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The effect of elasticity of the Walters’ Type B” liquid on pressure, longitudi-
nal and transverse velocities are discussed in the case of plane Couette flow
between two parallel plates with uniform suction at the lower stationary plate.
It is observed that the main effect of the visco-elastic parameter is to increase
the axial pressure and to reduce the longitudinal velocity for the same
axial distance. It is also found that the transverse velocity is independent
of the axial distance . The minimum value of Z on the stationary plate,
from where the longitudinal velocity decreases in comparison with the
simple flow velocity and also the value of Z along the stationsry plate,
from where the longitudinal velocity becomes altogether negative, have
been found out.

1. INTRODUCTION

Schlichting (1960) has discussed the plane couette flow between two
parallel plates without suction. Sinha and Choudharyv (1965) found out the
plane couette flow between two parallel plates with small uniform suction
at the stationary plate. Verma and Bansal (1966) predicted that the pressure
gradient normal to the plate cannot be neglected in Sinha and Choudhary’s
(1965) problem and obtained the exact solution of the Navier Stokes’ equa-
tions by perturbation method for small suction. Gupta and Goyal (1971)
studied the effect of uniform suction at the stationary plate on pressure,
longitudinal and transverse velocities of the plane Couette flow without
taking the transverse velocity as independent of x. But all these authors
have discussed the flow of viscous liquids only.

In the present paper we discuss the effect of visco-elastic parameter of
Walters’ B” liquid on plane Couette flow with uniform suction at the statio-
nary plate. Expressions for the effect of the visco-elastic parameter on
longitudinal velocity and axial pressure have been obtained. The value of
Z from where the longitudinal velocity decreases in comparison with simple
flow and also the value of Z from where the longitudinal velocity becomes
altogether negative have been found out. It is also seen that the minimum
of % lies within the half width of the channel from the stationary plate.
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We find that the visco-elastic parameter has a negligible effect on trans-
verse velocity for small suction, and that this velocity comes out to be inde-
pendent of the axial distance. Numerical calculations have been made and
graphs drawn showing the above effects for different values of the parameters
and for different values of the axial distance.

2, Basic EqQuaTIioNSs

The constitutive equations governing the Walters (1960) B” fluid model

are given by )
S = —paw+ S e (20)

S;‘k‘ _ 27706(1)ik—2k0 —::—t eu)ik P (22)

where /6t is the convected time derivative of a tensor quantity bi¥ defined by

Sbik  Qbik dbik vk i
— —ht __pmk ) 9
s =t T gm0 e O™ - (23)

and ey is the rate of strain-tensor given by

1 0y Ovg
b =5 (oot ) . (24)

and o and v; are the contravariant and covariant components of the velocity,

p is the mean pressure and g;; the metric tensor.
Also,

770( = fN(T)df) . (25)
0
is the limiting viscosity at small rates of shear and
( [ T)df) .o (2.6)
0
is the short memory coefficient, N(7) is the relaxation spectrum.

3. Equamions or MoTioN

Let us consider the steady laminar flow of an incompressible elastico-
visecous prototype designated liquid B” by Walters between two parallel
plates at a distance y,, the upper plate moving with a uniform constant
velocity U. It is assumed that the fluid is sucked at the lower (stationary)
plate, with a constant suction velocity v,. Thus the boundary econditions
are

y=0; v = —u,, u=20

Y = Yo; v =0, u=U. v (81)
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Assuming the following non-dimensional quantities :

v v’ Yo' Yo
p= PYo 2 = DoYo Re — Uy, _ E
vip ' v v 0

979

(3.2)

and using the equations of state (2.1) and (2.2), the equation of motion and the
equation of continuity in terms of these non-dimensional quantities are

_Ou  _ou op 92 0%
YTl oy T —or (gt n ) 7

(5o ) (S )

SR N

T Y A P I AT

0+ g~ “og \ow o2

62)1‘} 65(02 62>.i aﬁ<a2 9%

Tor ) e \a o | o o T ) v
ou 0%  dv % ou  dvy W
—2{5 o oy I +(aﬂ+al) 3707 }]
where V=7L°, k(')__:k_o
P P
and '
ou  ov
9z oy
The boundary conditions are
y = 0; v=—A, % =0,
n = 1; v == 0, u = Re.

Let

2

PE, 1) = po+p'(F 1)
u(®2, 9) = uy+u'(Z, 7)
oE, =@y -

(3.3)

(3.4)

(3.6)

3.7)
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where the primed quantities are the perturbations caused by the suction

and p, and u, are the known quantities for flow when there is no suction

(i.e., plane Couette flow) satisfying the equations

0%u,

Ouy .
on?

0%

Py = constant,

:0’ :0,

and
u, = Re 7.

(3.8)

(3.9)

Substituting the expressions for p, @ and » from (3.7) into (3.3) to (3.5) and

using (3.8), we have the following equations:

ou’ , ou’ , Oug |, Ou 6p’ 0
d (0% | 0%/ o 0%/
—K [ g (g ) az<6a:2 T oE

a (0 0% duy (0% 0%\
+o aﬂ<ai2+a7; )— e (7 T ot )

o U+ 5e) =5 (5

’ 2,7 ' 2,7 2, ’ 2y’
{ ow 0%/ n o' 0% \ Ou, 0_% i ou »(13{
ox o0x* ' Oy oy* ' Oy dzdy  On Oxoy

' o', 0p 92 02
7‘0 a + a~ +7' 6’17 T’ - 6_77 ”!‘( 22 + a,']
9 a d 92 %\
— L ! o ’ —_— '
K [(u“ Eral (?:Z-H) 617) < ox? T Ot )?
' a2 02 , O a2 02
— 3 (5 +*aﬁ) ~ <a—2¢-‘+—an2
ou' 9%’ 0V 0% Ouy v’
{5 ay o +( o 67] ME
and
it i w
+ = 0.
The boundary conditions bemg
7 = 0; v'=—A, u =0,
7 =1 v =0, % =0,

(3.10)

(3.11)

(3.12)

(3.13)
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4. METHOD OF SOLUTION
Let
v = —A[@(n)+ZY ()T (n)+TE(n)+ T (n)
+Zh(n)+2%(n) + 77 (n) + ...+ B ()], e (40)

With the help of equs. (3.11) and (4.1), we have

72 738 78 o
W= +S v T e
=8 = 8 Fn+1
g PO I S S ] o) 2

where ¢(n). ¥(n), &), L), 9(9). k(y), i(y), (). f(). F(n) ete. are unknown

functions to be determined.

Substituting (4.1) and (4.2) in eqns. (3.10) and (3.11) and eliminating the
pressure p’ and equating the cocfficients of like powers of #, we have the
following equations :

F'" L B @A~ Fp"A—2FEA+ 245" A4+ 608+’ pA2— Re 518"

—2 Re gAE+ K[FiogA — FgioA—4FE"A— 24F g

+ 20" AL 6L AT —Re gAGw —4 Re pA2"—24 Re gAgl = 0 ... (4.3)
BN BN — " N 2 X 2T A F A

— Fy"A—6FLA+45"A—Re gy —6 Re gAL-+ A2y’ 4 2497

4+ K[Ffd— Fifrivd— 120 FhA— 12FAL"— v A2 rpA2

—AN2Y'E 24 gA2 L 24y’ 2L 4GE A2— 120 Re gk

—Re pAyriv—12 Re gAL" -+ 20" A2} 6L/ A%) = 0 .. (4.9)
AYiv—2 Re gAE" — 202 Y)" — A%’ " — 2AFE" - Abafr'"' - 20"

4+ 2AF7EL 1228 — 24 Re gAg—1202¢°C — 24 Fg+ 622¢¢"
+4A%pE -+ 120A%h— K[48 Re 929" +2 Re pAsio— 24026

- AARYE" - 48AF "+ 2X0 v A2 i 2FAED — N2y

— 222 — 2AFivE 4720 Re Ai+ 240X% b1 2422 'g

+T20F i — 12002k’ — 48X%" — 1 2X2EL' — 1220L""

—8ANWE —4A%Y] = O ... (4.5)

PP ="+ K(ffo—ffe) = 0. e (4.6)
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The boundary conditions are
17—:_0; ¢:]_, E::O §:O, w:o, g—:_O, h:O’ 1::0,
j=0, ...f=0, ¢ =0, ¢y’ =0, £=0 =0, ¢g=0,

=0 i=0 4=0 ..f=0 F=0."

=1; ¢=0, p=0, E=0, L=g=0 h=0, i=0,

j=0, ... f=0 ¢ =0 ' =0 F=0 ¢=0 g=0,
W=0 =0 j =0 .. =0 F=0. o (47

Now with the help of (4.5) to (4.6) and (4.7), we shall have

Y(n) =0, &) =0, &n) =0, gy =0, hiy) =0,

i) =0, jm) =0, .., fi) =0. . (48)
We also conclude that ¢’ is independent of z for all values of 7, which is on

account of uniform suction at the stationary plate and accordingly the trans-
verse velocity, v would only repeat in each cross-section.

Again from (4.8), (4.3) and (4.4), we have

1 PP —A(P'D" — ")+ KA(pp?—'¢pt?) = 0 e (49)
an
F'"—ARe y¢p" -+ Fo"—F"¢) -+ KA(Fivg— Fgpiv—Re ypgpiv) = 0. ... (4.10)
By integrating eqgns. (4.9) and (4.10), we have
¢ A2 —PP" )+ KA(pptv—2¢'¢y""' ") = M e (411)
an
—A[(F$'—@F')+Re(ng’ — )|+ KA[pF" —Fp™
+F'¢"—H'F"—Re n¢"""+Re ¢"] = M'. e (412)

In the absence of external pressure gradient, we have

—A[(F$'—PF")+Re(np'—$)]+ KA[F"'— F™

+F'¢"—¢'F"—Re n¢"”'+Re ¢"] = 0. . (413)
Comparing (4.12) and (4.13), we get
M =0. v (4.14)

5. SOLUTION FOR SMALL A
We assume

¢ = ¢o+K¢, +K2¢, +... e (8)
F = F,+KF, +K?F, +... .. (5.2)
M = My-+KM,+K*M,+... .. (53)

where ¢, @1, P, ..., Fo, Fy, Fy, ..., and My, M,, M,, ..., ete. are independent
of :K.
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With the help of the equations (5.1) to (5.3) and (4.11) and (4.13) and
after comparing the terms independent of K and coefficients of KX we have

Po — AP’ —dod") = M, e (5.4)
C By —AQ2Peb1—Pobs — D1B0) A BePE—2¢0By +bet) = M, .. (5.5)
Fo—ALF opg—PoF y—Re(n¢y— )] = 0 ... (5.6)
F;"/\[FOVS;+F1¢<’)“¢OF;_¢1F6+Re("]¢i"¢1)]
+AGoFs —Foy + Fopo—doF " —Re(ypy —$5)] = 0. e (87)
The boundary conditions are
=20 $g=1,6¢ =0 4¢y=...=0
Po=0,¢1=0,¢y=..=0 Fy=F,=F,=..=0
N=1; ¢g=0,¢=0,¢,=...=0
Go=0, 41 =0, ¢g=..=0 Fy=F, =F,— ... —0.
... (5.8)
Now let us put the following series expansion for small values of A,
Po(n) = Go(n)+AG (1) +2A2Gy()+ ... .o (5.9)
Pi(n) = Ho(n)+AH,(n)+AHy(n)+-... ... (5.10)
M, = Ny-+FAN{+A2N,+... <. {(8.11)
M, = Sg+-A8,+A28,4... ... (5.12)
Fy = Fy+-AF, - X2F,+ B3F,+ ... ... (5.13)
P, = Tyt AT+ A2F, - ATk .. .. (5.14)

where @5, H,s, N.s, S.s, F.s and F,s are taken to be independent of A.

By using the eqns. (5.9) to (5.14) and (5.4) to (4.7) and comparing the
coefficients of equal powers of A, we have

Gy = N, ... (5.15)
Gy —(G2—G,G;) = N, ... (5.16)
Gy — (26,6, — GG —G,G;) = N, .. (5.17)
Hy =8, . (5.18)
HY —(2G,Hy—GH;— H,Gy)+(G,GF —2G,G¢ +Gi2) = 8, .. (5.19)

Hy —(26G,H,4-26G,Hy— G H— G H— H G, — H,6))
F(G G +G,09 — 260G — 261G +2G,G7) = 8, ... (5.20)
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Fy=0 . (5.21)
—[FoGy— Gy Fo+-Re(nGy—G)] = 0 e (5.22)
s—[F oG+ F1Gy— Gy Fy— G F o+ Re(yGy —Gy)] = 0 ... (5.23)

Fy—[FoGyt-Fr\G 4 F oGy — G Fo— G F — Gy F (4 Re(nGy— Gy)] = ‘

, . (5.24)

F;=0 o (5.25)

F,—[F Hy— H,Fy-+ Foliy— Gy Fy--Re(ypH,—H,)|
G Fo —F Gy + Fole— Gy Fo—Re(yGy —Gg)] = 0 ... (5.26)

Fo—[FoH 4+ F H+- F oG+ FyGy— G F— G Fy— H F,— H, F,
+Re(pH;—H)]+[G Fy +G Fy —F @y —F,G,
4 B+ F1G— G Fi— G Fy—Re(nG —G)) = 0 o (5.27)
Fy—[F Hy+ FH+ FLH)+ F Gyt FroGy - FyG— G F,
—G\F,—G,F,—HyFy— H,F,— H,F, 1 Re(nH,— H,)|
G Fy -G Fy +GoFy —F 0y —F,Gy —F,G -+ F G,
4 PG+ FoGe— G F— G — Gy Fy—Re(nGy —Gy)] = 0. ... (5.28)
Also the boundary conditions hecome

p=0; Go=1, G, =0, G, =0, Hy=0, H, =0, H,
Go=0,6G =0, Gy,=0 Hy=10, H =0, H, = 0,

il
=)

Fo=0,F,=0, F,=0, F, =0,
Fo=0 F, =0 F,=0 F,=0
=1, Gy=0, G =0, G =0 Hy=0, Hy=0, Hy =0
G, =0, G =0,6;=0, Hy=0, H, =0, Hy =0
Fo=0,F, =0, F,=0, Fs=0,
Fo=0,F, =0, F,=0, F,=0. ... (5.29)

The solutions of eqns. (5.15) to (5.28) subject to the boundary conditions
(5.29) are given by

Gy = 2p*—39*+1 ... (5.30)

G1 = sy (77— 147421y —35y - 43— 19) ... (6.31)
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1

G = Tozou00 (— 1344714730270 924090 — 3811575+ 151272y

— 251328751 29937695— 2979907+ 1931349°— 5315742) ... (5.32)
Hy=0 ... (5.38)
H, =0 .. (5.34)

1

H, = 70 (1297 — 6398+ 12695 — 10594 2493} 692) ... (5.35)
F,=0 ... (5.36)
= Re 5 :
F,= 5o (495—592—1092+-119) ... (6.37)
= Re
Fy = — 55 (321°— 11775+ 3677+ 5887°— 111675+ 807#

— 8409811386792 —7767) ... (5.38)
7o Re 13 12 11
Fs = rzra=is000 (893760713 — 47474707124 7387380y

+6636630710— 349120207°+ 2788929098+ 4975542077

— 13873860075+ 16127451695— 14360521572

+13873860073— 11651640072+ 45944109%) ... (5.39)
Fy=0 v (5.40)
T, = 3Re(y—7) .. (5.41)
7’2 = % (4298 —42795— 105794447992 —3747) ... (5.42)
A L (80640711— 391314719+ 5705707° 17671598

3= 7940400 '
— 123354097 648648y°-1132017475— 153846094
— 970200931 286073192 —15329647). .. (5.43)

Now the third order perturbation solution for longitudinal velocity % is given by
u = Re q+Az[6y(y— 1)—;—% (2898 — 8475110594 — 14093

A2

- 2__ R
H1297° =381+ 1546400

(—147847104-739209?

— 8316078 — 30492077+ 105890475 — 150796875+ 149688074

2
_1191960773+579402n2_10631417)+K;—’(‘) (8498

—378n5+630n4—420n3+727,2+1277)]+F(77) ... (5.44)
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where

ARe A2Re
F(y) = [ 50 (4775—5174—107;2+1177)_55(32779_1177;8

3697 58875 — 111695+ 80752 — 840731 138692 — 7767

A3 Re
1513512000

4+ 6636630910— 3491202079 2788929078+ 4975542077
— 13873860095+ 16127451675— 1436052155%-- 13873860073
—11651640092-+459441099)]-+K[3A Re (y—1)

(893760718 — 474747052 1- 7387380711

2
+-’l—l_§% (4295 — 4295 — 1059 47992 —374)

A3 Re
T 1940400
— 123354097 648648%¢%4 132917495— 153846094

(8064011 — 3913147194 5705707°-+ 17671578

—970200773+2860731772—-153296497)]. ... (5.45)
The third order perturbation solution for transverse velocity » is given by
- A ~
D= —2A [(2”3_37’2+1)+"7’6 (47— 149542155 357

AZ
3_ 1992 2 u 9,10
+43p3—199%)+ 1940400 (— 13449117392y

— 924079 — 3811598+ 151272y7— 25132875 29937675

2
—297990774+193134?73—53157772)+% (1297—639°

12675 — 10574+ 24431 69%) | .. (5.46)

The pressure distribution is given as

p(0, 0)—p(&, n) = X [*y)—1]-+A¢' () — 322 M

+ KA (n)d" () —¢ ()}~ KA*"(0) v (5.47)
where
81 2929 L 24 §
M = 12_3-5 A 53600 AP K <3b7\———7— A? > ... (5.48)
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With the help of eqn. (5.47), we obtain the increase in pressure in z
direction as
(&, 1) —p(0, 5) = $AT2M. v (5.49)

The shearing stress at the stationary plate is given as

=i (o

#&[ ,{1 115 97 5., 15314703
=z L ReU*55 2 536 AT 504504000

Yo
187 127747
—_ K 2 3
K<3A+ 70 A 161700A )}
19 17719 12
— Az — A A2 KA 5.5
AZ <6+35/\ ‘ 323400A 70K/\ )] ... (5.50)
The discharge per unit breadth of the plate is given by
1 pa—
Q=v | udy
0
1 AZ 11 13 278627
= U SR 1 2 3
D-”“[z ®e T30 AT o0 A T Tosto%000 A
1 47 34513
S AN BRI D IR - IR | 5
K (2 A 105 A% 431200A >] - (5:51)
The discharge for the non-porous plate (A = 0) is
Qo = Uy, ... (5.52)
Henee the discharge coefficient
22z 11 13 278627
C :Q‘: []__*;4-_ L 2. 8
¢ 9, Re 760 300 N T 5a054000
94 34513
— - 2 3 ... (5.53
K<A: 105 /\+215600A ).! ( )

The value of 2 from where the longitudinal velocity decreases in comparison
with simple flow velocity, will be given by

<%%)  <Re .. (5.54)
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Algso,

B 11,, 97 ,, 15314708 .
( 3y ),,=0 = Re [1+’2—0 A+ 530 X oas04000

K ( s+ 2 i 2]

19, 17719 ., 6
2z <6+% At 35205 X235 KA )] .. (5.55)

From eqns. (5.54) and (5.55), we have

11 15314703 ,, 137 e
Re [1+‘2T) A+ 630 A+ 504504000 ( 34—
127747 17719 6
+ 161700 X )] (6+35 A+ 555300 X35 EA° ) < Re ... (5.56)
or, .

1
2 S [-55---104214-0159012— 0023923
wo > § [65-+104224-015902°—-002392

— K(3-2-42--52977A2—-02695)3)] = « (say). ... (5.57)

The value of Z from where the longitudinal velocity becomes altogether nega-
tive, can be calculated, when

(7

>

With the help of the equations (5.55) and (5.58), we have

) =0 ... (5.58)

_l:é = %\ [14+0.45951-+0.1032221 0004123 — K(3A4-2.37142A240.534943)].
. (5.59)
After neglecting the powers of A, higher than A2, the first differential of u
will be given by
ou

oy~ RetAz [ 1277—6+%(168775—4207;4+420q3-420772+25877—38)]

A R A?
55~ (207" —207— 207+ 11)— 5o (14475— 468771267
4176495 — 2790744161498 — 126092+ 13867 — 388)

+K[3X Re(29—1)+ Re

(12695 — 10574 — 21073+ 4797 —187)].

. (5.60)
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For minimum value of %,

ou %u

Hence, after neglecting the terms of A2, we have
122 11 1 6z
n—nd—1 (I‘Te —6K )+( e F:Z —3K) — 0. ... (5.61)

Now for A = 0.1, Re = 100 and K = 0.1 and for # = 500, 1000, say, we have

from (5.61),

7t—934-59.69—19.75 = 0
and

ni—n3--119.69—49.75 = 0

which gives 7 = 0.83317 and 5 ~ 0.4163 respectively. Also when % — oo,
we have 3 — 0.5,

When 0 <A <1 and 0 < K < .1, the minimum longitudinal velocity
is attained within the half width of the channel from the stationary plate.

6. DISCUSSIONS

The effects of elasticity of the Tvpe B” liquid on pressure, longitudinal
and transverse velocities have been obtained in eqns. (5.47), (5.44) and (5.46)
respectively.

Fig. 1 has been drawn for longitudinal velocity profiles against » for
various values of 2 when A = 0.1, Re =100, K =0 and K = 0.1. We
observe that the effect of the presence of the elasticity on longitudinal velocity
is to reduce its value for the same value of 7.

Fig. 2 also shows the longitudinal velocity profiles but with small values
of 2 and A =1, Re =100, K =0 and K = 0.1. In this case we observe
that the pattern of velocity profiles remains the same as in the case of Fig. 1,
but the reduction in the value of the longitudinal velocity is greater.

In Fig. 8 longitudinal velocity profiles have been drawn for different
values of A (A = 0.1, A = 0.2, A = 0.3, A = 0.4) with # = 100 and Re = 100
when K = 0 and K == 0.]. We observe that the tendency to reduce the
longitudinal velocity on account of visco-elastic parameter increases as the
value of A increases for a constant value of 7.

Fig. 4 has been drawn to show the effect of change of z on axial pressure
for different values of A (A =0.1, A =02, A = 0.3, A = 0.5) when K =0
and K = 0.1. We easily observe that

(i) the axial pressure increases as 2 increases,
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1

10 20 30 40 50 60 70 80 90 100
q —>»

L i

Fig. 1. Longitudinal velocity profiles against # (A = 1, Re = 100).

L | 1 | 1 L 1 1 A 1 1 !

=20 -0 O 10 20 30 40 50 60 70 80 9 100

U —

Fig. 2. Longitudinal velocity profiles against 9 (A = 1, Re = 100).
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L i i H X i )| 1 -4
-20 -10 O 10 20 30 40 5C 60 70 @80 SO0 100
U —>

Fig. 3. Longitudinal velocity profiles against # (z = 105, Re = 100).

(ii) the axial pressure increases as A increases for the same value of g,

(i) the axial pressure increases due to the presence of visco-elastic
parameter for the same values of 7 and A,

(iv) the rate of difference in axial pressure between two cases when
K =0 and K = 0.1 increases as A increases for the same value
of .
We can easily see from eqn. (5.46) that the effect of the visco-elastic
parameter on transverse velocity is to increase its value numerically (for all
values of #), but this effect is negligible.

Summing up, we see that the main effect of elasticity of Type B” is to
inercase the axial pressure and to decrease the longitudinal velocity for the
same axial distance.

This series solution gives reliable values of longitudinal and transverse
velocities for small values of A irrespective of the value of z; on actual cal-
culations, it has been found out that the third order values are very close to
the second order values. As such for small values of A, say 0.1, 0.2, the
second order values are reasonably quite aceurate. This is also true for axial
pressure. But for large values of A. it is not possible to judge the accuracy
of the results which is but natural as the series solution is assumed for small
values of A only.
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Fig. 4. Increase in axial pressure versus length.
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