ON NORLUND SUMMABILITY AND CONVERGENCE OF
FOURIER SERIES AND ITS CONJUGATE SERIES

by C. T. Rasacorar, F.N.A., The Anchorage, Agaram Road, Madras 600059
(Recetved 3 December 1973) .

This note has a dual purpose. First, it shows how one may readily deduce,
from a theorem of Rajagopal’s (1963a¢) on Norlund summability of the
Foutier series F(f) of f(z) at a point and from the analogous theorem of

Hirokawa and Kayashima (1968), for the conjugate series ﬁ(f) of F(f), all
the theorems in a recent paper by Prasad (1973) and some others among
which are a theorem on F(f) given by Iyengar (1943) and an analogous

theorem on i‘( f). Secondly, this note shows that, in consequence of the
theorems of Rajagopal, Hirokawa and Kayashima, certain successively
stronger hypotheses involving ¢(x), or Y (z), at * = z,, where ¢ and ¥ are
defined in terms of f as usually, imply progressively weaker Nérlund sum-

mabilities of F(f) or of I:’(f) at @ == @,, and thence, in conjunction with pro-
gressively less restrictive Tauberian hypotheses on the terms of F(f) or of

ﬁ’(f) at ¥ = x,, convergence of F(f) or of i‘(f) at x = x,. We thus have a
scale of convergence criteria for F(f) or for 17’( f) which was reached by Jurkat
(1950/51) via Riesz summability. The simplest criterion of the scale for
F(f) was first obtained by Hardy and Littlewood via Valiron summability,
while the scale itself was first derived by Iyengar from his theorem referred
to, though with successive hypotheses on ¢ somewhat stronger than the
corresponding hypotheses in this note. Finally, it is recalled that Rajagopal
(1963b) has shown how one may get the scale of convergence criteria for
F(f) directly, without introducing summability of F(f) of any kind.
1. NorArIioN

f(x) is a real function, Lebesgue-integrable and with period 2z, whose
Fourier series and its conjugate series are respectively

F(f) - 00+ Z cn(x):
n=1
where ¢, = 1a,, c,(x) = a, cos nx+b, sin nz,
F(f)= X e,(a),
n=1
where g"(x) = b, €OS nx—a, sin nx.

In slight modification of Prasad’s (1973) notation, we write
t
¢x(t) = f(z+t)+f(x—t)—~2f(x), q)a:(t) = Of !¢x(u) l du»

V) = fetti—fe—),  E.0 = [ |g,00|du.
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If % a, is @ series with partial sums s, = a,-+a,+...4a, (n 2> 0) and if
)

p,(n > 0) is a non-negative sequence such that py, > 0, then summability
(N, p,) of Za, or s, to sum & is defined (as usual) as the convergence to § of

n \
( IE“ P o_kS% )/Pn when n - 0 (P, = py+p1+...+D,)

The methods of summability (N, p,) in this note are regular since they satisfv
p. /P, — 0, a condition necessary and sufficient for regularity.

2. APPLICATIONS OF TwO Basic THEOREMS ON NGRLUND SUMMABILITY
oF FOoURIER SERIES AND I1Ts CONJUGATE SERIES

References author-wise, to the original sources of all the results which
follow, are indicated within square brackets, and further necessary details
about the references are given at the end as usual. Proofs in the sources
are omitted, but alternatives to them are supplied when thev are relevant to
the present context.

Theorem A [Rajagopal (1963a), Theorem I]—Suppose that p(u) is positive.
monotone decreasing for u > 0, p, = p(n),

u
P(u) = [ pla)de > 0 as u — . (D
0
Then the hypothesis that, for a fixed §, 0 << § < 1,
d P(ju) o , , . .
1/{; <I)m du . du = o(py+p1—+...+p,) a8 1 — o0, .. (2

implies the conclusmn :

F(f)is summable (N, p,) at @ = z, to sum f(z,). ... (3F)

Theorem A [Hirokawa and Kayashima (1968), Theorem 1l—In Theorem A,
retaining (1), we may replace hvpothesis (2F), conelusion (3F), respectively
by

~

u

I‘I’(ug

in

f(f) is summable (N, p,) at x = x, to Sumf(;ro),

Frao) = — [ i (u) cot u du, G )
0 1]

m

provided this integral exists in the Cauchy sense at the lower limit.
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The results of Prasad (1973, Theorems 1, 2) which follow immediately
are shown to he special cases of Theorems A, A. The result of M. K. Singhal
quoted by him is a further special case which is essentially the same as one
given bv Hirokawa (1968, Theorem 1).

Corollary 1—In Theorem A [or Theorem A], suppose the p(u) of (1) is
defined by

pu)=mp, for n < u<ntl(n > 0),
Po 2 P12 Po2 ... >0. P, = pytp+..+p, > 0. } @
Also, repla»ce (2F) Tor (2']‘7")] hy
tyJor ¥, ({\] = ofA(tVp(t-NafP(1-1)} ax t— 40, .. (5)
where A(u). a(n) are monotone increasing and such that
A(n)P, = Ofa(P,)} as n— co. ... (6)

Then conclusion (3F) of Theorem A for (3F~) of Theorem ZX] remains true.

We outline the proof of (3F). assuming (4) and the first alternative of (5),
omitting that of (3F) which is exactly similar. The proof of (3F) now requires
only the fact, established below. that (5) in its first alternative implies (2F)
with the definition of p(«) in (4) and of P(x) in (1). In our argument, we
suppress the suffix », attached to @ for the sake of convenience.

The definition of p(u) now implies that d_} /u) exists for almost all
w > 0, and is negative. Hence.
s 4P|, o s @u)P(1/u)
]/fn D(u l;du - !du == —l/jn o )—Lll_[n e du ... (T)
j'l O(r—Vop(v)dv+- f O(v-1)P(v)dv
5 [ e
= I,+1, (say). . (8)

et m be the greatest integer not exceeding §~1. Then

n—-1 k+1
[ O@w-Yoep(v)dv
13

4

I <
k=m

n—1 k+1
< £  max {®@v YV} [ pedv
k=m k<< ktl E

= T kY (kL Dps

k=m
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VAN
4

(kY po+... +Pr_y+ Dk}

k=m

st Ak)pr _ i _
z o { a(Py) }P’“ = E o(px) by (5),(6);

k=m =m

n—1 K+1
I, < X [ ®@w?) P
k

k=m

<< El max O YHYP(k4+1)

k=m k< v <k+l

n—=1 n—1
= X Ok Pr= I olpr) by (5), (6)
k=m k=m
The above estimates for I,, I,, when inserted in (8), show that (2F) holds
as required.

Corollary 2—Hypothesis (2F) of Theorem A [or (2ﬁ) of Theorem A] may
be replaced by

} [z ()] ﬁ:j/u*) du = o{P(1/t)} as t — 40 l
0 0
g ()
1/" |
[Or J.hk (fl ofPl/t}aS{_)_}.() J

without any other change in either theorem.

The above modification of Theorem A, but not of Theorem A, was given
by Iyengar [1943, p. 116, result (3.10)]. As in the case of Corollary 1, it is
sufficient to indicate the deduction of Iyengar’s result from Theorem A by
showing, as below, how (9) in its first alternative implies (2F), suppressing
(for convenience) the suffix x,, whether attached to ® or to ¢. Now

d P(1ju)
du — u

{ o) ”“) A/ g,

1/n

an = [—0 ZCN™ 4 g

Ju=l/n 1n

(10)
Sinee P(1/u)/u is monotone decreasing and (9) in its first alternative is given,
we may choose & so that, for 0 <t 0 <1,

t
2R o = L 1 ign1an < [ 19001 Z

Il

du < eP(Jt). ... (11)
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Using (11) in (10), we reach (2F) as desired, through the inequalities :
d P(lju)

du du

8
| ©x)

1/n

< 2e{P (1/8)-+P(n)} < 4€P(n) ~ 4e(po+p1+...+p,).

Caleulating % {u='P(1/u)} as in (7), we see that, in Theorem A, P(u)

satisfies the condition.

| cg P(1ju) :O{P(l/u)

T w o }for all small v > 0 ... (12)

and that consequently (2F) [or (Qﬁ)] is ensured by, and so replaceable by,
(13) of the next corollary which is got by this very replacement.

Corollary 3—In Theorem A for Theorem A], we may replace hypothesis
(2F) [or (2F)] by

@ _ {2t
”o(t) 0 { 2400 } as t— 4-0

‘1
-
|

I(Lor, ‘on(t)zo { 2o }ast—) —{—O]

without making any other change.
Exactly as the preceding corollary results from Theorem A [or Theorem
A, the following one results from Corollary 2

Corollary 4—Corollary 3 has a variant with only (13) changed to

N

1, () =0 {‘g((]i/ /tt)) b asto 40

(14)
[ or, !wxo(t) =0 {%} ast— 40 ] J

A significant fact in effect first noticed by Iyengar (1943, §7) is that a
choice of P(u), subject to (12) and valid in Corollary 4 (whose first alternative
alone he considered), corresponds to any one of the functions p(u) = p'*(u),
k=0,1,2, ..., specified below.

POw) = (u+1)7%; ... (15a)
with the abbreviation ,X = log X, [, X = log logX, etc., p®(u) &k > 1, are
as follows : if M = M(k) is an integer such that lx(u) > 0 for w > M, then,



974 C. T. RAJAGOPAL

pEN Y = (ulyw ... Ip{w))? ]
for uz M
(k) o p(k)(y&),
[
I
i

pE(u) = pPn u <1, n=0,1,..., M—1),

)
with pf? =1 and p® . pl, ..., pP }(]51)'

for 0 < u< M j successively determined by
} 3
L o = oI = .. = pPIpf (= pRin/p®). |
As required in the sequel. (15b) implies

PP =pP P <pPlpP= .. = pP PR <P P <. PP T L (16)
(%}

PP is defined by p§P,, /p{" = [p‘,’})ﬂ P21 and the inequality p{® < p¥, 1/p%
stated ahove follows from the easily verified one [p%]M+ < [pF,1M.

It is now eclear that Corollary 3 gives rise to the theorem below.

Theorem B [or Theorem E]~—Suppose. in Theorem A [or Theorem Al
the choice of p(u) is

plu) = p®(u), k= 0,1.2 ... according to (15a), (15b). ... (17)
Then. in the notation of Theorem A [or Theorem A7, the hypothesis
o)
q)xo(f) {-_PT,T)_} ast— +0 ‘g
. (18)
: _ePamy ol (
[ or, ‘P’xo(f) = 0{ AT | as{— L0 ) J

leads to the conclusion that, at x = x,, F(f) is summable (N, p@®) to sum
flrg) [or %(f) is summable (N, p®) to sum fz:zfo)].

Further. as k increases, hvpothesis (18) steadily gets stronger as also
the conclusion of (N, p®) summability in the sense that summability (N, p{)
for any k> 1 implies summability (N. p$=1), or. summabilities (N. p®).
k> 0. form the scale

(N, py CAN, p&). k=1.2.... ... (19)

(19) in the above result is proved by using (16) in an appeal to the well-
known theorem on the inclusion of one regular method of Norlund summea-
bility by another (Hardy 1949, p. 69, Theorem 23).

As already indicated, Ivengar (1943) deals in effect with a version of
Theorem B where hypothesis (18) has t¢_ (f) instead of @, (t) This version
of Theorem B is somewhat weaker than Theorem B w%elf since for all small

t>0, 1p*jt)] P®([t) is monotone increasing so that the hypothesis
on ¢y, () in the former implies the hypothesis on @, (f) in the latter,
]
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3. CoONVERGENCE CRITERIA FOR FOURIER SERIES AND ITS
CoNJUGATE SERIES

Theorem B [or Theorem §] concerns successive summahilities, at a given
point of Fourier series (or its conjugate series), which together form a scale
of Norlund methods. This scale of summabilities may be converted into
convergence by an associated scale of Tauberian hypotheses derived from
the following lemma, stated and apparently left unproved by Ivengar (1943.
p. 119) but proved later by Varshnev (1965, Theorem 2).

Lemma—Suppose p(u) > 0 is bounded and integrable in everv finite

positive interval, p, == p(n).

Plu)y = [ playda — oo as u — oc.

Qe @

P,41/D, 1§ monotone increasing to limit 1 as n — oc.
Then any real sequence s, (n > 0) will be convergent if

(i} s, is summable (N.p ). ]

n

(ii) s, satisfies the Tauberian condition

s,—8§, , = either Ogr(1/N) or Og(l/n)

"

L. (20)

where N == N(n) is defined in relation to some g (0 < ¢ < 1) by

|
|
|

P(N) < pP(n) < P(N+1). J
(15b), with

In particular, when p(u) = p®(u), k > 0, as defined by (15a), (1
implication Pp(u) ~ I u, N in (20) is given by

e N ~ plin = L{m)*
or,
N = Ofex(ten)*}, k> 0, .21

where ¢ X = [ (X = X and ex(X). k& > 1. is the function inverse to Ix(X).

We can now supplement Theorem B [or Theorem B] as follows, by means
of the specified particularization of the lemma above.

Theorem C [or Theorem 5]“111 the notation stated at the outset, let
F(f) represent the Fourier series of f(x) [or F( f) the conjugate series of F(f)],
the terms of the series being ¢ (2) [or ‘c.n(.fr)]. Then the hypothesis (18), together
with

0ul5) = Op(1/N) [or, c,(z,) = Op(1/N)] . (22)
where N is defined by (21) for some u (0 << u < 1), ensures the convergence
of F(f) [or F(f)] at & = z,.
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(22), with N as in (21) but involving 48 (6 > 0) in place of u, implies
(22) with N just as in (21). Hence we may define N in (22) by (21) with any
#' > 0 instead of u.

4. REMARKS
A few concluding remarks seem to be pertinent. Theorem C [or Theorem

(Sj gives a scale of criteria for the convergence at a point of Fourier series
[or its conjugate series] the essential idea of which goes back to Iyengar (1943)
and which in its present form was obtained later by Jurkat (1950/51, §2.3.1).

The proof of Theorem C [or Theorem (N)j given here and that given by Jurkat
are different, but are both indirect, as the conclusion of convergence in ejther
is reached via a method of summability belonging to a scale of similar methods,
which are Norlund methods in the proof given here and Riesz methods in
Jurkat’s proof. Hardy and Littlewood originally proved Theorem C in the
simplest case, k = 0, indirectly again, via the Valiron method of summability.
Their direct proof in the same case, as they point out (1935, p. 323), applies
only to the weaker version of Theorem C with t¢x0 (t) instead of (I)zo (t) in (18).

Subsequently, however, Rajagopal [1963b, Theorem III and Corollary TII(i)]
showed how a direct proof of Theorem C in all cases k > 0 can be derived from
a special form of a result of M. E. Noble’s.
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