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Some results and technigues in the context of infinite dimensional Banach
spaces with Schauder bases are critically examined. In particular the
limitations of the technique of reducing a linear transform equation to a
system of linear equations in infinitely many real or complex unknowns
and the relevant literature about such systems of eguations are critically
examined and the mistakes are rectified.

INTRODUCTION

Kannan (1970) discussed, among others, a fixed point theorem for a
one-to-one. bounded linear operator T of a real or complex Banach space
with a Schauder basis. Under certain conditions (sce §3) he concluded that
T admits a fixed point. But O of F is a fixed point for any linear operator
on E and his theorem becomes trivial as it stands. Should we take it to be
concerncd with ¢ non-trivial fixed point of £—(0). the theorem is seen to be
incorrect. The interest of this paper, however, is to examine closely
Kannan's work and more so the relevant literature, a rectification of which
vields a valid replacement of his theorem (see §3 for this and for the relevance
of spectral analysis).

Kannan’s technique is to reduce the problem of an operator equation
on E to one of a system of linear equations in infinitely many wnknowns over
the real or complex field and appeal to a classical theorem of Pellet and
Wintner in the form presented by Davis (1936, Th. 8, Ch. ITI). We consider
the limitations of the reduction technique in §1.

In §2, we observe that the theorem of Pellet and Wintner, as it appears
in Davis’ book. is incorrect. We, however. realise the validity of the result
under some restrictions, the absence of any of which invalidates the same.
But the additional restrictions do not, very much, narrow down the scope
of the result and, in fact, the theorem in its revised form includes a classical
theorem of von Koch (Th. 5, Ch. IIT of Davis 1936). Further, inspite of
an essential change in the nature of the proof, we are in a position to retain
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the interesting “method of segments” which consists of approximating
(uniformly under certain conditions) the solutions of the original infinite
system by the solution(s) of a “‘segment’ system of finitely many equations
in finitely many unknowns (as detailed in §2).

Finally §3 is concerned with the fixed point aspect of Kannan’s work
and appeals to §1 and §2, and §4 is concerned with some remarks on the ease
with which the remaining results of his work could be handled.

I. Lixngar EquaTioxs

Let & be the real or complex field and let £ and F be Banach spaces,
over 7. with Schauder bases (¢;, j € J) and (f;,j € J) respectively, where
J denotes the set of all positive integers (for definitions etc. see e.g., Ch. 11,
Wilansky 1964; Ch. IV, Lusternik and Sobolev 1961). Let (g;,j € J) and
(hy, j € J) be the sequences of coordinate functionals over E and F respec-
tively so that, for example, x = X4 ;g;(x)e; (under convergence in the norm)
for each x & E. Let 4 be a bounded linear transformation of E into F.
Let Adex = Zgeq apf; for k€ J and y = Zjey 95 f1 EF (ag, ;€ F for j.
ke J). Finally let (pg. k€ J) be a sequence in &and let =, = %y <, prer
fornec J.

Even if 4 is one-to-one and onto [¢f. Kannan 1970, proof of Th. 4: sec
example (1.1) below] the following two statements are not equivalent :

Statement (1.1)—The transform equation
Az =y
admits the solution z = X7 prer € E.
Statement (1.2)—The system of equations
ke P = q5, JEJ
admits the solution (pg, & € J) (under the usual Cauchy convergence in ).

However, one cesily obtains :

Proposition (1.1)—Statement (1.1) implies statement (1.2).

Proof : Because of the continuity of 4 and the coordinate functionals
h(j € J) (see Th. 1, 114, Wilansky 1964), statement (1.1) implies that
hi(Ax,) = hi(y) = g4, as n — +oco, for 5 € J, and this implies statement (1.2).

It thus becomes interesting to look for some ‘“‘useful” conditions under
which the statement (1.2) implies the statement (1.1). In this conneection
we mention :
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Proposition (1.2)—Statement (1.2) implies statement (1.1) particularly
(a) if Zges prex converges to an x weakly in E and more generally (b) if the series
in (2) converges to an x of F in the weak topology generated by the family
[ld :j € J], and this topology is the same as or stronger than the one
generated by the family ¢z : k€ J] in E.

Proof : Let us assume that the condition (a) or (b) is fulfilled and that
statement (1.2) holds. Hence

hi(Ax,) — hy(y) as n > +c0, for jE€ J,
while the condition (a) or (b) gives

(hyA)(x,) — (hsd)(z)
and
gr(x,) = gixlx), as n— +oo, for j, ke J.

Now, since the family [h;:j & J] is total over F, it follows that Az = ¢.
Also the last of the above relations implies that gy(x) = pg, for k€ J, and
this completes the proof.

Statement (1.2) may also be rephrased as the assertion that Az, -y
as n — +oo in the weak topology generated by [kh;:j&€ J] in F. In con-
junction with this it might be of interest to realise,

Corollary (1.1)—Let 4 be a one-to-one map of £ onto F. Then the
statement (1.2) implies the statement (1.1) particularly if 4z, — y, as n —» 40,
weakly in F.

Proof : By the open mapping theorem E and F are topologically homeo-
morphic and 4 provides a homeomorphism between them. Hence 4x,— v,
as n — +oo weakly in F, if ,— a = A~y weakly in . Now the corollary
follows from the proposition (1.2).

The non-equivalence of the statements (1.1) and (1.2) even when 4 is
one-to-one and onto is brought out by

Example (1.1)—Let E and F be taken as [? with its natural basis. Let
S be the shift operator defined by S(ty,fs, ..., ¢, ...) = (0, ¢, by, ...ity 15 -.0)

for ¢ =(t,t, ...,t,,..)ER TLet a € Fand be such that |a| > |. Let
4 = 8*—al, where. as usual, §* is the adjoint of § and I is the identity

operator on 2. Since ||S* =8| =1 and a is outside the spectrum of
8, 4 is a one-to-one map of I2 onto itself. TLet u = (u;, Uy, ..., Uy, ...) E 2.
Using the fact that S*(zy, Zy ..o @, ...) = (X, X, ..o, Ty, -..), it i easily

verified that the system of equations of the statement (1.2) reduces to
@1~y = Yk, k€ J} (in the unknowns (2, k€ J)). Now let z, # the
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first eomponent of 4-1y. The svstem clearly admits a solution (xg, k€ J),
while there can be no + € £ = 2 for which gp(x) = xx(k € J), since 4 is
one-to-one. It may also be observed that 4 is a normal operator (since S*
is normal).

2, SrysTEMS OoF Lixear EQuaTions IN INFINITELY MaNy UNENOWNS

As detailed in the preceeding section, the available theorems concerning
the solutions of the system of linear equations of the statement (1.2) are
helpful in solving the transform equation of the statement (1.1) only under
certain conditions. Further such thereoms recorded in the literature need
a careful re-examination. The classical theorem of Pellet and Witner
(Th. 8, Ch. II1, Davis 1936) discussed below may be taken as an illustration,
although our choice is guided by its relevance (see proof of Th. 4, Kannan 1970).
The theorem has essentially the :

Statement (2.1)—Let {ar—Zjey cppr; = ¢k, k € J} be a system of linear
equations over & in the unknowns x;(j € J). Let ¢ = (cx. k € J) be bounded
and let the sums Sy = Zyj lcp;| <1 (k€ J).

(a) Then the syvstem of equations admits a unique solution (X;,j € J).

(b) For each m&.J, the reduced (or “segment’’) svstem {wgp— Zjg Crs¥=Cg-
k=12, .., m} admits a unique solution (X, j=1.2,....m) and this has
the limiting property : X™— X; as m — +oo for each j& J.

(¢) Moreover, if C is the “largest’” of the numbers [cx| and S is the
“largest” of the sums S, then

X1 < CIA=-8)5€ J).

In connection with part (c¢) one should (i) either take “‘largest” to mean
“supremum’’ or assume that the “largest”” exists (when § would be < 1),
and (ii) either interprete C/(1—S8) suitably when S =1 or stipulate that
8§ < 1. However, no such clarifications are adequate to render the statement
true (see examples (2.1) and (2.2) below). But one might see the validity
of the :

Proposition (2.1)—Let the hypothesis before part (a) of the statement
(2.1) hold. Let forther § =sup(Sg: k€ J)< 1.

(a) Then the system of equations admits a unique ‘bounded’ solution
(X;,j € J) and the solution is such that | X;| < C/(1—8) for j € J, where
C = sup(|cx|: k€ J). Further this solution admits a Neumann expansion
(see eqn. (2.1) below).
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(b) (i) In the present context part (b) of the statement (2.1) holds as
it is. (ii) Further the X{— X; as m — +oc uniformly w.r.t. (with respect
to)y j € J (ie., supjgm | X™—X;] > 0as m — +oo, X™ being undefined for
j > m), in case the convergent series T, ;|exs| converges uniformly w.r.t.
ke d.

Tt is convenient to use the present day language and techniques of func-
tional analvsis. We need two lemmas bhefore giving the proof.

Lemma (2.1)y—Let, as usual. I be the Banach space of all bounded
sequences in &, Let ¢y, Sp and S(k. j € J) be as in the proposition (2.1).
Then the mapping T : 2= (25, jE€J)EI® >y = Zjescasr;, k€ J) is a
bounded linear operator on I= and ||T| = § < 1.

Proof: For xegl~. ke J. we have |Zjgcrrj| < Sgl)l. It now
follows that 7 is a bounded linear operator on I*, with |T} < S§. Let § be
a positive real. To complete the proof we need only realise that {7 > S—4.
Now there exists a k& .J such that S > S—¢. Choosing x; = sgn ¢g; (ie..
0 or ¢gyf|cxi| according as ¢y = 0 or not). for j € J, we see that ||T)] > S
= Zjes sty > S—0. .

Lemma (2.2)—Tet T be as in lemma (2.1). Let ¢ be as in proposition
(2.1). Then for any m & J. the mapping Ty: x €1° = (Zjg mCrsry, kE J)
is a bounded linear operator on I= with [|Th| < S < 1. Further for any
sedJ

(Tiey —> (T3¢) as m — +oc. for each k€ J,
where (r); denotes xy for » = (ay, jE J) € I~.
~ Proof : The earlier part of the lemma may be proved as in the case
of the assertion that |7 < § in the proof of the previous lemma.

We now fix k € J and prove the later part of the lemma through indue-
tion on s. The lamma is true for s = 1. sinece

{Tme—Tek| < OZ;5 0 fexs]-
Let us assume the validity of the lemma for an s€ J. Let & be a positive
real. There exists an N €& J such that

08K 3y Joag| < 84
It now follows that for m > XN (m & J),
(Ti+le—Tete)| = |Z; 2 yerg(The—To )
+Zx <y mCrs(T50k— 25 5 wers(To)k |

which, by the choice of NV, Lemma (2.1) and the earlier part of the present
lemma

< | T meapToe—Too)|+6/2, -



998 J. GOPALA KRISHNA

Hence, by our induction hypothesis, there exists an M € J such that
[T g+lc—TsHe)y | < 6 for m > M (m € J),
and this completes the proof.
Proof of Proposition (2.1) : Let T and Tp(m € J) be as in the Lemmas

(2.1) and (2.2). Let I be the identity operator on {*, so that the system of
equations in part (a) is equivalen to

(I —-T)a = ¢ in the unknown z € I=.

Now, since (bv Lemma (2.1)|7)| = § < 1, [T admits a bounded inverse
U = 1424 gTk with |jU)| < 1/(1—8) (see e.g., Ch. 4, Taylor 1958). Hence
the system of equations admits a unique solution X € I*. Further it admits
the Neumann expansion

X = e+ ZpegTke .o (2D
(under convergence in the norm of [®) and, in particular, || X|| < C/(1—28)).
This proves part (a).

Part (a) itself implies that, for any m € J, the reduced syvstem of equa-
tions with which the part (b) is concerned admits a unique solution (X{™,
j=12,..m) and that I-T, admits a bounded inverse U, with
10l < C/(1—8). For example the first assertion is obtained if cz; is replaced
by 0 for j, k€ J and j > m. Hence, for m € J. there is a unique Xm g [
such that

(I—Tp)Xm™ = ¢
which shows that (X)), j=1,2, ..., m) is also a solution of the reduced
system. Thus

(Xm); = Xg'") when 5 < m.
Now let us fix a j € J and observe that

Xm_X; = (Xm - X),
which, by (2.1) and a similar expression for Xm)
= zks u(The—The);+-(Zg 5 4 Th0)—(Zg 5 yTkc);

in which the first summation — 0 as m — 400, when M is fixed (because of
Lemma (2.2)) while the absolute value of each of the remaining two summa-
tions is  SMH1CJ(1—8). Hence we complete the proof of part (b)(i) as in
the procf of Lemma (2.2).

To prove the last assertion of the proposition we observe that, for m € J,
U—-Up=—UTpu—T)Up

so that
(X=X = [[(U=Un) |} T~ Tpl|C3(1—8)
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which — 0 as m —» 00 under the assumption of part (b)(ii). This completes
the proof of the proposition.

It might be of interest to observe that proposition (2.2) implies the classical
theorem of von Koch (Th. 5, Ch. TT1, Davis 1936) as :

Corollary (2.1)—Let {Z),yaxa; = by, k € J} be a system of linear equa-
tions over Fin the unknowns z; (&€ J). Let there exist positive reals
B, D such that |by| < Blagg| (so that g = 0), Zjers il aki| < Dlagg| and
D < 1. Then there exists one and only one bounded solution for the svstem
and this solution admits a Liouville-Neumann expansion.

Proof : We need only take cg; = 0 or —ay;/axg, according as k= j or
not (j, k& J), and appeal to proposition {2.1). The Liouville-Neumann
expansion for the solution X is given by (2.1).

We conclude this section observing the significance and independence
of the additional restrictions imposed inproposition (2.1) (cf. the statement
(2.1)). Even if § < 1, the proposition would be false without restriction
to the bounded solutions (as in part (a)) as shown by :

Example (2.1)—Let a3 be in the open interval (0, 1) for k& J, with
sup(ag : k€ J) < 1 (one might choose so that the ‘largest’, as in statement
(2.1), exists). Let us consider the special case of the infinite system of equa-
tions of proposition (2.1) taking cx; = az or 0 according as j = k-1 or not
(j. k€ J), so that the system reduces to

{or—axte, = ok, k€ J}

In the case of this svstem 8 <C 1, while one might construct a solution (uni-
quely) with any arbitrary value in s for x,, which shows that there is no
unique solution for the system.

Finally, even when oneé considers only bounded solutions for the infinite
system of equations of proposition (2.1), the proposition is not valid without
the restriction that § < 1, as shown by :

Example (2.2)—Let oy = 1—1/(k+1)%, for k&€ J. Let us consider, as
in the previous example, the special system of equations {wy—agar, , = 0,
ke J;. In the case of this system “S < 17, is not valid and, in fact, § = 1
(while each 8 <« 1). Evidently (X, k € J) is a solution of the system if and
only if there exists a ¢t € Fsuch that X, =, Xz = tIl; ¢, _4(1/et) for & > 1.
Thus the system admits infinitely many solutions, which are all bounded
(since the infinite product Iggzet; converges).



1000 J. GOPALA KRISHNA

3. A Fixep Porxt THEOREM

Let us follow the notation of our section 1. Kannan (1970) (see his
Th. 4 and also his proof of the same; the conditions are not carefully stated
in the theorem) concluded :

Statement (3.1)—Let T be a one to one, continuous, linear operator of the
Banach space K onto itself. Let

EjeJIijl <1, where Ckj = gk(T‘lej) (j, k (= J) (3])

Then 7' admits a fixed point. (Kannan’s introduction of ¢g; is rather involved;
observe that his By = ¢x7! and that f; = ¢; for the purpose of his theorem
under consideration.)

As mentioned in the introduction, the interest in the case of a linear
operator on £, is about the existance or otherwise of a non-zero fixed point.
For this problem the contribution of the vast literature on spectral analysis
becomes apparent when it is realised that it amounts to determining whether
or not 1 is an eigen value for the operator. We shall, however, limit ourselves
to the context of Kannan’s considerations. In the first place it is not possible
to conclude that 7" admits a non-zero fixed point, under the hypothesis of the
statement (3.1), by virtue of :

Example (3.1)—Let a & &and be such that |«|> 1. Let 7T be the
operator defined on K by Tx = ax for each x € E. Clearly 7! exists and
both 7" and 7'-1 are continuous linear operators on E. In the present context
the cg; of the relation (3.1) is = 1/a or 0 according as k = j or not (k.j € J).
Thus T fulfils the requirements of the hypothesis of the statement (3.1), while
it admits no non-zero fixed point.

It is interesting to examine whether one can construct an example in
which the T is subject to the hypothesis of the statement (3.1) but yet admits
a non-zero fixed point. We shall now suggest valid substitutes for the state-
ment (3.1) on the basis of the results and cautions of the preceeding two sec-
tions. For this purpose we need some assumption on the basis of E such as

Inflieg : j € J} > 0, .. (8.2)

which may, in fact, be achieved by replacing each ¢; by ¢;flle. We are now
in a position to assert that the operator 7 of proposition (3.1) admits no non-
zero fixed point if

sup{Zjes ks k€ J} < 1. ... (3.3)

More generally (since 7-! may be taken as 4 below) we have :
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Proposition (3.1 —Let 4 be a bounded linear operator of E into itself
and let the conditions (3.2) and (3.3) hold, where c¢y; = gi(4e)) for 4, k€ J.
Then 4 admits no non-zero fixed point.

Proof : Let
¥ = Xy 5 xre; (25 € &F for each j)

be a fixed point of 4, so that Az = ». Hence, by proposition (1.1),
Zjeg cxgx; = for kg J.

Further, since |jzje;|l— 0 as j — oo, it follows from (3.2) that (xy, j&€ J) is
bounded (and actually € ¢,). Hence, by proposition (2.1), 2 = 0 of E.
Q.ED.

4. PROPERTIES OF AN INbUcCED TRANSFORMATION

Let the Banach Spaces F and F be with bases as introduced in section 1.
Let £’ be the Banach space of all sequences x = (2;,j € J) of & such that
Zjeg x5 converges in the norm of E, with |l = sup{|Z; <2 : n € J}
(see e.g., 28, Ch. 1V, Lusternik and Sobolov 1961). Let Ag be the identifica-
tion map defined by Agxr = Zj¢y 7j¢; for x € B'. Let F' and Ap be similar
entities associated with F. Finally let 7 be a map of ¥ into F and 7" be
the induced map Az'TAg of E' into F'.

Kannan (1970) argued. at length, to establish a number of properties of
T’ under corresponding assumptions on 7. For example he showed that 7
is bounded linear if so is 7" and that 7" is compact if so it 7. One might
assert more with much lesser effort. when it is realised that E’ is an identifica-
tion of E, through a coordinate representation. after the norm in ¥ is replaced
by an equivalent one w.r.t. which (¢;, j € J) becomes a monotone base for
E (see Wilansky 1964), and that F’ is similarly associated with F. For
example :

Assertion (4.1)—T" is compact if and only if 7 is compact. Such state-
ments may also be presented as consequences of a few elementary or standard
observations as illustrated in the formal.

Proof : The proof is complete when one observes that the linear trans-
formations 4z and Ap are homeomorphisms of E’ onto E and F’ onto F
respectively. But this is a known result (see e.g., the first Th., §28, Lusternik
and Sobolev 1961). After verifying that £’ and F’' are Banach spaces, the
result follows from the open mapping theorem and the simple fact that
I4gl and || 4 7] do not exceed 1.

6
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One might easily obtain a number of relations (¢f. Th. 3, Kannan 1970)
between the norms of 7' and 7" in terms of Ag and Ap using the fact men-
tioned towards the end of the above proof and the defining equation of T".
For example one might assert, as Kannan does, that |[TAg| < |7”| (since
TAg = ApT).
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