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In this note we obtain two theorems concerning integrability of trigono-
metric series with &-quasi-monotone coefficients which generalize some
results of Yong (1965) who studied similar problems for quasi-monotone
coefficients.

§1. A sequence {a,} of positive numbers is said to be quasi-monotone

aa
2 for some o >0,

iff n=fq, | O for some f > 0, or equivalently, iff Aa, >—
where Aa, = a,—a,_,.

n

Tt is clear that if {a,} is a positive monotonic decreasing sequence then
it is also quasi-monotonic. However, the converse need not be true.

A sequence {¢,} is said to be §-quasi-monotonic if a,—0; «,, > 0 ultimately
and Aa, > —0, where {,} is a sequence of positive numbers. By taking

1)

7

= 2 we find that a §-quasi monotonic sequence becomes simply a quasi-
n
monotone sequence.

A positive function L(x) is said to be ‘slowly increasing’ in the sense of

Karamata (1933) if it is continuous for » > 0 and lim E@ = 1 for every
e L) -
fixed £ > 0. Some of the important properties of such a function are as
follows :*
p Ltx) . )
1 Z—(—x—)-—ﬂ as a — oo, uniformly for 0 <a <t b < .

P,: If (F)x) ~ L(z), x = oo, then F(z) is also a slowly increasing function.

Py : z*L(x) — oo, x~*L(x) - o for every a > 0.

*Py, Py, P; and P, are due to Karamata (1933) and P; is due to Igari (1960).
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P,: If we write for some a > 0.
Lyx) = »=* Max {L(t)}, Li(z) = x‘ Min {t-‘“L(t)}
0sts2

Ly(x) = a* Max {t~*L(t)}, Li(x) = @"“ Mln {t"‘L(t)}

TSI < ®

then Ly(x) ~ L(z) as z = o0, for k = 1, 2.

Py : For any o > 0, we have
L(tu) < Ot~2L(u) foreveryu > 0and 0 <t < 1
Luft) < Og—L{u) foreveryu 2 0,0 <t 1
where C, and C, are positive constants depending on « and L only.
§ 2. Concerning the integrability of Trigonometric series
flx) = 5 a,cosnz and g(x)= E @, sin nz,
n=1 n=1
Boas (1952) proved the following results in which he assumed the sequence
of coefficients to be monotonic decreasing and tending to zero.
Theorem A—If a, | 0and 0 < r < 1, then x— f(x) € L(0, m), if and only if,
b5 nla, < c0.
n—1

Theorem B—Ifa, | 0,and 0 < » < 1, then 2~ 7g(x)€ L(0, 7), if, and only if,

X wfla, < oo.
n=1

Later on Sunouchi (1953) proved Theorems A and B by a different method.

Shah (1962) obtained the following results concerning the integrability
of trigonometric series for quasi-monotone sequences which generalize the
above theorems.

Theorem C—Let {a,} be a quasi-monotone sequence.

(i) If 0 << r <1, then E n'la, is convergent if, and only if,
@ o,

(i) If 0 <r< 1, then % n'~1g, is convergent if, and only if,
xrglx) € L(0, m). .

This theorem was subsequently extended by Boas (1965) for d&-quasi-
monotone sequences. His results are as follows :

Theorem D—Let 0 < r < 1, and let {a,} be a J-quasi-monotone sequence

with Zl n'd, < 0. Then la,+ Z a, cos nx converges (except perhaps at
N
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integral multiples of 27) to f(z) and § w~1g, converges if, and only if

=1
& fi2) € L0, m). "
Theorem E—Let 0 < r < 1, and let {a,} be a d-quasi monotone sequence

o« a o0
with X #'8, < cc. Then ¥ a, sin nr converges to g(x) and X ar-lg,
n=1 n=1 ne=1
converges if, and only if, a-7g(z) & L(0, m).
Remark :  Suppose that {a,} is a positive sequence tending to zero and
aa, <
8, = 774’, Let £ w'1a, < oo and 0 < r << 1. Then Theorem D asserts
0

-]
that }a,+ X a,cosna converges (except perhaps at integral multiples of
n=1

27) to f(x) and § nr1lg, converges iff a7 f(x) € L(0, 7). Considering the
2=1
case [— X we observe that Boas had already assumed what he wished to

prove. Thus his results (Theorems D and E) suffer from this serious defect.
Of course, he could have avoided this by (say in Theorem D) assuming the

convergence of a—z" + X a, cos nx instead of that of X wrd, in the part { — X.
1 n=1
Aljancié et al. (1955) generalized Theorems A and B in a different direc-
tion. They proved, among others, the following results.

Theorem F—If 0 <r <1, a,}0, then xrL(/x)f(x) € L(0, m), if, and
only if, § n'1L(n) a, << 0.
f=1
Theorem G—If 0 <r < 2, a, 1 0, then a—rL(1 Je)g(x) € L(0, 7) if, and

only if, ¥ nr-1L(n)a, < 0.
n==1

These results were extended by Yong (1965) to quasi monotone sequences
in the following form :
Theorem H—Let {a,} be a quasi-monotone sequence with a,— 0 as

[}
n—s>w and 0 < r< 1. Then T wriL{n)e, converges if, and only Iif,
1
Lo+ § a, cos na converges everywhere to f(x) save possibly 2 = 0, and
1
& L(1[x)f(x) € L(0, m).
Theorem I—Let {a,} be a quasi-monotone sequence with a,— 0, as

n~» O

(-4 kst .
(i) For 0 < r < 2, if T wr-L(n)a, converges, then 21 a, sin nr con-
n==1 =

verges everywhere to g(x) and x~rL(1/x)g(x) € L(0, m).
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(i) For 0 <r <1, if £ a,sinnx converges everywhere to g(z) and
1

[
xTL(1/a)glx) € L(0, ), then X nr~L(n)a, converges.
n=1
It may be remarked that if we examine the proof of {— X in Theorems
H and I, we find that it is sufficient to assume that {a,} is only a positive
sequence.
In the present note our object is to generalize all the results stated above.
In what follows, we prove the following theorems.

Theorem 1—Let {a,} be a §-quasi monotone sequence and 0 < r < 1. If

on

w'L(n)d, < oo, .. (2.1
n=1
and
S wr-1L(n)a, . (22
n=1
converges, then
$ao-- %J a,, COos nx e (23)
n=1

converges everywhere to f(x) except possibly at z = 0 and
T L(1[x)f(x) € L(0, m). o (2.4)

Conversely, if {«,} is any sequence which is ultimately positive such that
(2.3) holds and if (2.4) holds, then (2.2) holds.

Theorem 2—(i) Let {a,} be a ¢-quasi-monotone sequence and 0 << r < 2.
If the series Eulon’L(n) 8, and s n'~L(n)a, are convergent, then § a, sin nx
converges evelrywhere to g(a:)1 and x~TL(1/x)g(x) € L(0, 7). 1

(ii) For 0 <r < 1, if % a,sin ne converges everywhere to g(z) and
xrL(1[x)g(x) € L(0, 7r), then % n'~1L(n)a, converges where {a,}is any sequence
which is ultimately positive.

§3. We require the following lemmas for the proof of our theorems.
Lemma 1 (Aljangic et al. 1955)—For
r>0,0< AmLn) < E kLK) < AgnrLn)
k=1

where 4, and 4, are positive constants.
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Lemma 2 (Aljansic ef al. 1954)*—Let a and [ be positive. If the integral

foy" Ifo)|dy < o0, for —a <k < pf, then :ffof(y)L(/\y)dyfw L) jo fly)dy.
A > 0.

Lemma 3—1If {a,} is a §-quasi-monotone sequence with = n*L(n)8, < .
n

r>0 and X n=1L(n)a, converges, then 3 ntL(n)]|Aa,| < co. Conversely,

n=1 n=l

if @, 0 and E nfL(n)|Aa,| < oo, then § n'=tL(n)a

n=1 n=1

it convergent.

”

Taking L(x) = 1, we get a result of Boas (1965) while for §, = % we

have the corresponding result of Yong (1965).
Proof of Lemma 3: Since Aa, > —4¢,, we have |Aa,| < Aa,}-25,.

o0
First suppose that X nr-1L(n)z, converges. Then by Lemma 1, we have
New]

S KL(k) | Ay | < At >: A >: i) < 4 z (Aagt-265) S or-1L(w)
=1

k =1

—A 3 oLE) D (Aapt28) = A T o1L{)(ap+-2 5 &)

V=1 k=v p=1 k=?

<4 5 v"tL(v) |ay | +24 E O ”"IL(?’) 4% vr1L(w) | ay|

Pl P==1 p=1

+A4 T WLk < oo.
k=1 :

Now suppose that )5 krL(k)|Aay| converges. Then by Abel’s transformation,
ko1

we have

n4l
2 kr1L(k)ay =
k=1

u b=

Aak E vr-1L(v)+a,., E 1L {w)

p=1 p=1

n k n+1 7
< Z |Aak| T v L(w)+a,; T o L(v) < 4 T | Aag|krL(k)
k=1 v=1 v=1 k=1

n+1
ta,, S v-L(y).
v=1

*The authors use in their paper the asymptotic relation J} f(x)L(m:)da: L(A) j fiz)dz for

a fixed ¢ > 0.
fWhere A4 is constant, not necessarily the same at each ocourance,

11
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Now

n+1 n+1 ©
l@;0 = Lw)or-1] = | 3 o™-1L(v) X Aag]
=1 v=1 k=n+1

n+1 © © k
<3 o) 3 |Am| < [Agg| S or-iL(o)
k=n+1 p=1

p=l k=n+1

<4 3 KLk |Aap] —0

k=n+1

«©
as n — 00, by virtue of the hypotheses. Hence Z kr1L(k)az converges.
k=1

This proves Lemma 3.
§4. Proof of Theorem 1: (i) Proof of £ — [ : By virtue of the hypo-
thesis Aa, >» —§, we have
|Aa,| < Aa,+28,

L.l Ll
Also the convergence of the series X nrL(n) &, implies that £ &, < o0.
nel n=1

Therefore using the condition that a, — 0 we have
2 |Ae,] £ 2 Ae,+2 2 §, < 0.
n=1 n=1 n=1

Thus %éﬁ— 5 @, cos nxr converges to f(x) for all x except possibly z = 0.
N=l

By Abel’s transformation, we have

@, © n
fle) = 5 4+ 2 (e,—a,) ( T cos km)
n=1 - k=1
@4y, & . sin(n+4)x—sinx/2
=3T 2;‘1 (@0 —tns1) ( 2 sin z[2 )

@y, 3 (cos(n+-1) 2/2) sin nx/2

o ?—I‘,El Y sin /2 '

Since (1/x)~*L(1/x)—> 0, as  — 0, it is easy to see that z-7L(1/x) & L(0, m)
for 0 << r << 1. Therefore it is sufficient to prove that

:j:x-'-lL(l/x) % (@,—a, ,)cos (ﬁi—l-) x 8in —7329—5 dx < .

n=1 2
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Now

dx

fx-f‘lL(l/x) 3 (a,—a,)cos (w)x sin 22
; 2 p)

n=1

< AT arL(fz) 3 |8a,| sin " eos (") o[ de
0 n=1 ! 2 2 !

e i . nx
<4 2 |Aa,| [ 1L/ sin — dx
n=1 0
— 4 3 |Aa, |wr LK, @)
n=1
where
| |
- —r—1
Kﬁ—_n’L( ) _f’v" L(1/x) sm2?da:.
Putting y = 1/nz, we have
1 e CL L(n)
— —1 ; e I AT = |
K, = 0] 1/7{1: Yy 1L(ny) | sin Qy} dy ~ i) j y' 1| sin?/2y {dy, n — 0,

1 w by Lemma 2,
< Jyrldy+A §oyriy < oo
+0 1
Hence the expressionin (4.1)is < 4 Z n’L(n)|Aa, | < oo, by virtue of Lemma
3 and the hypothesis. Therefore, x-fL (1/z)f(x) € L(0, ).
(il) Proof of [— Z: By assumption } a4+ 3 a, cos nx converges for

Nl

x> 0. The condition
zrL(1/x)f(x) € L(0, m) == f(x) € L(0, 7)

and hence a,, is the Fourier coefficient of f(z). Writing p = [1/8]and ¢ = [1/z],
where 0 < & < 7, we have
and

Supposing a, > 0 for n > p,, then

? . -
§ w-iL(n)e, £ 2 max {kL(k)a, = X nr-1L,(n)e,
n=p ”=po |k = ﬂ"})o

ERRY

x ?
= §: nr=1Ly(n) 2 f f(z)oos nx dr = { flx) X nr-1L,(n)cos nx dx
nwpo T 9 0 us-po
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+ ) = I,+1,, say.

? -
3 nr1L,(n)cos nx
n=py

dx:A(

© ey
LSt ]

2 = i
<+ Il

3 D I _
<ATIf@] ( £ wiLmde < 4 [ (f@)|aLlg)de
0 n=p, 0

< A [ L) ()| dx < .
0
Also

n . T ! D .
< 4] Ifw)] (£ wiLymdes 4 [I@1| 2 ar-ilumgeos na | do

n=
pO

< A4 fm-fL(]/x)[f(x)ldx+A E]f(m)lq’“—lzz(q) Max% § cos 'm:! dx
I L q :

< 4 forL(o)|f@ |de-+4 T [fe) |0 Lal0) gz

sin /2

< A [erL(/2) | fle)|de < oc.
H
This proves [ — T part of the Theorem 1. Thus the theorem is proved.

§5. Proof of Theorem 2 : (i) Proof of Z— [: Since Aa,> —&, we

have |Aa,| < Aa,+26,. The convergence of the series 9 ntL(n)8, implies
n=1

that 8, < o0. Therefore, by using the condition that a, — 0, we have

Neal

S [Ag,| < T Aa, 423 8, < oo
1],=1

n=1 n=1

ao
Thus Zl @, sin nx converges to g(x) for every .
fea

Using Abel’s transformation we have

g(x) = SemaE nE= ) {cos x/2—cos(n+L)r}(a,—a,.,,)
o0 l e«
= —% tan x/4 ’El Aa,,,—}- mx—ﬁ ”2;1 Aan(l-—'cos(n-*—%)x
and hence

[9(z)| < } tan 2/ §1 | Aa Hz)
s

ol 2s1nx/2
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where

Giz) = % | Aa, | (1—cos(n-1)z).

= MR

Since (1/x)=L(1/z) > 0, as « — 0, it is easy to see that x—7L(l/x)tan x/4
€ L(0,7m) for 0 < r < 2. Now

fx'TL 1/x)G(x)dx = j‘x—f‘lL 1/x) Z |Aa | (1 —cos(n+L)x)dx

= En'L n)|Aa, |1, .. (8.1)
where
1
n an jx—f*lL 1/z)(1—cos(rn-+4)x)dx
— 2 [ ez (sin}n+B)a/2)d
nrl{n) 3 /2
. 1
Putting y = geEmT we have
2
anyy w :
I = r-1(gin2 1/2y)L d,
" n"L{n) 1/(nf+hny (sin® 1/2y)Lin-+-2)y)dy

2 [ <]
e -1L, 1 in21/2
L(’n) ]_/(n“-+i)1¢ ?/r ((n+ 2)?/)(81n / ?/)dy

~ 2:[: yri(sin? 1/2y)dy, as n— oo, by Lemma 2.
Then, as n— ®
1,2 j';y"—l(sinz 12)dy < 0, 0<r< 2.
Hence the expression in (5.1) is
<4 Eln'L(n)lAa,J << 0
by Lemma 3 and the hypothesis of Theorem 2. Thus we have
j‘ xrL(1/z)|glz) | dr < A+ 4 f 2t L(1]2)Q{zx)dx < 0.

This proves T — [ part of Theorem 2.
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(i) Proof of ~— Z: The proof of this*part is similar to that of Theorem 1
and hence omitted.
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