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The stability of an electrically conducting hot fluid heated from below in
an infinite channel in the presence of a uniform magnetic field across the
channel is discussed. It is found that the stabilizing influence of the
magnetic field is more prominent for lower values of the aspect ratio, a (the
ratio of the width to the height), of the channel and as the ratio tends to
infinity the critical value of the Rayleigh number R tends to a limit which
is same for all the field strengths.

1. INTRODUCTION

The problems of hydrodynamic and hydromagnetic stability have wide
applications in various fields of Engineering and also in the fields of Astro-
physics, Geophysics, etc. One of the interesting problem of hydrodynamic
stability is the Benard problem in which the stability criterion of a hot layer
of fluid heated from below was determined under different boundary condi-
tions. In the hydromagnetic case the same problem for an electrically
conducting hot fluid was considered by Chandrasekhar (1961) in the presence
of a uniform magnetic field using the hydromagnetic equations derived by
Batchelor (1950). The effect of the side walls on the stability of a hot fluid
and also on the cell pattern was investigated by Davis (1967) and Davis
Jones (1970).

It is well known that the Rayleigh number at which convective instability
starts in a horizontal layer of electrically conducting hot fluid in the presence
of a horizontal magnetic field depends upon the direction of propagation of
disturbances. The stabilizing effect of the magnetic field vanishes for the
disturbance moving in a direction perpendicular to the magnetic field and
hence the critical value of the Rayleigh number for the layer is the same as
that obtained in the case when no field is present.

In this paper we study the effect of two vertical side walls on the stability
of a conducting hot fluid in the presence of a magnetic field normal to the
side walls, We have also investigated the case of overstability.
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2. Basic EqQuarions oF MoTioN AND THE BOUNDARY CONDITIONS

Taking OX, and OX, as axes in the horizontal plane with OX, along
the length of the rectangular channel and OX, axis vertically upwards with
origin O at the lower horizontal boundary and midway between the vertical
side walls, the basic equations of motion for an incompressible, viscous, conduc-
ing fluid in the presence of a magnetic field in e.m.u. are (Chandrasekhar
1961),

duy | Oug |\ pH; OH; ow
p ( ot Y Ox; )N 4 Ox; = 7 by — pYAi+pvPi .o (D

2 -
where w = p—}—‘tﬂlsgif- and A=(0,0,1)

6H 0H; 0H; I duy

Tt Uy —— 5, H; — 7, —— +v2H; . (2)
—(?9—?-—]-@&,- 371; = k2T .. (8)
%gii =0 and ZZ: =0 e (4)
p = pll—aT—Ty)] v (B)

where u; and H; (1 = 1, 2, 3) are the components of the velocity and magnetic
field respectively, g, #, p,»,9, ki and o being the magnetic permeability,
coefficient of viscosity, density, pressure, acceleration due to gravity, coefficient
of thermometric conductivity and the coefficient of volume expansion

respectively and »n = being the resistivity with o as the electrical

1
4o
conductivity.

We assume that initially the fluid is at rest having an adverse temperature
gradient f in the vertically upward direction in the presence of a uniform

- -
magnetic field H,j, where j is a unit vector along OX, axis. Initially

T = T,— P, e (6)
p = poll—aT—Tg)] = po{1+afy) v (7)
0 _ _pg = —gp1+apay). . ®

0xg
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The equations (6) to (8) give the initial values of p and w. In the dis-
-

turbed state, let the fluid have a velocity u, magnetic field Ho?—{—z tempera-
ture 76, pressure w-+dw and density p-0p where u, k, 0, 8w and dp are
small in magnitude. Substituting the above quantities in the equations
(1) to (5) and using the Boussinesq approximation, the equations governing
the perturbation are

Ou; . 1 iy o

' = 2
ot pO x’ (3w§+goc0/\¢+vv Ui+ 47TP amz (9)
(where v = p/p,). oh. P
5 = Ho auz +7v2h - (10)
0}&; _ aui -
Fr =0, o = 0 e (11)
and
oT
+ 1 oy = VY- . (12)
We introduce the following non-dimensional quantities :
— —
x; = d~x Rayleigh number R = gafd*/kw
|
= vd~% Prandtl number P, = vfk; E
|
G = (fd)~10 magnetic Prandtl number Py, = v/n l (13)
1
u; == dla"lu; Q 'ullH o k; = Halhi i
dmpgpy”
ow' = py(vh;)~'d?6w i
where d is the height of the channel.
Equations (9) to (12) in non-dimensional form reduce to
Ou; y P,
’?{f = (aw )+R6 /\i+v 3+P Q ax oo (14)
Ok Ou; Py .
Ok, Ouy
- = = . (16
Al 7 (16)
Py % —uy = 2. .. (17
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Boundary Conditions
We consider the horizontal boundaries to be free and perfectly conduect-
ing. Hence

ot
%,

60 = u, =
87 Ouxd

= 0 for 23 = 0 and 1. ... (18)

Assuming the side walls to be perfectly conducting (both electrically
and thermally), the boundary conditions are

ui:ué:ué:@’:(} at xé: j:(l (19)
where a = b/d. 2b being the width of the channe].

- q_-) . _) .
We take h.n = 0 if & is time dependent, and

- -
(VXh)Xn =0
- s .
where % is a unit vector normal to the surface. In our case n = jon x; = +a
-3
and —j on x, = —a.
Thus -
hy =10 for z, = +a
and
Ohy oh, .
=y = 0 forz,= 4a
o, O, 2= & (20)

which further gives

oth,

oz 0

(Michael Sharman and Ostrach Siman 1966).
3. METHOD OF SOLUTION
We ™ assume (dashes have been dropped)

Uy = Uy(¥g)eXp(tra,--ot)cosnaz,
Uy = Uy(Ty)eXp(ir®,+0t)COSNMLs ‘
Ug = Us(,)OXP(irZ,+0t)sinnmrs
hy = hy(z,)explira,+ot)cosnmay ‘
hy = hy(xy)exp(iry,4-ot)cosnmag ;}
hy = hy(ap)explira, -ot)sinnme,
0 = B(x)exp(ire,t-ot)sinnmz,

dw = Sw(xy)exp(irz,--ot)cosnmzs S

(21)
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where n is an integer. We shall take » = 1 since it gives the most unstable
mode.

Substituting (21) in equations (14) to (17) and applying the curl operator
on (14), we obtain

a0 P
o¢i = Reyr 5 /\k+V2¢i+‘171 QDY . (22)
j 2
Piohy = Du,;—}—% (D2—E2)hy o (23)
2
wrhy+ Dho+-nmhg = 0 . (29)
irty+ Dug+nmug = 0 ... (28)
Piob—u, = (D*--k*)0 .. (26)
where N N P
¢ = (curd w)g. ¥y = (curl b);, (curDk = e ow o (27
7
d
2 = g2 g2 =
k? = 72472, D—dxz' (28)

The z, component of (22) gives
~k2~a')(_ﬂul——iv'u3)——R(z'r)6+1€i QD(—mhy—trhy) = V. .. (29)

Since wu; == uy = Dh; = Dhy = 0 at x, = +a, therefore —nD%u,—irD%u3 =0
for zy = +a.
We take D%y, == 0 and D?uy = 0 for o, = 4-a.

From (26), we obtain
D=0 for wy,= —+fa. ... (30)

Again applyving the curl operator on (22),
oV = — R [ oo (V0)—Ae(v0) |+ Vit ot @Dy BESY
i F) w5 k P2 (
Eliminating vw?h,; between the x; component of (23) and (31), we get

o(D2— )y = R(Da——r2)(9+(D2—k2)2u3+;—;—1 QD ( Pyoh,—L2 D, ) 32

P,y
which gives D, = 0 for z, = +a.
Thus, we have
Uy = 0 = Dy = 0 = Dtu, for ¥, = +a

and
0=0=D¥=0= D4 for x, = +a.
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Eliminating ¢ and &, from (32) by using (23) and (26).
(DP—kt— Po (D2 — k2 —0)(D2— k¥ — P,0) — QDR D2 — k2)u,
—R(D*— |2 —PoD?—r?)uy = 0. ... (33)

Since w3 and all of its even derivatives vanish at the boundaries therefore
we write the solution as

ny = A sin (_qi('lmﬁ) .. (34)

where ¢ is an integer.
Substituting (34) in (33). we have

(97 wtnir ) [ (25 i ) (£ e ) 0 2

[92”2+k2] =R 12;’? hePy ) (L0 ) .. (35)

or
we B Bt B RA
i tat <P +B+P> <an BB P
(Q g*n® B2) RA

2P P P P ‘P'IT); == O. v (36)

We first consider the case when the principle of exchange of stability is
valid. For this case putting ¢ = 0 in (36), we get

B (@ T +p)

RBR= . v — .. {37
2,2
where B = qa;r + k2 .. (38)
2
A= QZ"T A .. (39)
or
22 3 22 22
(e a0
R = (40)

(% +7)

The minimum value of R occurs at ¢ = 1,
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Taking ¢ = 1 and substituting the value of k from (28) we get

(X HX 0@ T,

R= < .. (41)

where X = %;—}—rz.
- dR .
For R to be minimum, ix = 0 gives

I; 2
2X31-3X 22 - 2 (774+Q-Z—2> — 0. . (42)

The positive roots of the above equation have been obtained numerically
by Newton-Raphson Technique for different values of @ and a.

(?)}g > 0 for X > X,, where X, is the positive

root of (42). Now in case X, > 7%/a? we get the minimum value of R by
substituting X = X, in (41), but if X, << 7?/a®, r®> becomes negative which
is absurd. Therefore in case X, < 7%/a* we have substituted X = n?/a?
in (41). The values of R for different @ and a have been given in Table I.
The graphs of In R against @ for different « is presented in Fig. 1(a). We
have drawn the graphs of In R against a for different @ in Fig. 1(b).

It can be shown that

Now we consider the case of oscillatory motion. Since ¢ is a complex

quantity, therefore we write
o = 0p-+1i0y.
Separating equation (36) into two parts, real and imaginary, we get

30',(72—{—( P, +B+]7 ) (ot —o?)

/ gm B* B* B* RA
*(Qazp“L A PB)

2,72 B2 R4
[ <Qa2qP717P PP, )* PP, ] =0 o (43)

and

B B

3020 —03+4-20,04 | — +B+ =
1 t+ rUe ( P]_ P2 )

q*m? B2 RA 4
(@ 55, o*P, P +131+1>1P2 PIB) =0 .. (4



943

MAGNETOBYDRODYNAMIC CONVECTION

PPLO-GE
ErL-EE
01888
099L-0¢
1090-68

q98¥1-L8
6286-92
998%-62
€2LG61

99L8-F1
8€69-01
01€¢-8
8¥E6-¥

£¥88-96681
GL¥E-60891
9110-L0391
QEET-LBYET
083%-9%611

¥+64-6L601
BO88-8LER
9eLE-TERD

LECT-CT0¢

9618-0L0¢
LEFO-CALT
088%-8921
FIIG-LGO

d
0g ="

CLIT-EY
EEr9- 1T
1968-6¢
6866:LE

9P16-9¢

ORRC-LE
9Le6-0¢
9LOK LT
SLNG-6C

$66F-81
QETT-€1
11Lé-01

A4 Va o

9910-€0%08
$996-669LE
FOEY GLEVE
T988-926EE

¢RE0-8FF61

He80-68981
GOLT-ROLET
109¥-86801

YEEE-608L

coi4-LeYt
GLEE-E9PE
LOGY-9991

FLIE-LYD

8226-LY
1E€8L-4S
B6LY-E¢
PLLBOG
92E-8%

ega1-9v
L8P0 1¥
1L6¥%-LE
c01¢-3¢

6686-F¢
19gL-L1
cl0L- Gl

ODLR-6

I orqey,

Q0gF-LE1E9
88G0-FPELY
1LGY-LTYTY
98L9-05999Y
0GLT-PELEE

684-99LEE
Y¢e6-669LT
06T2-9€91¢

9TI0-LOZLE

6GRR-RLYY
PY6E-89CY
[8BOL-€99C

CUEE-6LL

8L¥P-¥6
G980-16
£398-L8
069€-68
9L6-8L

6990-¥L
€29y-89
$018:19
B6LY-1G

LE¥O-1P
008%-6¢
008¥%-6¢

0087-6¢

9GFP-860088
L008-861803
G06L-SLEOBI
LE6L-PITFII
190911891

LOGY-1E€86TT
GLBL-69ELE
GLID-TEOPL
PLOB-LICTS

¥$996-669LC
1882 -F16G1
1RLG-BLEL
18LE-P¥0E

0008
009%
000¥
009¢
000¢

0097
0002
0091
6001

00¢
008
001
0




944 S. P. BHATTACHARYYA AND §. K. JAIN

From equation (44), either o; = 0
or

B B
2 g2 D
302 —0%4-20, (P1+P2+B)

¢*n* B* B B* RA\ \
+(Q a*P, +F2'+1T1+P1P2 }ﬁ) =0 e
Eliminating o; between (43) and (45), we get
— 808 —9T,02— 2T 00— 2T %0y — T 1, + Ty = O .. (46)
where
B B
T, = FBp )
. q2n2 B2 B2 B2 “E
T, = (Q&¢;+E+E+PIPE PIB)
_ q27r2 B2 #»_R‘A
T, = |B(Q 2P, P, +‘15;‘P‘2') PP, I
When o, = 0. eqn. (46) reduces to
’ 7,7, = T, e (47)
Substituting the values of 7', 7, and T,, we get
1 (X473 71 1 Qme (X472
rer (o) 95 () ]
. P, X PP 1 X
v el gep, ( 1 _’_Fl)
(48)
where n?
X == 5‘2——1-7'2.
We have taken ¢ = 1, since the minimum value of R occurs for ¢ = 1.
For R to be minimum,
dR
2o =0
or X
1 1 1
3 2Y2__ —_ ) 2 = =
(2X3 4372 X2—78) (P1+P2) Qn‘*/[a P2(1+P1)] 0. . (49)

The above equation has been solved numerically for different values of
@ and o, We have taken P, = 1 and P, = 2 in our numerical calculations,
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As in the previous case, we take X, = #2/a to obtain the minimum value
of E when the positive root of the above equation is less than #t2/a?. The
values of R for different ¢ and a have been presented in Table II. The graphs
of In R against @ for different @ are given in Fig. 2(a).

4. DisoussioNn

In Fig. 1(a) the graphs of In R against Q for different values of a are given.
It is found that the critical value of R increases with the increasing value of Q.
It is observed that for smaller values of the aspect ratio a, the effect of the
magnetic field is more pronounced and that for 0 < @ < 500, R changes more
rapidly. In Fig. 1(b) the graph of In R against a is presented for different Q
and it is seen that for 0.5 < a < 1.0, R decreases with increasing a, more
rapidly. In Fig. 1(c) we have drawn In R against large values of a. It is
noted that all these curves appear to converge as a tends to infinity. To

550

2.5
2.0 1 l | i I} | o |
0 ., 500 - 1000 1500 - 2000 2500 - 3000 3500 . 4000
Q—

Fig. 1(a). The variation of In R for the onset of instability as a function of @ for different values
of the aspect ratio a.
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Fig. 1(b). The variation of In R for the onset of instability as a function of a for diffcrent values
of Q.

H
L}

I

IS, N SN E— ! 1 L . )
%5 S R S (A E X T T
[ e—
FIG 1(c}

Fig. 1{c). The variation of In R for the onset of instability as a function of « where a is large.
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examine the situation more thoroughly we consider eqn. (42) as ¢ — o and
obtain X — #%/2, so that from (42), R — 27m/4.

It is well known that for an infinite layer of horizontal fluid in the pre-
sence of a horizontal magnetic field the critical value of R is independent of
the magnetic field strength, because the field does not have any stabilizing
effect on the disturbances proceeding in a direction normal to the magnetic
field. The critical value of R is therefore the same as in the corresponding
hydrodynamic case and is equal to 2774/4 (Chandrasekhar 1961).

In Fig. 2(a) the curves of In R against @ for different a are given. As
in the former case we find that for small values of the aspect ratio the effect
of the magnetic field is more prominent. In Fig. 2(b), In R is drawn against
a for different @ and it is observed, as in the previous case, that for

S'D'—

L ] 1 1 1 1
Y 500 . 1000 1500 2000 2500 3000 35100 50100
Q —
Fig. 2(a). The variation of In B as a function of @ when the ouset of instability can occur as

overstability.
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~
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INR ——»

Q:2500
Q:2000
Q-1500
Q- 1000
35+
G: 500
Q:200
Q:=100
Q-0
3 L i 1 {
Q-5 1-0 15 20
G ~——
FIG. 2 (b
Fig. 2(b).The variation of In R as a function of a when the onset of ili
> s insta) ST
stability. bility can oceur as over
3'375[‘
q: 4000
3,252 + 3000
Q - 2000

r @ = 1000

[v4 -

c Q:0

3125

. | 1 ! i { 1 ) ! 1 ]
305 ic 26~ 3840 50 50 76 0 %0
O —

Fig. 2(c). The variation of In R as a function of a where a 1s large when the onsei of instability
¢an occur aa overstebility.
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0.5 < a < 1.0, R decreases more rapidly with increasing . In Fig. 2(c) we
have drawn In R against @ for large values of a. Here, as in the previous
case of convective stability, we find that the curves appear to converge as a
tends to infinity. In fact, as ¢ »> o0, X > 7?/2 (From eqn. (49)) so that
from (48).
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