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An initial value investigation is made into the axisymmetric wave motions
generated in an inviscid, incompressible homogeneous fluid by harmonically
oscillating sources located at a finite depth below the undisturbed free
surface of the fluid taking the effect of surface tension into account. The
problem is solved by using the joint Laplace-Hankel transform methods
combined with asymptotic methods. The asymptotic solution which
describes the behaviour of the wave motions for all times reveals that it
consists of both the steady and the transient components. It is shown
that these components are independently modified by surface tension.
In particular, the transient component decays more rapidly due to the
presence of surface tension than in the case when surface tension is neglected.
Special attention is given to the effect of surface tension on the several physi-
cal properties of the wave motions. It is predicted that the principal effect
of surface tension is to increase both the phase and group velocity of the
waves. and make the energy more readily available among the rapidly
travelling progressive circular waves.

1. INTRODUCTION

Transient wave motions in fluid flows have received an extensive attention
by Stoker (1957), Miles (1962), Debnath (1969a, b, ¢), Sen (1962) and many
others. Most of these investigators have neglected the effect of surface
tension on the transient development of surface waves due to local disturbances.
However, the role of surface tension on the classical steady wave motions
has been discussed in the standard treatise of Lamb (1932) and Landau and
Lifshitz (1959). It is now well known that the classical steady state analysis
of wave problems suffers from certain inherent difficulties. These difficulties
can rigorously be resolved by considering an initial value problem.
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Interest in water wave problems including the effect of surface tension
has recently been revived by Evans (1968a, b), Packham (1968), Rhodes-
Robinson (1970) and Debnath (1971). They have made some investigations
of well known problems in surface waves involving submerged singularities
or obstacles in the free surface. In spite of these works, attempts have hardly
been made to include the effect of surface tension on transient water wave
phenomena.

This analysis is intended to make an initial value investigation of the
axisymmetric wave motions generated in an inviscid, incompressible, homo-
geneous fluid by harmoniclly oscillating sources situated at a finite depth below
the undisturbed free surface of the fluid taking the effects of surface tension
into account. The problem is rigorously solved by using the joint Laplace-
Hankel transformations combined with asymptotic methods. The asymptotic
solution which described the behaviour of the axisymmetric wave motions
for all times reveals that it consists of both the steady and transient components.
It is shown that these components are independently modified by surface
tension. Further, the transient component is found to decay more rapidly
due to the presence of surface tension than in the case when surface tension
is neglected. Special attention is given to the effect of surface tension on the
several physical properties of the wave motions. It is predicted that the
principal effect of surface tension is to increase both the phase and group
velocity of the waves, and make the energy more readily available among the
rapidly travelling progressive circular waves.

2, ForMULATION OF THE INITIAL VALUE PrOBLEM
Based on the assumptions of the linearized theory of water waves, we
consider the unsteady axisymmetric irrotational motion of an inviscid, in-
compressible, homogeneous fluid with a free surface under the action of gravity
and surface tension. The unsteady flow is generated in the undisturbed state
of fluid due to a harmonically oscillating three dimensional source of fixed

frequency w situated at a finite depth D below the free surface.

We take the source at the origin of the cylindrical polar coordinates
(R,6,Y) and X—Z plane to be horizontal passing through the origin and
Y-axis vertical positive upward. We assume the cylindrical symmetry about
the Y-axis so that B = (X24-Z2)%

As the motion is irrotational, there exists a velocity potential ®(R, Y; T')
governed by the Laplace equation

V0 = (I)RR—l—l—;~ Op+Pyy =0, 0K R < oo, T)‘—k_<'Y <D, ... @21
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everywhere within the fluid of finite depth % except at the position (0, 0) of
the source.

At the origin (0, 0), ® has the form
O = mM(R,)e*TH(T) = mM(R, Y)et*TH(T) .o (2.2)

where H(T) is the Heaviside unit function of time 7', m denotes the strength
of the source and R} = R?+ Y2

The linearized boundary conditions with surface tension are
TI

oD 1 =
57 +oB—— ( Ere-+ B ) =0 Y =D, .. (23)

Oy—Eg =0 T>0 . (24)

Where 7" is the surface tension, F = E(R,T) the free surface elevation, p
the density of the fluid and g the acceleration due to gravity.

The condition at the rigid bottom boundary is
Oy =0 at Y= —(h—D),T>0 . (2.5)

The initial conditions of the problem are

ER,T)=0 atT=0foral R>0 ... (2.8)
® = 0 everywhere except at (0,0) at =0 .., (2.7a)
& = mM(R,)et*T at (0,0),T > 0. .. (2.70)

Conditions (2.72)-(2.7b) are equivalent
O = mM(R,)S(R)et*T, T > 0 .. (2.8)

where 8(R) represents the Dirac delta funection.

We further assume that ® and E possess the Hankel transform with
respect to R.

3. THE SOLUTION OF THE PROBLEM

It is convenient to introduce the non-dimensional variables

_ 2 —
(r,y,d,ry) = “_g’T (R, Y,D,R,), t=oT

b= o 4= &
' mo? T et
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and define non-dimensional parameters by

2 " b
w*h and T1=£%.
P g

D=

In terms of ¢ = qE——e“M {ry), and the dimensionless quantities, the results
(2.1)-(2.8) can be put into the form

1 - —
¢rr+7 Grtdyy =0, 0L r<owo,d—DLy< D o (3.)

1 . =
¢e+9—T, ( Nrr +7 Nr ) = et M(r,) y=d, t>0 .o (3.2)
Py—ny = —ett 6% M) y= d, t>0 ... (8.3)

w0 1]

by = —e % M(ry) at y=d—D, t >0 ... (3.4)
7=0att=0 forall r ... (8.5)
¢ =0at (0,0), t >0 .. (36)
¢ = —ettM(r,) everywhere except at (0,0) at ¢ = 0. .. (3.7

The initial value problem can readily be solved by the joint Laplace and
Hankel transforms (Sneddon 1972) defined by

Bk, ys 8) = [ e=st dt | rJo(kr)o(r, y; D), .. (38)
(1] o

In view of the joint transform meéthod together with the Fultung theorem
of the Laplace transform, the general solution for ¢(r, y;t) as well as y(r, )
are obtained in the form

B(r,y;t) = }n [Mz(k, D—d)ek@-v-D+it
0

cosh k(y—d-+D)

+ (a2—1)cosh kD

o? =
{ (1+T1k2+—l?> e=%D M, (k, D—d)
— (V-T2 Mok, )+ M, (k, d‘)} Feoft —

cosh k(y—d+D) fe*D r -
~ " Gosh kD { 7 Mk, D d)+M1(k,d)} ke
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k cosh k(y—d+D)
" (a®*—T1) cosh kD

2 - -
{(14Tk2+ %) e *DM (e, D—d)—(1+- Ty M ok, d)

sin otf--cos at )}] Jo(kr)dke ... (3.9

%
a

+o2y(k, )}

nir, 1) = I [{a+7a2) 8, —a2ar, (1+T1k2+%2 ) My(k, D—d)e-kD}

. . . kJy(kr)dk
it — 9 .10
{iett 4o sin ot —1 cos oct}] A F T, @—T) (3.10)
where M, and M, are given by the integrals

M, = Myk,d) = | rJo(kr) M(r, d)dr . (8.11)

1]
M, = Mk, d) = f‘rJo(kr)aiy M(r, d)dr .. (3.12)

1]
o? = a®(k) = k(1+T,k%) tanh kD. ... (8.13)

In case of a fluid of infinite depth, that is, D— oo, the wave potential and
the surface elevation are given by

Bl V30 = T [y (D) Moo +{(1+ T My— o M)+

kek =] (rk)

1.
(cos at " sin o ) ] @=1)

dk ... (3.14)
q(r, ) = f {(1+T,k3) M ,— o2 M, } (i€t —1 cos at-+a sin at)
[¢]

kJ o(kr)dk

i Ty (8.15)
where a2 is given by its limiting value
o? = a¥(k) = k(1 +T,k?). ... {3.16)

The integral solutions for the wave potential and surface elevation given
by (3.9)-(3.10) are exactly identical with those obtained by Debnath (19695)
when T, = 0.
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4. AsyMPTOTIC ANALYSIS

We now take an important point source of physical interest as

1
Mr) = Mr,y) = ——ee .. (4.1
() = Mlr,9) = oy (£.1)
80 that
‘Ml — L and M2 — _.e—kd_, J> 0. ce (4.2@, b)

With this choice of source, the velocity potential and the surface elevation
yield

= . 3 h k(y—d-+D = =
dr,y; t) = of [exp{zt+k(2d+2D——y)}+$s—cb%7{Dj;”) {e*0— ¢~ k2D-d))

3y O\ Lot _
(TR Vo och y—daD)
(a2—1) (a?—1) cosh kD

% {e-k@D~d) _ g—kd}

2] 2 1,
x| * - ew+(1+lez+“7)} (< sin at-+cos at )] Tk . (43)
7r, ) = f{e“k‘zD‘E’——e—ka}(ie‘t+a sin af—1 cos af) X
1]

k( 14Tk 9‘,;)

X @ ek e (44)

In the limit D— co, we obtain the solutions ¢(r, y; t), n(r, t) for a fluid
of infinite depth as

drg30) = T [ (1478 ) ere—204T09 (5 sin at-oos an) |

kJ (kr)dk
-(;2—_-1—)— . (4.5)
i 2)¢—kd(ieit—i cos ab-Fa sin af)-20T) gy (4.6)
nr,t) = 2 j(; k(14 T,k?)e*%(ie?t —1 cos ab+a sin )m . .

Making T, = 0, in (4.3)-(4.6), these results reduce to the corresponding
results already derived by Debnath (1969b) without surface tension.

In order to examine the principal features of the axisymmetric wave mo-
tions, it is necessary to make an asymptotic approximation of the integral
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(4.4) which is very much similar to that of the corresponding result obtained
by Debnath (1969¢, b, ¢). Making reference to these papers, a similar asympto-
tic analysis with a slight modification can be made without difficulty. To avoid
duplication, it may probably be fair to make reference to the earlier work of
Debnath where the details of the asymptotic analysis are available. However,
in order to make the present discussion self-contained to some extent, we
shall outline certain main points necessary for asymptotic evaluation and
quote the appropriate results from the above paper without further proof.

Integral (4.4) can be written as
nir, t) = I;-+-1, e (4.7)
where

k(14T k2)+ a2} k)

CEEE ol . (48)

I, = ieftt f{e—lc@D—c_l)__.e—kd_}{
0

— F Aok @DT)_ k@Y iy rf i {k(1+T k%) +a?
1, = g fe~k@D-d) __e—k@}(y gin of—1 cos of) (LET 1) Jokr)dk ... (4.9)
with a? = k(14 T%?) tanh kD. e (4.10)

It is important to indicate that the nature of the ultimate steady state
flow and the transient solution is determined by the singularities of the inte-
grals (4.8) and (4.9). It can easily be shown that the singularities of these
integrals are given by the roots of the transcendental equation a?—1 = 0,
which has only one real root at & = k, in the range of integration (0, o).

Making reference to the work of Debnath, we obtain

3

2 " (ko1 Tyk2) + o3k, . . 1
L~ () i—"(’(1 inéﬁ’&i) o) e-soso-tr—roesrrioreto ()
(4.11)

where W(k) = a?(k)—1. : .. (412)

In order to evaluate the integral I, asymptotically, for large values of
t, it would be necessary to resolve the integral (4.9) into four subintegrals and
then to determine the poles as well as the stationary points of these subinte-
grals. It may be mentioned here that the stationary and/or saddle point are
given by k = k, where k; is the root of the equation

fo(k) = Ed% {ac(lc)-——;L kcos 6 } =0, .. (4.13)

The poles of these integrals are identically the same as those of (4.8).
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Using the same method as advanced in Debnath (1969¢), it turns out that

ho~ (27 f (oL +-T41) - ()}
: rk, 2W (ko) (1+T:k3)

{e-k(,(zp-ﬁ)_e—koa} %

y {1+alky)} exp [ {toc(ko)—~rk0—l— }-l, ky <k

0 ky >k
4 PO T o)} femkyd—emt Do)
{4y | (k) | FA4T1k2)
o)) (el
[ ak)—1 a1 ]

X

where k; = [k;]p—0
Collecting the contributions from 7, and I,, the asymptotic representation
of the surface elevation can be given by

%
2 kg( 1+ Ty e2) + (ke
0, 8 ~ ( T > { 0((11_Tll2))+?k) o fe-ke-— v x

i (t-rkg+n/8) K>
§ )
0 ; k< ky
o AR ThE )ik +a(k }{@—‘ 1 ) .
(1-T1k2) {4)t+lc |f_ )
()} ()}
X[ alk)—1  ak)+1. ] (4.15)

In case of infinitely deep fluid with surface tension, the pole, k,, and the
stationary k,, can explicitly be determined and they are given by

2
, £2 2
ky=1-Ty k=5 {1451, ( ) } ... (4.16a,b)
The surface elevation y(r, t) for an infinitely deep fluid can then be found
as
70, £ ~ ( 2 )% ol K TR, > Ty
Py~ | ) TS i ‘
] Ty (143745 L K <y
2kyie 1! [a(k ) sin {ta(ky) —rk}—i cos {talle)) —rk;} (4.17)

i {2tk & A
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It may be remarked that both the solutions (4.15) and (4.17) becomse
invalid at & = k,. As the asymptotic solution for large ¢ is of most interest,
the calculation of meaningful solution near k = %, may be omitted here. How-
ever, such calculation can be carried out by using a method employed by
Debnath (1969a).

5. DiscussioN AND CONCLUSIONS

The above analysis reveals that an asymptotic solution for the free surface
elevation g(r, t) is obtained explicitly for a fluid of finite and infinite depth.
The solution consists of both the steady state and the transient components
which are independently modified by surface tension. In the limit {— oo,
the transient component #;(r, t) decays to zero and consequently an ultimate
steady state is attained. The steady state solution in case of infinite depth
has the form

3

2 1 , -
~ (t—rkog+=/4)—kod
Tselrs £} ~ 2 ( 7k, ) (1-F 3T k) (1+T1ky?) et ot e (51)

This represents progressive axisymmetric capillary-gravity waves travelling
with the phase velocity g/wk, and group velocity ¢/2wk, which are radically
modified by surface tension. Particularly, these velocities are evidently greater
than those of the corresponding results without surface tension. This implies
that the main effect of surface tension is to increase both the phase and the
group velocities and makes the energy more readily available among the
rapidly travelling circular waves. Further the amplitude of the wave motions
is also modified due to the inclusion of surface tension.

When the source lies on the free surface of the fluid, the asymptotic

solution can readily be obtained from (4.17) by making d— 0 in the form

177: ' 2—160_, i({~rkytn/4) ‘
(rko) e & 0 kh>k

9(r, t) ~
0 , ky < Iy

, 2kfcosftoley)—rky}+-ioey)sinftole; ) —rk; ) _

' @2k, ) = L @ik, | £ ) |3 (5.2)

It is worth noting that the transient part of this solution does also tend
to zero as {— oo provided 7'; % 0. Hence the steady state is set up in the
limit. This prediction shows a significant difference between the wave motions
with and without surface tension.
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In the absence of surface tension, the earlier results of Debnath (1969b)
can easily be recovered from this analysis as special cases.

Finally, the significant conclusion of the present analysis is that the
inclusion of surface tension in a fluid flow has a dominant effect on qualitative
and quantitative features of the axisymmetric capillary-gravity waves.
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