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Denote by S,(§) the class of all function f(z) = z+a.22-}+... regular in the
unit disc, which satisfy

1@ fe)
Funections of S,(8) are called x-convex. In this paper we obtain the dise

of a-convexity for functions belonging to the class of starlike functions
of order .

Re {(l—m) -zf’(z)»Jrcc (l+zfﬂ(z) )} >0 <], —wga< o

1. INTRODUCTION

Let fz) = z+a,2*-... be a regular function in D{|z| < 1} which satisfy

Re {(1_a)z}’(2§)+a (1+§f;(ii)))}>ﬁ; N B<], —o<a<w ... (L1)

Denote the class of all such functions by S,(8). It is well-known (Bajpai
and Silvia 1973, Miller e al. 1972) that f € S,(f) is univalent in D. If a = 0,
then f € §,(B) is starlike of order f. In this paper we investigate the dise
of a-convexity of order & for f& Sy(8). This extends the results of Mocanu
and Reade (1973). We prove the following theorem.

Theorem—If f € 8y(f) then f & 8,(8) for |z| < », where r, is the smallest
positive root of the equations given in the following three cases (A), (B) and (C).

(A) >0 and
3

Ja—d) =0 if <} or By = ((Q;L(fi_q)z(ﬂlq;;)"g)) <a—d

. 14-gr
JR)=0 if G—d = T%<RO

*The author acknowledges the support received from the Council of Scientiffic & Indus-
trial Research under grant No. 7/92(300)/72-GAU-T.

Vol. 5, No. 10,



BAJPAI & MEHROK ;: ON REGIONS OF 0-CONVEXITY 903

where

J(R) = @+20—2p) R+ XEFDA—) (00111 g)ro801—p))

H—r)R
¢g=2—1 and a= 11:%22
B) —a>2(1—p) and
Qla+d) =0 if r<<ry
where QR,) =0 if rLry
QR) = (1) [ F20EI ] 4 vamaf(1-+9)+00—g)

and ry denotes the root of the equation
(—a—1)+(a—3+4f)r+{(1—28P—a(—1+2/)+(—1+2f)}1*
—{(] —2ﬂ)2—a(—1+2ﬂ)}r3 =0

$
_{—a(l4gr?) _l—gr
By = (W) and a-d= T

(©) 0<fp<} 1< —a<2l—p) and QR =0 if

(89— 1+q-+qn)-+r(5gn—3q-+1—5+2¢)+r%(ng®— 3¢+ ¢>— 3qy-+-29)
+r3(—3¢2+P—q3—qy) > 0, 5= —a for ¢ = 241

n and r such that » < r, where r; is the smallest positive root of Q(Ry) = 0
and R, is the same as given in Case (B).

2. PrOOF OF THE THEOREM

Let w(z) be a regular function in D such that

#f'z) _ 1+(— /9 w(z) _

It is easy to see that

|pE)—a] < d .. (2.2)
where

1—qr2

o= T (2.3)
and

a=20=Ar o (24)

1—p?
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Further, if we write

A) = Re | (pl)- )+q(p:z) —1)} . (25)
and | pR)—q|— |pl)—1]*

Be) = = )] e (28)
and use 2| w(z)]?

|20’ () —wle)| < (2.7)

then we get T—r?

A()+BE) 2 () Al)—B() \
D >R o ey aa e @9

By logarithmic differentiation of (2.1), we get

re oo fs) e (51

1—qow(z) 2za(1 — B’ (z)
= Re { =) }+Re {(l—w(z))(l—qw(z)) }

K, 2)

Re{p(z)H%(i;jI;@) if >0

Re {p(2) }+92L (fl(z])_];@

First, let p(z) = a+u-t-iv, R? = (a+u)2+o? and o > 0. Then, from (2.9)
we have

) if p< 0. .. (2.9)

2(1— ) Re{K (@, z)—8} >

{20-p)+a+ 3t | @tu—(1+ga—20-p)8

x { rlatu—qg+w|i—|atu—1-+1w|2 }

(1—r2) Ry
. ' aq d2—ut—v? )
= (@) {20-prat P} —at+o—a { ="} -200-p)
(2.10)
Denote the right-hand side of (2.10) by S(u, v). Then
08(u,v) 2qala-+tu) OB, n ad?—u2—2?) 2w
v R ] av R? R,
200

2
= 7 Huo) > ?%?-{R’i—q(aw)}-
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But
—g(a+u)+R} > —qla+u)+Ra+u)

— (@)~ g+ B > (@tu) (—g+ ( EL ) )

(1—g)(1 ~gr*)(a--u)
A Trp

This shows that H(u, v) > 0 and therefore the minimum of J(u, ») is attained
at v = 0.

Hence, if R = a-4u, then
min J(u, v) = J(R)
v

> 0.

— (24-2a—28)R+ a(l(ﬂijI_)g)}qﬂ) —a(2a+14-g)—28(1—4).

Olearly, if ¢ << 0, then min J(R) = J(a—d).
R

However, the absolute minimum of J(R) is attained at

3
(1--1%)(2 1 20— 2)
R =R, = { P s b L@

Thus, we find that
Ja—d) if L or By K a—d
min J(R) = .. (2112)
R JR,) ifa—d< R, <atd

This completes the proof of (A).

For (B), let « < 0. Write p(z) = Ret? in the right-hand side of (2.9),
to get

2(1—p)Re{K(xt,2)—6} > 2(1—B)R cos -+ | R cos 041 c;;s ] ]

a[rz(Rz—}—q —2gR cos 0)—(R2—
(1—r3)R

2R cos 0 1)]_{05(1 +9)-+28(1—2)}

= [ 20-pR+ar+E ] cos —fa(1+g)+2001—))

La {_R (ll_jqr;)%wa ws 6 | = Q(R, 6). .. (213)

But 9Q(R, 0)

5.9 - _[2(]___/9)]2—}—0512—}——%2—] sin O— 20 sin 6

= H(R, a)sin 0.
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where

H(R, @) = —[ 2(1—/5’)R+dR—|—2aoc+%—q ]
= —2(1—/?)R+77R+2a?7+%; g=—p>0
= {77—2(1—/7’)}R+( 2a+;%- )77

— 9
= fr—1+gR+ (204 L)1,
Since a—d < R £ a--d, we find that

() - mia> 2 (2552 )+

_ (249 +3¢r—3gr*—2¢*—qr® _  Nig, 1)
(T4 —r) T Q4A—r)
Clearly, if ¢ > 0 or B > %, then N(¢g,7) >0

Hence, if # > 1 then H(R,a) > 0. Also,if —1 g 0or 0 <4,
then

M = 1-1-3r— 32— dgr3—r3 > 0.
9q
Thus N(g, r) is an increasing function of ¢ which implies that for —1 ¢ < 0
min N{g, r) = (1—r)® > 0.
q

This analysis ultimately leads to the conclusion that H(R, a) is greater
than zero in either of the two cases g+9 > 1 and ¢ > 0 or 9 > 1—¢q and
—1 < q < 0. Finally, for these two cases, we find that

mm Q(R, 0) = Q(R, 0)

—(—q [ B- "(‘{I‘LZ)’Ig]+2aa_a{(1+q)+3(1_g)}. . (2.14)

Further, if ry denotes the smallest positive root of the equation

(m—1)+(—n+2q—1)r+(—g*+9g+2q) 2+ (—g?>—mgp* =0 ... (2.15)
then

ath};, 9 _ (1529) [Rz+°‘(1+q’2)] .. (2.16)

—r2
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and

R*ta <‘+q7 )< (0 +a)+(1 —a—2q)r-+(¢*+pg—29)r*+ (@ —ag)® < 0.
(I—r)(1—r?)

(2.17)
Thus

Qa--d, 0) if »
min Q(R, 0) =

<
R Q(R,, 0) if rrg
where

By = [ e ]*.

For the final case ((), let ¢ < 0, 1 { 7 < 1—¢ and the values of ¢ and 7
are such that

(39—14-g-+gn)--r(5qn—3¢-+1—9+2¢%)+r*[9g°— 39> +¢*— 397+ 2q]
473 —3¢* +-¢*—¢*—qn] > 0

for all » for which Q(R,, 0) = 0. Then, we have

= (p—11g)—T"
g = (—14¢q) B2

=—1-p+E p=—g>0
Let

7(1—pr?) :
Then, we have

OH(R, o) _ (n—1—p)( —pr*)+p(1—r?)
oR (1—pr?)

_ (g—=1)—p(y—p)*
o (1—pr?)

> 0.

Further, we find that H(R, &) > 0 for R = a—d. Thus
min Q(R, ) = Q(R, 0),
[}
Hence, again we get

mm QR,0) = mm Q(R, 0) = Q(R,, 0),
RO
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where

—o(l4-¢r®) ] ’}_

172

Ry = |
This completes the proof of the theorem.

3. REMARKS

(i) If &« =1 then (A)implies that f& S,(f) == € S,(6)in |z| < 7,
where 7, denotes the smallest positive root of the equation J(R,)= 0 or
J(@a—d) = 0 as the case may be. Now, if we take § = o (having taken o == 1
already) then this is the result of Zmorovic (1965).

(ii) If § = 0 = g then (A), (B) and (C) are due to Mocanu and Reade
(1973).

(iii) The case when 0 < —a << 1—2 is left unproved and hence is open.
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