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This paper deals with a Hilbert space G(A) which consists of functions
f(2) = Za,zr such that SA,|a,|? < o, where A, >0, n=1,2,8,... and
{An}lm—> 00 as n — . TUsing these conditions on these sequences, one
can easily verify that the functions of the class G(A) are entire functions.

G(A) includes the set of all polynomials which forms a dense subset of the
space G(A).

The spaces G(A) and G(u) are identical if and only if K; < Azfpn < K.
The main result is an expansion theorem by means of a basis which are
close to the basis (Z#). Further, some closure theorems for this pace are
proved. Defining suitably a multiplier from G(A) to G(u), it is proved that
a multiplier from @(A) to G(u) is an entire function. A necessary and a
sufficient condition are found that an entire function is a multiplier from
G(A) to G(n). The question of finding a condition which is both necessary
and sufficient for an entire function to be a multiplier from G(A) to G(u)
seems to be open.

§1. Some Hilbert spaces of entire functions have been widely studied
in a series of papers by Louis De Branges (1959, 1960). Such spaces do not
in general include polynomials. Therefore, it is worthwhile to study Hilbert
spaces of entire functions which contain polynomials and the polynomials
form a dense subset of the Hilbert space. Spaces considered here have all
the above property. Section 2 gives some fundamental properties of the
Hilbert space and a basis theorem. Section 3 is devoted to a study of closure
theorems of such spaces. In Section 4, properties of scalar multipliers from
G(A) to G(u) are given.

§2.  Definition—Let us consider a class of power series f(z) = X a,2" such
n=0

that £ A, |a,|2 < o0, where A, > 0,2 = 0, 1, 2, ... and (A,)V/»— o0 as n—> 0.
N=0

Using these conditions on the sequences (A,) and (a,), we can easily verify
that f(z) = Za,z" represents an entire function. Let G(A) denote the class
of all entire functions defined in this way. G(A) becomes a Hilbert space
with the inner product, (f,g) = Z/\nanbm where f= Za,2" and g = Tb,z2n.
Unless and otherwise stated, the summation is always from 0 to oo.
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(I) The following theorem describes the relation between the sequences
(A,) and (¢,,) so that G(A) = G{u) in the sense that they have the same elements
and the norms are equivalent.

Theorem 1-—If G(A) and G(u) are two such Hilbert spaces, then G(A) = G(u)
if and only if K, < A, /p, < K, where K, and K, are constants.

Proof : The sufficiency of the condition

K, < A fp, < K, . (20)
If A, < Ky, then
Hu) C GQ). . (2.2)
and if K,u, < A, then
) C Hp). . (23)

Therefore, if the conditions is satisfied, then G(A) = G{u).

To prove the necessity of the condition, let us suppose that the condition
is not satisfied. Let A,/u, — o0 as n— 0. Using this, we shall construct
a sequence (@,) which will contradict (2.2) and (2.3).

Since A,/p, — o, it has a subsequence /\nk/,un which tends to infinity,
%
when ng tends to infinity in such a manner that /\nk/,u,”k > k for the values

k=1,2,3,... and n; < ny, < ng.... We shall define a sequence (a,) as
follows.

a2 <r 1/k%u, when n = ny
a,|?=
Lo when » % ng

Then
Zﬂn‘anlz = Zlun 'ank|2 =X 1/k2 < .
k
Therefore
f) = Za,zn is a member of G(u). e (2.4)
But

Z/\nl“nlz'—‘Z/\nkla’nklz
>k 2> 3k 1/k? = X 1/k.
> Zhuy |a, |*> Zk1] /

Therefore XA, |a,|% > Z 1/k = .

Hence
f(2) = Za,z" ... (2.5)

is not a member of G(A). (2.4) and (2.5) contradict (2.2).

In the same manner, if the left-hand side of the inequality (2.1) is not
satisfied, then we can contradiet (2.3) by constructing a sequence of the above
type. Hence the condition K; < A,/u, < K, is necessary and sufficient in
order that G(A) = G(u) in the sense described above.
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Theorem 2—Let f = a,z" belong to G(A). Then the sequence of partial
sums of the series for f converges to f in G(A).

Proof : Let - »
fop=2 apt— 2 a2t
n=0 n=0

Therefore, fp = X a,2". Since X A,|a,|? is convergent, ||fpl? = ZA,|a,|%
r+1 n=0

n = p-+1, .... 0, tends to zero as p tends to infinity.

Hence the sectional convergence is true in G(A) so that G(A) includes all
the polynomials. Since the set of all polynimials with complex rational
coefficients is dense in the space G(A), G(A) is a separable Hilbert space.

(IT). Bases in G(A). Arsove (1960) studies bases in a complete linear
metric space M. When (z,) is a basis for which z = Z¢,(x)z,, let the co-

efficient functionals ¢,(x) satisfy the condition (A), § ()2, << co. He
n=1

then introduces the bases of the type y, = x,+ :VS &:(y,.)x where (z,) is
i=nt1
a basis. He proves the following theorem.

Theorem A—Let (x,) be a basis satisfying the condition (A) and (y,) be
a sequence defined as above.

i lri:y;%l llade(y »)sll l
If lim ”S_lipw uS;% *ﬁ ] J <1,
L

a being a scalar, then
(1) (y,) is a basis satisfying the condition (A).
(2) there exists an automorphism 4 on M such that y, = 4z,
Analogue of this theorem has been proved by Arsove (1?060) for the

(F)-spaces, when the coefficient functionals satisfy the condition Zlnqi,,(x)x,,]]q

which converges for the semi-norms, ¢ = 1,2, ... defining the (F)-space.

In the following, we shall establish a basis theorem for G(A). Our result
is of interest in the space G(A), because it is more general than the above
theorem of Arsove in the sense that the basis elements (27) do not satisfy the
condition (A) of Arsove.

Definition—A sequence (a,) of G(A) is said to form a base in G(A), if each
a€ G(A) can be represented uniquely in the form a = Xf,«, where (i,) are
complex numbers uniquely determined by «. We shall obtain an expansion
theorem for an element belonging to G(A) by means of a basis in G(A).

7
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Theorem 3—Let (a,), n >> 0 be a sequence of elements of G(A) defined by

a, = a,z) = 2%+ 2 @525,

k=n+t1
Let
a,—2" = lgn(z)
If
= 1B
0 n

is convergeﬁt, then (z,) will form a basis in G(A). In particular this is true if
{l8,I/7} is bounded.

Proof : Let afz) = ay+apztae+....

Therefore el = Ag|ag| 242y | g | 2425 | @y | 2+...
= Ay+4;+4,+...
where 4, = A, }a,|2
Now,
ao(z) = 14-agpz—+ag22+ ... 4ap,2"+...
o(2) = 24+-a..0%+ ... +a, 2.
2nE) = P gt
ﬂn(z) - an,’n+1z”+ +an,n+2zn+2+---
Therefore,

1B = Apia | Cpnia |2+ Ania | G npa | 24 oo F Ak | @ik | 2
=4t Annet. 4 rt.
where A, ..k = Anskl @y ,0k]2
Define (t,) by the following equations,

g =ty
} . (2.6)
Cp = byt Op1,nbnat . FGonbyy 7 21

The above equations determine (¢,) uniquely. ¢, == 0 if and only if @, = 0
for all n.

From (2.6), we get
It ‘2 2'anlz+2{lan—lnn——ll+ +Ia0nt |}2

Multiplying throughout by A, and applying Holder’s inequality to the second
term on the right, we get,

Aaltal? < 22,y 22, {Ltally [emsally |y Jol2 y Ldn )
n—l

n—2 AO

X baa |2yt 1] 2Ag)
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If T,=2,]t,]|2 we can write the above again as follows.

A
f]' < 2 —n~Ln -2, ln On

n—1 n—2
X{To+Ty+...+T, 1}
where A4, = la,l2 Aysn=|ay_1.|%
Let,
A, A | 24
€, = 2 1 n—ln n—2,n 0n — 20
{ /\n—l + n—2 ot /\0 }’ “ AO '
Therefore
Tﬂ < 2An+enun—1
where
U, = Ty+T,+...+T,.
Therefore

U=y g << 24, +€,u,_,.

We can simplify the above and rewrite the above in the following form.

U, —(1+eu, , < 24,. . (2.7)
Replace n by (n—1), (n—2), ..., 1, we get
Upy—(+e€,_)u, o < 24, , . (2.8)
Upg (1€, oy g < 24, , e (2.9)
up—(1+-6x)u, < 24, ... (2.10)
—(14e)uy < 24,. ... (2.11)

Multiplying (2.8) by (1+4¢,), (2.9) by (1+e,), (14€,,), ..., (2.11) by
(14-€,) (14+€,_4) ... (1+€,) successively and adding vertically we get
Up—(14-6)(1+6) ... (14-€,)u,
< {2An+(1+€n)An—1+(1+€n)(1+€n——l)An—2+"'+A1(1+e )(1+6 —1 1+€2)}
The right-hand side of the above inequality is bounded, if the product

o

7 (1+¢,) is convergent. If this be sdtisﬁed, then it follows (u,) is convergent.
1
The product is convergent if X ¢, is convergent.
1
Now
2A01 - A12 A02
A a=2 {3 T )

1

€ =

_ Ayg | A1 | A
63_2{A2 + o L

6 = 2 {ﬁ:’w rme gy +A°" }.

n—2
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Therefore

ert€at ... HEut . = 2[AIBolP+2/ A1l BillP 42/ Al Bol P4- ...
_ A
= 23 {02 ).

2
Therefore Xu, is convergent, if 2 X { M;lﬂ } is convergent.

Now we shall prove that («,) will form a base in G(A). This is, we prove

that ¥ tpar— o when n — o0 in. the norm. For this, we have to show that
k=0

n
flo— Z trag||—> 0 as n — 0. Now
1

a—(agtet oty ... Fat,) = ayt+az+... a2+
—{lo(1+ g2+ agee®+ ..+ 2"+ 8,y 2" )
Fhzta2®+ .. +0y,,20 0y 4 2"
(2P Ag2P ... F-ay 2Py, g2

FEp R+ 2" @y 2P TR
Let op denote the coefficient of 27 in the expansion of 5 txax. When
p £ n, ap = op. Therefore ap—o, = 0. ’
This follows from the relation (2.6).

The constant term, the coefficient of z, 22, ..., 27 all vanish. When
P>N,Ap—0p=ap— X lxagp
%=0

= bpt+p_y,plpat ... Taoplo—(lelop+itip+ ... +E,0,5)

= (tp+ Ap_ypbpa+ ...+t n+1“n+1,p)

where p varies from (n-1) to infinity, We can rewrite the above as follows :

n o
a— X fpog = 2 b, gtk
where 0 k=1

bk = tork Flark1@nik—1,mikt o T nt1@ni1,n4ke
Therefore we have the following

lbn+kl2 < 2[tn+k!2+2{[tn+k—1|2An+k—1+---+ ltn+1I2An+1}

X{ la’n+k—-112 .'.+Al_cl71+1m+kl2 }
An+7€—1 n+1
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Therefore

Z Akl <2 X A k|tnn|t+2 E (Toiyte+T,y)
k=1 k=1 k=2

X (————A’;\”‘-l'“’” o Atk ) . (212)
n+k—-1
Let

LHS = i A Y
=1
(2.12) can also be written as
LHS <2 T Apltos] +2{ T Ty )
k=1

k=n+1

S Apg ik | Apik_onik k
x{ Y Lntktik | Anvkoansk +M}
k=2 /\n-{-k--l /171 k-2 A'n+1
Writing down the different terms of the series on the right-hand side,
we have

LHS <. 2 § Tk+2 { E Tk } { 4_n+1,n+2 + An+2m+3 + An+1.n+3

k=n+1 k=n+1 A n+1 A n+2 ’\n+1

_+_ An+3.n+4 + An+2.n+4 + An+1.n+4 + An+4m+5

A n+3 A n+-2

An+1 An+4

+ A1i+3nn+5 + An+2m+5 + An+1,ﬂ§++}

n+3 An+2 An—{-l

Rearranging the above, we have

LHS<2 z Tk+2{ 2 Tk}{l n+1An+1,n+2+An+1.’n+3+An+1,n+4+"')

k=n+1 k=n+1

+ 1/’\n+2(A n+2,n+3+An+2,n+4+An+2,n+5+ .. )
+ 1A oA s st Apigngst )t

a < 2
LHS <2 X /\Ic|tk]2—i—2{ T T }2 1Bl

k=n+1 =n+1 n+1 Ak
As it has been already proved, convergence of Z ”ﬂ "” implies the con-

vergence of ) Al Ea )2
¢

2 «
Since :‘j el and X Ag|fx|? are the remainder sums after n terms
k=nt1 Ak k=n+1

of the corresponding convergent series, the right-hand side of the above
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7
inequality tends to zero. Hence X #a; tends to o« in the norm, when n tends
1
to infinity. This proves that (z,) forms a base in the space G(A). Hence we
get the required result.

§3. Let E be a subset of G(A). Let L(E) stand for the closed linear
subspace of G(A) generated by the elements of E. Since G(A) is a Hilbert
space, the space of continuous linear functionals on G{A) coincide with G(A)
itself by Reisz representation theorem in Hilbert spaces. We shall make
use of the following fundamental theorem in providing closure theorems for
the space G{(A).

Theorem B—Let ¢ be a continuous linear functional on G(A). Then any
element o belong to L(K) if and only if every continuous linear functional
which vanishes for all #& E vanishes identically on G(A).

(1) Theorem 4—Let o = > a,2? belonging to G/(A) be such that no co-
efficient is zero. Let (z,) be a :equence of complex numbers in |z]<C 1, satis-
fying the condition that % (1—1z,|) is divergent.

Then L{a,, n > 1} = G(A) where

a, = az z,) = ?angzl’.

Proof : Sinee |z,|< 1, alzz,)E G(A), for n =1,2,3, ...

Let ¢ be a continuous linear functional on G(A) and let it be uniquely
determined by

— 3 bep € G). . (3
0

Let ¢ vanishes over L{a,,n > 1}, we have to prove ¢ vanishes identically
on G(A). Since ¢ vanishes over L{x,, n > 1}, we have

$(t,) = ZApbpogl = 0. o (82)
Now consider _
9(2) = ZApbpa,2P. .. (3.3)
Since, | ZAgbpan|2 < (2] bp | B(EA5 | ap]2),

| EApbpap |2 < 0,

the radius of convergence of g(z) is greater than or equal to one and g(z) is
bounded in |z| < 1.
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From (3.2), (2,), »n =1, 2, ... are all zeros of g(z) lyingin |z| < 1. g¢(2)
is bounded in the unit circle and has zeros at (z,), » = 1, 2, ... in that circle.

Then :Z. (1—|2,|) must be convergent which cannot be according to the hypo-

thesis, unless it is identically zero,

Therefore, g(z) = 0. Hence we get /\papl_)p = 0. But no Apa, vanishes
by hypothesis. Hence by, = 0 for all p. That is ¢ is the identically zero
funetional. This proves that L{a,) = G(A).

(I1) Let « = ZapzP and f = Zbpzp. Then the Hadamard composition
of o and £ is defined by aof = Zaphpz?. (a), is, the repeated Hadamard
composition of «, taking «, n times. That is, (x), = Zap?. If a, g€ G(A),
then aof = Zaybp2? belongs to G(A) and (), also belongs to G(A).

Theorem 5 Let Zauz? be an integral function satisfying the conditions,
(i) No ayp is zero, (ii) No two a,’s are equal. Then {I(x),, n =1, 2, ...} = G(A).

Proof : The proof of the above result depends upon the following theorem
of Iyer (1953).

Theorem C Let Z oy, and Zby be two absolutely convergent series. Let

a 2
g(z) = Zbpe ¥ be identically zero. If the ayp’s satisfy the condition that no
ap is zero and no two ay’s are equal, then bp = 0 for p =0, 1, 2, ....

Let ¢(2) = Zby2? represent a continuous linear functional such that

3 Ahpal = 0. . (3.4)
L]

Now consider g{z) = Z/Ipl_)papeapz. From (3.4) g(z) vanishes identically.
Therefore by Theorem C, Apbpap = 0. By hypothesis, Apa, # 0 for any p.
Therefore b, = 0. Hence ¢(z) is the identically zero functional. Therefore,
L(a),, n =1, 2, ...] = G(A) as in the previous cases. This proves the required
result.

§4. Taylor (1966) has studied, multiplication operators on a certain
Hilbert spaces of vector valued functions. In this section, we shall investigate
some properties of complex valued functions which behave like multiplication
operators of Taylor quoted above. We have found a necessary and a sufficient
condition for a complex valued function to be a scalar multiplier from G(A)
t0 G(u). The question of finding a condition which is both necessary and
sufficient for f(z) to be a multiplier from G(1) to G(x) seems to be open.

Let f € G(A). Then a complex valued function k(z) is called a multiplier
from G(A) to G(u) if kf € G(u) for every f& G(A). The set of all multipliers
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from G{(A) to G(u) is denoted by M{G(A), G(x)}. The following theorem shows
that a multiplier is an entire function.

Theorem 6—1f h(z) is a multiplier from G(A) to G(x) then A(z) is an entire
function.

Proof : If h(z) is a multiplier from G(A) to G(u), then hf € G(u) for every
f belonging to G(A). So if & is a meromorphic function, it has a pole at z = a.
Since G(A) contains the set of all polynomials, choose a polynomial f(z) for
which f(a) 5= 0. Then A(z) f(z) will not belong to G(x) contrary to the assump-
tion that Af belongs to G(u) for every f belonging to G(A). This proves that
a multiplier from G{A) to G(u) can only be an entire function.

We shall prove the following lemmas which will lead to the main theorem
of this section.

Let us define the map 7% defined by 7(f) = f(z) for every f &€ G(A). This
defines a map from ((A) to the complex plane.

Lemma 1—mn% is a bounded linear functional on G(A) with the norm
{2(1/A,) [z| 2.

Proof : Let f(z) = Zaz" € G(A).

[N 2= 1/ ]* < Ela,] [2]")? < (EA;]a,]?)(E]2]*/A,).

Therefore,
2l < (Z[z]2#/A,) e (41)

Now consider the function f(w) = Z(zw)?/A,. Considered as a funection of w,
JfAw) belongs to G(A), because

ZA, 2" A, |2 = Z|z|%®]A, converges.

Now

| 7| = |22, = Ziz|*/a,

: = (2| 2[A ) f2lla

Therefore

E 2|2 APfH = |74 fe) ]

< |l | fella-
Therefore
(Zlz[[A,)F < |mil. e (4.2)

From (4.1) and (4.2), we get the required result.
Let Th be a mapping from G(A) into G(ux) defined by Tx(f) = h.f for a
multiplier 2 from G(A) to G(x) and f &€ G(A).

Lemma 2—Ty defined above for A & M {G(A), G(x)} is a bounded linear
transformation of G(A) into G{u).
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Proof : Let (f,), n =1 to co, EXA) and f, — f in G(A). Let kf, =g,
for all n and g, > g in G(n). We show that hf =g. We have for each z

o) = mig) = lim w0,
= lim A2)f, () = lim £,()h(e).
= b(z) Tim 74(f,) = hE)fe)

By applying the closed graph theorem, we get that 7', is a bounded
linear transformation of G(A) into G(u) for every h & M{G(A), G(u)}.

The following theorem gives a necessary condition for an entire function
k to be multiplier from G(A) to G(u).
Theorem T—If h(z) is a multiplier from G(A) to G(u), then

[Rz) | < ||ITall limg]l/|lrl
b4
2

Proof : Take the special function f,(z) = Z(wz)*/A,. Considered this
as a function of z, f,, belongs to G(A) with ||f,|?> = (Z|w||?®/A,).

Let A(z) be a multiplier from G(A) to G(u). Then h.f belongs to G(u) for
every fE G(A).

Now

| ful@)o2) | < N7z || 1l

But Tw(fuw) = hfw € Gl). 8o [Ihfull < |Tn [ fulla-

Hence we have

[fwul@2) | < limell TRl foolla- e (43)
Specializing the above for w =z, weAha,ve from the above,
| f2(2) | << I8 | Tl ] fella e (44)

But frAz) = (Z]z] AN -
So by (4.3) and (4.4), we have
[BE ] < I TRl

+
2 |z|m

or

because |mi|= (2 |z|2*/A, )t
The following theorem gives a sufficient condition for an entire function
h{z) to be a multiplier from G(A) to G(u).

8
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Theorem 8—Let o(n) = pnfAg+ppa/A1+... for n=0,1,2, ... exist for
every n. Let h(z) = 2b,2" where 2|b,|2 o(n) << 0. Then A(z) is a multiplier
from G(A) to G(u).

Proof : Since |u,|Y?— o0 as n— 0 and o(n) is defined for every =,
|o(n)|Vr— o0 as n—>» co. Hence A(z) is an element of G(A).

Let f(z) = Za,z0 € G(A).
he) fie) = E: (@B0F @byt . b ag)em.
Let us calculate [|(w) f(z)]2.
BEFENE = 5t @bty by byt |

< 2l VA8 nbo VAt 8,0/ Ao/ Ao}

< Zpa{ b0} An+ b1 |2[A 1t 4 [0, |2/A} {24, | @, |3

< B0y | Hpen/ At ponsa[Aa+ - SIS

= I/} Zo(n)]b,]?
which is convergent by the condition of the theorem. Hence if the condition
is satisfied, then A(z) is a multiplier from G(A) to G(u).
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