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Velocity distributions for the slow steady rotation of a solid formed by
the revolution of & limacon of the form r = a(14+¢cos @), ¢ being small,
in an extended Reiner-Rivlin fluid are obtained by the process of successive
approximations. The results obtained by Khamrui (1956) and Dutta
(1965) are found to be the particular cases of the present solution. Numeri-
eal discussions have been considered to find out the deviations of flow
patterns from those of Newtonian one. The couple necessary to maintain
the motion of the limacon, is calculated and it is found to be independent
of the cross-viscosity parameter of the fluid.
1. INTRODUCTION

Slow steady rotation of a solid of different forms in an infinitely extended
Newtonian fluid has been solved by various authors such as Stokes (1845, 1851),
Jaffery, (1915) Khamrui (1956, 1960), Kanwal (1961), Sengupta (1967) and
others. Similarly, the slow steady rotation of solids in a non-Newtonian Reiner-
Rivlin type of fluid has been solved by different authors such as Dutta (1965),
Mishra and Ghosh (¢n press, Srivastava (1960), Jain (1955), Kapur (1959) and
others. To conclude, it may be said that in case of a non-Newtonian fluid there
always exists a critical value of the non-Newtonian parameter below which
the fluid behaves as Newtonian and above which the fluid shows completely
reversed effect to that of Newtonian one.

In the present paper we have constructed solutions for the slow steady
rotation of a solid formed by the revolution of a limacon of the form r =
a(l-4-€ cos 6), e being small, in a Reiner-Rivlin type of non-Newtonian fluid and
have observed from the quantitative approach to the problem, that in this
case also there exists a critical value of the cross-viscosity parameter of the
fluid above which the flow patterns of the fluid are completely reversed from
those of Newtonian one. It is also observed that the magnitude of this critical
value is approximately the same as that obtained by Dutta (1965) in the case
of rotation of a sphere in the fluid under consideration. The couple necessary
to maintain the motion of the solid is found to be independent of the cross-
viscosity parameter of the fluid whatever the form of the solid may be.

2. FORMULATION OF THE PROBLEM
Using spherical polar coordinates (R, 0, #), let us suppose that the solid
R=A-+Bcos@
= A(l+ecosf), ¢=BJA .. (21)
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(where ¢ is small so that its squares and higher powers can be neglected), be
rotated slowly with uniform angular velocity about the Z-axis within an incom-
pressible Reiner-Rivlin fluid of viscosity #, density p and cross-viscosity g,. Let
U, V, W be the components of velocity in polar coordinates at any point and P
the pressure there. The flow being symmetrical about the Z-axis, omitting
aximuthal variations, the equations of motion, the equation of continuity and
the equation of the solid of revolution in non-dimensional form are

ou v ou *+w  Ip | Oty |1 0Ty | 2Ty Teg—Tuus+ Ty o008
R i L TR r
(2.2)
ov v v uv wrcotl O1rg | 1 079y | 37rg+(Tge—T44)c0t
Wt gt = — e Tt ;
(2.3)
v Ow uw . vw cot 6 07,¢ 1 670¢ 37yrg1-27g4 cotO
R v T e ;
(2.4)
1 0 1 9 o
Ta—( u)+rsrn0 a0(1)%1n0)_0 ... (2.5)
and r=ua(llecosf), e<<1l. ... (2.6)

In the above 7;’s are the physical components of the stress tensor as given by
Braun and Reiner (1952) which in a dimensionless form can be represented as

Ty = 2e5--49.6.5887 .o (2.7
Also the dimensionless parameters introduced above are
R=1Lr (U, V, W)= 1 (u, v, w); p_ T »:
3 b s pL 3 ? 2 pL *
L 2
A=al; G="T g Ty= :)71;2 Tik>
By = plz e: fe = plPy,: w= pZ2 Q: ... (2.8)
3. SoLUTIONS
To solve the system of eqns. (2.2)-(2.5) we assume
u = Q%u,;+Qu,+...) ... (3.1)
v = Q¥v,--Qu,--...) ... (8.2)
w = Qwy+ Quw,+...) ... (8.3)

2 = Npo+Qp,+...) ... (34)
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First Approximation

Substituting (, », w, p) from (3.1)—(3.4) in (2.2)-(2.5) and equating the
coefficients of ), we ohtain

. P,
0= -0 .. (3.5)
1 0Op,
— - %P .. (36
0 39 (3.6)
w,
0= Ve . (37

with the boundary conditions

wy=rsinf on 7r=a(l4ecosh)
(3.8)
and wy—0, p, is finite as r— co. j

The solutions of the system of eqns. (3.5)—(3.7) together with (3.8) give

a3 3ae 2 q%? .
11 - v 1052 0—3) | ¢
Wy = 5 [ — 008 04— 5 (15 cos2 3)] sin 6
P, = constant = ¢ (say). ... {3.9)

Hence the first approximation gives only the azimuthal component of velocity.

Second Approximation
Neglecting the squares and higher powers of ¢ and equating the coefficients
of Q2 we have from equations (2.2)-(2.4)

T (1) (00
4.;; (]_ 4?;7" ) e 320+§l€ (1—6??6\) cos3f ... (3.10)
ari:< __T—?]i)mnf)cmﬁm«i—a;f (1 fi_’gi) sinfcos2d ... (3.11)
V2w1—";é§i}1{é79“ =0, .. (3.12)
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29 1 &  cotfd

Hore V=t Tt e T a0
(neglecting azimuthal variations) ... (3.13)
and u; = v, = w; = 0 on r = a(l+ecos ) ... (3.14)

p, is finite and (u,, v, w)— 0 as r—00.
Since w, is a solution of (3.12) which vanishes at oo and as well as on the
boundary we must have
wy, = 0. .. (3.15)

To solve eqns. (3.9) and (3.10) we assume

uy = a¥}[F (1) Fo(r) cos O+ Fy(r) cos? 0+ F ,(#) cos? 0]

v, = a¥[G4(r)+-G,(r) cos O Gy(r) cos® O] sin 0

Py = 202[f,(r) -+ fa(r) cos O fo(r) cos? O4-f,(r) cos® O]. ... {8.16)
Substituting these in (3.10), (3.11) and (2.5), we get

b, 2o 2 2 2 . at  4aly
Fit— Fi— it F3+7§ Gy = 2f,——+ —

.2, 6 396a°y,¢
e lry + F— 1+ G, — 2,7 s Te

.2, at  45a*
e Go = ofyt -2 Je

F;—F% F;—%F ———G — of; L 6" ¢ 396;5%6
i G 2 Gy Gy By = ~.§ s 20
ORI LR L

L2 1
Fit— Fi—— 0, =0

. 2 2 2
Fg—f—*;;* F2+TG1—’,’T§ Gy =0

L, 2 3
Fot+— F3+7 G,=0

, . 2 4
F4+7_ FH‘? Gy =0
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where dashes denote differentiation with respect to r

From the above equations and the boundary conditions the functions
are determined. Substituting their values in (3.16) and rearranging them,
we get

Uy = a [-— g:_z (1-_‘:_)2 {1._2k (1~§;)} (3 cos? f—1)

a‘e 5a  3a® Ta3k
+ e {(l——?k)—- oy o (1+6k)— P } cos 0
3a%e oy 8a Ba® = 8a’k \
55 {(]*-/C)~7+~379-— (1.?_6]»)-—,7?} cos3 0 ] .. (3.18)

ale

3n2 16a3k }
83

4
v, = a?sin 0 [ {(I*Qk)———;—} e

T (1—2) (- f‘;lﬁ) 008 — 3;‘46 {a—2n)

47.3 7;3
2 3
A P o — 20 cov ] . (319
T R
a3 a a® 3a’ 4a
— v %Y _9 % Rl =
pl_—2a2[0 473 {(1 7') k<1 7'3)}+ 8r3 {<l 37‘)
Tad . 9ale 16a
9%k (1— ot )sm20+ . {(1—2k)—-97—

16a3k 15a%¢ 8a . 5603k 2
+~_;§_.}cos0— - {(1~—2k)—5;+w5/ﬁ“}0030] e (3.20)

where C is a constant and k& = (217./a®).

4. Rerarpince COUPLE

The only stress component that contributes to the retarding couple exerted
by the fluid on the solid is

1 6u+ 6w_w
Tr¢ = Tsin@ d¢ ' or 1

or r

owy, w, >

=Q( (4.1)
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Therefore, the couple exerted by the fluid on the solid is

k2
g = Of (2mrQ sin O1py. 18I0 Ord0)r_ g1, cos o)

=27 7 {( O,y —% ) Qo sin? 0a0) .. (4.2)

0 or r=a{l+& cos 6

Substituting the value of w, and integrating we get
4
— 3 _ 2
g = 87Qa (1 -y ) . (4.3)
which is independent of 7,.

5. DiscussioNs

(1) In particular, if we make ¢— 0, then we get

e L
o

po- vl o (=2 (=) 25 (04
—2k (115 ) sineg | . (54)

These are the results for slow steady rotation of a sphere in a non-Newtonian,
inelastic, viscous fluid as given by Dutta (1963). According to Dutta, the
above results can be interpreted as : 1f k < 4, the phenomenon is exactly the
same as that of a Newtonian fluid. There is a radial inflow for 0 € 6 <

cos™1 \/13_ and radial outflow for cos— 71? <0 T At the pole 6 = 0,

2

m
"’2_ b2
there is no purely radial flow for only v = 0 there. If } <« k < 1, the flow pro-

dka 4k
1—2k 1—2k" k>4

purely radial inflow oceurs for ¥ = w = 0 there. But at the equator § =

perties are different in two regions a < r < and 7 >




ROTATION IN A REINER-RIVLIN FLUID 915

there is a radial outflow for 0 6 < cos~? _]5_ and a radial inflow for cos™1

1
— < —g for all values of . This means that for k& > 1, the phenomenon

V3

is just the reverse of that in case of Newtonian fluid. The value of £ = 1 is
called the critical value of cross viscosity parameter of the fluid when a sphere
is rotated slowly and steadily. Such types of motion are also accompanied by
stagnation points at different places and in the case of the rotation of a sphere
the stagnation point occurs at

4ka
r=T—gp =0

i) If we make ¢— 0 and k— 0, then, we get

8 2
uy = —az{ grz (]—%) }(3 cos? §—1)

4
a a
2 .
Py = % { ——0 1———-)} sin 6 cos @
1 {8r3 ( r
a3 sin 6
Wy = ——g—
1] ,’.2

a® a 3a® ;. 4a
= 22 ¢ O— — e (1-27 ) sin?
Pr= 20 {O 4r3 (1 r>‘ 8r3 (1 3r>sm6}.
It is found that when 0 = 0, » = w = 0 and u is negative so that there is a
purely radial inflow at the pole. When 6 = 90°, v = 0 and u, w are positive
so that the radial outflow is in the equatorial plane, but not purely radial.

The above set of equations, obtained as a limiting case, is found to satisfy
the results given by Khamrui (1956). The retarding couple exerted on the
sphere is

g = 8ma*Q

(iii) The results obtained by Mishra and Ghosh in the case when b— oo
and Q, =0 and Q, = Q can also be obtained from our general results in

Section 3 by making e— 0.

(iv) When «, v are negligible, i.e. when the second approximation is not
taken into account, we observe that w is predominant and the liquid particles
describe circles round the axis of rotation.

6
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(v) To find out an idea of the quantitative response of % and v, we consider
a typical limacon with ¢ = 1 and ¢ = 0.01. Putting these values and also
Q = 1 in the results of Section 3, we have

w— _-é%_ (1_;_)2 {1—2k (1+ %)} (3 cos? 1)
0. 01 { (1—2k)——+ i%glc—)——;—f } cos O
0.03

8 5 8k .
— {(1-—2k)—§;+ o (1+6k)——ﬁ} cos? 6.

0.01

. 16k
» = sin 6 { =

73

lo—om-2 13 "F 1,

+_l_ <1—i.> (1—%?) 056_0é03 {(1—275)—%?

4¢3 r 73
= (1+6k)__3%’i} o0 |

1 {1+003 cos 0+00006

w =

(5 00820—1)} sin 6.

Concentrating our object of discussion at the points § = 0, 7/2 and 7, we obtain
(i)at =0

w= (0 05k)+;13 (0.94k—0.01)~% (1.5k-+0.235)

1 1
+ g (0.01k-+0.495)+ = (0.5k—0.25);

v=0 and w = 0.

(i) at 6= 7/2

1 1
w = — (0.5k)+ (0.75k+0.125)—% (0.25)+;T (0.125k—0.25)

1

v:-;e—(lﬁk)+r (14-6k)— 5 —— L (2k—1)
1 0.0006

w=;2-(1— r2 )
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(i) at 6 =7

1 1 1
= 5 (0.05K)+ ; (1.06k+0.01)—— (1.5k-+0.265)

1 1
g (—0.01k+4-0.505)+=- (0.5k—0.25)

From (i), it is observed that a purely radial flow occurs at the pole. For
low values of r and for different values of k there occurs a stagnation point
which separates the flow in two regions, one consisting of purely radial inflow
and the other, purely radial outflow. Graphical representations are shown in
Fig.1. Again for sufficiently large values of r if we neglect the terms containing
1/r8, 1/r5, 1/r% and 1/r3 we are left with

1
u = — (0.5k—0.25)

o
-OrN
owe r
o0

o008 -

[~2-1-398

Fig. 1. Variation of u with r and & when § =0
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Fig. 2. Variation of « with r and & when 6 = n/2
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Fig. 3. Variation of v with r and k when 8 = .,
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This shows that at 6 = 0, if £ > 1, a purely radial outflow exists for all values
of r while for k < 1 there exists both inflow and outflow separated into two
regions. For low values of & the inflow is more predominant than outflow,
i.e. the maximum part of flow from boundary to infinity consists of inflow.
For k = 0, the flow patterns are exactly similar to that of Newtonian one con-
sisting of purely radial inflow only for all values of ». Thus starting from
k = 0 and observing the change of flow patterns upto & = } we see that as
k increases the outflow increases and the inflow decreases and ultimately at
k = % the inflow is negligible compared to outflow and for k > & the fluid
consists of purely radial outflow only. All these phenomana observed at
6 = 0 are explained in Fig. 1. Hence the critical range of cross-viscosity para
meter can be selected as &k = §. This critical value of cross-viscosity parameter
observed for the Reiner-Rivlin type of fluid in this case is found to coincide
with the result supplied by Dutta (1963) for the rotation of a sphere in the
same fluid.

From (ii), we observe that for all values of r and for values of k << { there
exists a mixed flow consisting of u, v and w. Again for all values of r and for

\J
o6 -
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ouep
oot
oos}

006

004

oy 6

Q02

-~ O04

-0'06

-oe8

Fig. 4. Variation of  with rand & when § = o
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values of & > I the flow is also a mixed one consisting of %, v and w but of

different nature than the former one. For k = } and for sufficiently large values
of r there exists only the azimuthal velocity w. Thus in the equatorlal region
for all values of » and for values of k except k = 1, the flow is & mixed one
consisting of three velocities u, v and w while at k¥ = } and r—» oo the flow
consists of azimuthal velocity only. Thus, & = 1 again acts as a critical value
of cross viscosity. The graphical representations of u, and » at 6 = 7/2
for different values of % are given in Fig. 2 and Fig. 4.

From (iii), it is observed that, & = 7 there exists a purely radial flow
symmetrical to that at # = 0. This phenomena is explained in Fig. 4.
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