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A second-order matrix differential equation (L — AF) ¢ = 0 in a finite interval
with suitable boundary conditions at the end points has been considered and the
asymptotic formulae for eigenvectors and Fourier coefficient s of a function,
for large | 2| have been deduced.

§1. Let L denote the matrix operator

= (2o ) + 20 ()
L= d d (LD
r(x) i (200 )+ 6

F the symmetric matrix

Fiy(x) F12(x)) ...(1.2)

) Fyy(x) Fpp(x))’
and ¢ a vector having two components u = u(x) and v = v(x) represented by a
column matrix

U
s=1, )
The equation to be considered is

(L—AF)¢=0, ag<x<h, ..(1.3)

where A is a parameter.

F=(F;5)E(

We assume that py(x), g4(x), p,(x), ¢,(x), r(x) and F satisfy all the conditions of
§1 of Bhagat (1969) and the boundary conditions of §1 of Bhagat (1969) are also
satisfied by any solution of (1.3). We use the notations of Bhagat (1969).

In this paper we are concerned with asymptotic formulae for eigenvectors and
‘Fourier coefficients’ of a function f(x), for large |A|. The method has been
suggested by § 2.14 of Titchmarsh (1962).
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W n(x)
W¥n(x)

¥in(x), Fan(x) = O( [ An | 2149) (21)
ifdet F>1linag x<b.

§2. Theorem 1—Let Wo(x, As) = ( ) be eigenvectors. Then for fixed x,

We have, by integration by parts and eqn. (1.3)

3
JE =32 — %) P(Fu¥1a(y) + Fio¥on(3)) —p1(3) ¥in(p) — r(¥) Vou(y)] dy
x
£
= (€ — x)? po(x) ¥1n(x) + ,L(Gy — 2x — 48) py(y) ¥1n(») dy

3 ,
+ H{E — 32— 25 — ») (v — X)} po(¥) ¥yn(y) dy. .(2.2)

Let A= max (|rO) [, [P |1 PO |+ 1P || Fials|Fisl,| Fagl)
*<y<t

Now
g g
LJE =2 (v — x) Fu¥ (0 dy | < (€ — x)? Ai | Win(y) | dy
E &
SE—xpA{dy[| ¥ |* D3t
X X
by Schwarz’s inequality
g
SAE—xy2[J{| ¥1u(») | 2 + | ¥au(¥) | %}
X dy’2, by Mirsky (1955, Prob. 37, p. 426)
: 3
<ag— e[ [¥ o Frora |
< A(E — x)" 2.
Similarly

g
| JE — 2 (¥ — x) Fio¥an(0) dy | € 4E — x)'72
X
| ?(E — 2 — x){p,(p) Fun(p) + 1) You)} dy | < 24(E — x)72
X

13
| J(6y — 2x — 48) po(y) ¥1n(») dy | € 24(E — x)*?
X

| HE — ¥)? — 2 =) (v — 0} P, () F1n(p) dy | < AE — X"
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Hence from (2.2), on putting £ = x + | Ax | ~1/2, we have
I‘Fw(X)!<%(2Hni”‘+2Hnl“3’4+ [An | 718 4 2 (20 | 214,
where B = | py(x) | ie. Win(x) = O( | An| 1),

Similarly
Wynlx) = O( | An | 114).

Theorem 2—If the conditions of the Theorem 1 are satisfied
¥, W, (%) = O(] Aa | 34 ), ..(23)

We have, by integration by parts and eqn. (1.3)

14

JE = P PalFy¥1n(p) + Fro¥an(D)} — Pi(») Fin(y) — 1(¥) ¥or(3)] dy
X

= — (€ — X)? po(x) ¥;,(x) — 2(€ — %) po(x) ¥1a(x)

3 £ )
+ 2[po(y) Vin(p) dy — 2J(E — ¥) Po(») ¥1a(y) dy. (29

Just as in Theorem 1

g
| I(Fn‘FUl + Fo¥on) € — )2 dy | < 24(§ — x)5i2
. .
| J(p1¥yn + r¥an) € — )2 dy | < 24( — x)°
x .
g
| [ po(y) ¥1n() dy | < A — x)!72
x

g .
| JEE — »)po(¥) ¥in(3) dy | < AE — x)372.
Therefore, from (2.4)
| ¥,(x) | < % {6 An | (E— 22 + 6 — x)1/2 + 4(E — x)12 + 6(E — x)3/2}.

Putting £ = x =+ | An | ~12, it follows that
¥,(x) = O(] an | 3¢).
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Similarly
¥, () = O(| An | 54).

A(x)
So(x)
order four and which together with its derivatives up to order three vanish at x = a
and x = b, py(x), g,(x) have continuous derivatives up to third order, p:(%), g,(x),
7(x), Fi; have continuous second order derivativesin @ & x < b and let det F > 1
Let

Theorem 3—Let f(x) = ( ) be a vector which has continuous derivatives up to

b
a

be the ‘Fourier coefficient’ of f(x), then

Cp = O(Alz), A» being the eigenvalue corresponding to the eigenvector ¥a(x).

From (1.3) we have
(r — AnFip) (qo‘if'g,,)’ — (91 — AnFy) (Pol{r;,,)’
H b

(r — AuF,y) (Po‘F'ln)l — (p1 — AnFyy) (quF’g,.)l
‘P‘gn(x) == - H ) ...(2.6)

¥in(x) = (2.5)

where H = (Fy,Fp, — F2,) A2 — (pyFoy + q.Fy; — 2rFyp) Aa + pyg; — r2, which does
not vanish for large values of | As | , for, F,Fp, — Fi% > 0.
By (1.3)

b b (0o¥,) + pr1¥in + 1¥an
j(Fufl‘Fv' + Fp,f1¥5n) dx =If1 o™ dx
a

a

AN B b g, 0 = AaFo) =pi(Gs — AnFpa)} (0¥

a a

b {p(r — AnFyy) — r(py — AnFiy) (qo\y'an)l
© j% P - dx, by (2.5) and (2.6)

a

=L + I, + I, say. ..(2.7)
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Now

b 7, (r* — puay) (Poq"’l,, !
12 = j"\—:. H dx -+
a

H

a

= Iy, + Iy, say.

F,, — rF, .
I ___[fx(h zeH 21) Poqfl,. — Pp ==

{fl(P1F22 — rFy) }‘Ylnlj

dx

o [ {2055

The first term in I,, vanishes from iunitial conditions on f.

By Schwarz’s inequality and using ‘P: F¥. > ‘I’: Y,

b
J¥n(x) dx = O (1).
a

D {00 )=o),

n

Similarly
t=o(x)
Thus
e of)
Similarly

1
%=WE)

Now
b ) b f)
1 . . r ' oy
Il = 7,: [-flpﬂlylu _flpolFl” + X;X'(p—}}l—‘(qowzn) dx—
a a

ffl(P1F22 — rFy) (Polp;,,)' o

..(2.8)

...(2.9)

...(2.10)

(2.11)

(equation continued on p. 653)
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b b
I(p()fl) Flz (qo\ly;n)/ dx ,\" Iql(pofl) (polij' ) dx
a a
b v
+ J'(————p o/ 113, 2 (po¥,,) dx, by (2.5)
a
= Iy + Iy + Ly + Iy + 15, say ...(2.12)
b
1. = PoFee(po f1) "z(Po 1)
15 H Poy= dx Win
a

b
d F.
+ Iql‘l"—d} [Po = { 22(Pof1 }] dx.
a

b
The first term in 7;; is zero by initial conditions on f and [¥,(x) dx = O(1).
a

AL 4 )] -o()

Thus

Similarly

and by initial conditions on f
L, =0.
Hence from (2.12) we get

1
I, = o( ;\7) .(2.13)
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Thus by (2.10), (2.11).and (2.13)

b

1
j SJiFy¥in + F,W0) dx = 0(F )
a

In the same way

b

1
j fz(F?.l\Fln + F22‘F2n) dx = 0(_)\~2 ).
a

Adding (2.14) and (2.15), the result follows.
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