D fe (L) 1apol TY T 1030
2

0

= o) Je () 1apt)

< ®© ... (4.7
using Lemma 3 and the hypotheses of the theorem.

= ? (2r)° (3)

iy T LT 1]
T 2

<< o0 ... (4.8)
by the application of Lemma 3 and the hypotheses of the theorem
_ © |dyt)] < dy” 9 (ply—wely—u)
N S ;_ au(——w)}du § ldx)]
t 2
mw m
= o | (2’),, =) g T T 1axo]
tP('zj) 7%
Y\ /Y
- ? ()¢5
+on T 1#OIT Z)y 2),, [ layw)|
+ yP (‘g) +
/4 nw
[- 2 Y e 97 o
= o | Lz ),, () lay®] TY T 1dy]
tP (g) °© ¥

° Ik
=omJe(F) layo)
< 0. ... (49)
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Now

j{ Ply—udy{u)e(u)cos ut du

o
—_ e(y) 1 X(u)p(y——u)cos ut du (7T/2t <7 < Y),
= e(y)x(y) f Py~ wu)oos ut du
—e(y) § dy }Lgpy v)eos vt dv
op (F)]+o [ awe ()] tox
oP (7)]

H H

N])_.‘

and therefore

=om ] 1oyl P (1) ] -5y
T

© 1k
=00 Je () ldpw)]
< (4.10)

under the hypotheses of the theorem.

established.

Henece the theorem.

Combining the estimates in (4.2) through (4.10) we find that (4.1) is
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