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The boundary value problem associated with the heat and mass flow in
porous and moving medium is considered here. The porosity and velocity
of the medium are assumed to be constant. The study includes tempera-
ture distribution in a finite cylindrical medium with radiating surface condi-
tions and Neumann type ends conditions. There are time-dependent
heat sources throughout the body and uniform mass-flow along the axis.
Analytical solutions are obtained using Dubhamel’s theorem. This problem
reduces to the ‘Trec., roblem’ when the velocity of the medium is identically
Zero.

1. INTRODUCTION

The differential equation of the conduction of heat in a solid medium

b 4
moving with veloeity » is well known :

or - .
re 5 +pcu. grad T = div(K gard 7)--Q. .o (D)
All quantities have their usual meaning and @ is rate of heat generation per
unit volume of the medium. Under certain restrictions, the heat transport
equation in a porous medium will take the form of (1). Because of several
agsumptions involved (Bédvarsson 1968) it is derived here in brief.

The material of a homogeneous, isotropic and incompressible body is

assumed to be moving with the velocity ZZ Moreover, the body is porous
and is permeated by an incompressible fluid which moves relative to the
material. The porosity is assumed to be small. The pores or cracks through
which the fluid permeats are supposed to be very finely distributed. The

averaged fluid flow relative to the body is represented vy a flow vector.)v.
This vector represents the fluid flow per unit area of the material and not
the true velocitv of the pores. Furthermore, because of the very finely
distributed pcres, it is being assumed that the thermal contact between the
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fluid and the solid is perfect. This implies a very rapid exchange of heat
between the two phases and this condition is realized when the fluid percolates
slowly enough. Under thiese conditions, we have :

(1) Heat is being conducted through the surface element dA of the
material at a rate dh, — — K dA grad, 7.

(2) The fluid transports heat through dA4 at a rate

Al = spa0,T dA
— sq,T dA, G, = pad,

where p4 is density, v, the flow rate along the normal of d4 and ¢, represents
the mass flow of the fluid normal to d4; s is specific heat of the fluid.

Therefore total heat transport is di = dk,+dhy. The transport vector
may be defined now to be h = — K grad T'+sq7T'.

The rate of gain of heat in an infinitesimal volume element dv is
(Q—divh)dv, since both phases are incompressible, this represents the gain
in internal energy e in dv. @ is the heat generated in the material per unit
time and per unit volume of the wet material. Since de = dcT', we have

(Q—divh)dv dt = pedTdv e (2)

where ¢ is the specific heat of the wet solid.

Now,
DT
dT = i dt,
where
DT or -
D = 5 Tuwgrad T . (3)

On the basis of (2) and (3), we have
or - . N
pe (—(—”—--}—u.grad T ) = div(K grad T")—s div(Tq)-+-Q.
But, div ¢ = 0, therefore
or & .
pc (—at—-—}—f.grad T ) = div(K grad T)+@Q, e (4)
f is called transport vector and f = u+sg/pc. The equations (1) and (4) are

markedly identical. If g = 0, then the transport vector f will be reduced
to velocity vector % of the medium.
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2. FORMULATION OF THE ProBLEM 1N FIN1TE CYLINDRICAL MEDIUM

At present we are not considering a general problem; the transport vector
f is assumed to be constant. A finite cylinder of length L and radius a is
considered. Tt is moving with a constant relative velocity « in the direction
of its positive axis with respect to the constant mass-flow ¢ per unit area
normal te the fact at z = 0. The transport vector is then reduced to
f=wultsglpc. We call it transport function. In general it could be a fune-
tion of r,z and . We also assume heat flux at the two ends and radiating
condition at the surface » = @. Thus the problem may be stated as below :

Qr,2,1) 1 /0T oT
2 —— — [P ———
Vel 2 f)4 S = ¢ <6t 5 ) V<t 0<cz<l,0<r<a
(5)
T 1
—PGTZ—:fl(r’t) a.tz:.O
—g—g— = folr. t) at z =1

oT
_a—r-}—hT = fit) at r=a

and

T(r,z, 0) = Ty(r,z). J

In the case of Tree-problem, f = sq/pc, (u = 0}, f;, f, and f; may be
periodic functions. The tree trunk is porous with uniformly fine pores dis-
tributed across the cross-section. The liquid masses flow across those pores
from the ground and kept the tree alive. However this mass has periodic
velocity, becomes maximum in wet season and minimum in the dry season.
The surface is radiating and the temperature of the surrounding is again
periodic. There is a continuous internal heat sink (source) inside the body.
The sinks (sources) are axially symmetric and depend on the distance from
the ground and time.

3. MrTHOD OF SOLUTION

Suppose that the temperature function ¢(r, 2, #, #') depending on the fixed
parameter ¢ is a solution of the boundary value problem in (5) and (6) in the
case in which the source function @ and the surface temperature fun ctions
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fi (i = 1,2, 3) are functions of space variables and of the parameter ', but
not of the time . So we may write

Qr,z, t) = Q(r,z, 1)
ff(rs t) = fi(r3 t')'

The problem in (5) and (6) may now will reduce to :

. w1 N 18,0 ,
V’gb(?, Z, fy t )_*_X‘ Q(T, z, t) = Z ( 'a?”}"f g) ¢(T, 2, t5 ¢ )a

O<th0<ze< L, 0<r<a N A
™\
gg = fi{r, t') at z =10
ggi = fulr, 1) at z =L
“ y .. (8)
¢ —
+h¢ fs(t) at r=a
and
¢(7', 29 0, t’) = TO(T, Z) J

Then by using Duhamel’s Theorem (Sneddon 1951), it can be shown that the
solution T'(r, z, t) of the boundary value problem in (5) and (6) is given by

t
T(r,z. t) = {70{ [ @lr,z, t—t', t")dt’ e (9)

0
let us substitute

Olroz, t,87) = Y(r,z, t, 1) -+fa(t') R
and the boundary value problem (7) and (8) be rewritten :

V%H—%Q:Tlc (%ﬂ{%) ¥, 0<t, 0<z<L, 0<r<a (10)
)
‘g‘;ﬁ* = filr, 1") atz =10
61,& = folr, t') atz =L
y . (1)
agﬁ,_;_k;ﬁ_o atr =a
and
Y(r,z,0,8') = Ty(r, 2)—f3(t') /R, J
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Now if we substitute
W= (2. )b ipalr z, 1) X2, 1, 1) e (12)

with the help of it, (10) and (11} may be rewritten as follows :

V27/f1:f/]f%1{,—‘, O<r<a, 0<z< L

Wi .o B
—a?_fz(7:f) atz =L,

5%#1 L Lk =0  atr=a,

V¢2 <0f+faz>¢‘2> 0<Z<-L 0<r<<a, 0t
. W _ g -
(B) : 5;—_ atz = 0, L,

o, - b, =0 atr=a,

or

lﬁg(% Z, 0, t/) = TO(Tr 5)—?/’1(7‘, Z, f')"_ﬁfs(f'):

o 1 N 1,0
and VXL QUat) = ¢ (55 ) X
(¢ - <t 0<z<< L, 0<r <a,

E7:0 atz =0, z-—=1L

dz

oxX

4—{—hX——0 atr=a

. X(r,2,0,t)=0.
The solution for (A), (B) and (C) now may readily be obtained. Than
T(r, z, t) may be found thus

Zj
at

t—t'

T(r2,0) = g [ [Wntr o )43z 1,004 [ Yl oo, )+ ) Jar

o=~
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where

X(T, Z, t> t’) = 9,/\3(7" Z, T, i,)dT'

D oy

Simplifving the above expression for T'(r,z, 1), we get

1 ot t
T(r,z, t) = yry(r,2, 1) ff3(t)+37 _fo Vo(r, 2, t—t, t')dt' + {) Yalr,z, t—1t', t)dt’
(13)

We assume iy, i, X and f,; are bounded and measurable on 0 < ¢ < c0.
Solution for y(r,2,t') :

Solution for i, is simple. We take i, = U+ ¥, break-up (A) into two
boundary value problems., Thus :

2 © %l (a a2y —Ida; v,2)
Ir ( (AN 2\ 5 ) Yy Yy
hom ) = G | 8 gy o) |

where
Il(a; ’y” ) (771 OOSh ’)/n(L Z)+a0 S]nh f xJO(lun fl(x ’

a

I(a; y,2) = (v, cosh (y,2)—a, sinh (y,2)) | xJ(u,2)fs(x, 1")dx
o

t, are roots of uJ (ua)-+hdy(ua) = 0,

and
@, == ZIIE’ vE = a2+ pl. o (14)

Solution for yry(r,z,t,t")

N —kaZmntsage I nw
Polr, 2, b, t") = ni 3:0 B,,.e o ( o Sin — 5 s — 2 )JO(/LmT)
where
L
402 [ e " agsin 20 2~ "7 cos T2\ Ia;2)dz
Bm _ Iu“mOJ. ( 0 L L L ) ( )
' LR+ pL) (X — 1)

=1

I(a;2) = [ a[Ty(x, 2)—9n(, 2, 1) —f,(t") R o(pmx)d

i)

Mm 2Te roots of
T o(pa) -1 o) = O

A2y = pd+nin? L2 f2[4R2, .. (15)

and
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Solution for X(r,z,t,t')

V2X+71(‘ Qr,z,t") = ]? %X- f/k-ag—0<t O<r<a <z,
X
W - 0 atz: O a:nd zZL, aee (16)
a

X+kX—0 atr=a

X(r,2,0,t')y = 0.
Applying Laplace transform to (16) with respect to t we get

+f (sX) = ky? (SXH— Q,

aX1
Iz

=0, atz=0 and z=1I, .. (17

—afg—f—kX*O at r = a.

Tt can be seen now that sX(s, 7, z, t') is the transform of the solution of

6¢3 7,2, t t') +f 0¢3 — ks,

%:O’ for z = 0, andz:L,

0z

%%__{_h% =0 for r = a, .. (18)

Ps(r, 2, 0,¢) KQ(azt

Therefore
X )’
a—~(r, 2,6, 8) = [ @ur,z, 7,8 )dr. ... (19)
¢ ()
The solution of (18) and using (19) we get
’ © © 1 — g—ka%mne s
X(r,z, b, t') = nEO mZ=Oan (—k—/\zm—n—) e’ Jo(pmr)

.o nw nwr
Ay 8iN —— z2— ——— C08 —— 2

L L L
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where

L gz,
4k [ e aoz( a, sin %’—r Z—CO0s 7%”2 ) Iy(a; z)dz
Byn = 0

mn

@KL+ p2) J: prma) (A2, — y2,)

Lya;z) = foo(,umx)Q(x, z, t')dx

0

Hm are roots of uJ(pa)--hd (ua) = 0

and
Az = p2-LnPr?/L24-f2/4k2. ... (20)

Now 7'(r,z,t) may be obtained from eqn. {13).
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