ON THE DEGREE OF APPROXIMATION TO A FUNCTION BY
TRIANGULAR MATRIX OF ITS FOURIER SERIES

by Huzoor H. KHAN, Department of Mathematics,
Aligarh Muslim University, Aligarh

(Communicated by F. C. Auluck, F.N.A.)
(Received 29 June 1973)
Siddigi (1971) proved a result on the degree of approximation to a function by

the Cesaro means of its Fourier series. In the present study Siddiqi’s result has

been extended in terms of the more general triangular summability of which
(C, ), = > 0 is a special case.

§1. Let f(¢) be a periodic function with period 2= and integrable in the sense
of Lebesgue over (— =, m). Let its Fourier series be given by

o]
ft) ~ 3 ay + X (ancosnt 4 by sin nt).
n=1

We shall use the following notations :

$(t) = (1) = f(x + 1) + f(x — 1) — 2f(x)
t
o) = of | $(u) | du.

Let () (n=0,1, ..., k=0,1 ...n, dn,y = 1) be a triangular matrix of real
or complex numbers.

Let

n
= = A xSk (1L1)

where

A Angk = Ak — Angkyq
and

A2 Ak = A Ansk — A Angkq.
Vol. 6, No. 8



850 HUZOOR H, KHAN

A series XU, with partial sum s, is said to be summable (A ) to s if the sequence
{os} tends to a finite limit s as »# tends to infinity.

The necessary and sufficient conditions for the ( A) to be regular are that

(a) there is a constant M such that

0

2 | A X | < M for every n,

(b) foreveryk,
limit A Anxe =0,
n—» oo
[o0]
(¢) limit = A dpp =1

n»w k=0

In particular if
A A = fj",—"‘— k < n)
n

=0 *k > n)

n
where P, = X p, 7 O then os defined by (1.1) is the same as Norlund mean

V=

generated by the sequence of coefficients {p»} usually denoted as (N, p») mean.

("TEreY)
(")

= 0 fork > n,

Similarly if

A Anyk = ,ao>0,fork<n

then . mean is the same as the ( C, «) mean, the familiar Cesaro means of order
o> 0.

§2. Siddigi (1971) proved the following theorem on the degree of approxima-
tion to a function by Cesaro means of its Fourier series.

Theorem A —let 0 <k <1 and 0 <3< n. If x is a point such that
! )) + O

n

t
g | dp(u) | < A 4(r) where 0 < 1 < 3, then o (x) — f(x) = o(¢ (
0
where cr: (x) is the Cesaro means of order k, and {(?) is a positive increasing function

such that
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[ 4 a-o (o)) -

1/n

The object of this paper is to extend the result of Siddigi (1971) in terms of
the more general triangular summability of which (C, «) 'is a special case. We prove
as follows :

Theorem — If

t

E | dg) | < AY(r) Where 0 < 1 < 3 (2)

0
then

o) = 19 = 0 (4 () X
where {(¢) is a positive increasing function such that

8

1
S ‘I’g) dt — O(n ¢ (7)) , 1 —> oo (23)
1/n

In order to prove the theorem we will use the following lemmas.

Lemmal —If {A /\”,k}::o is non-negative and non-decreasing with respect to
k, then

o o]
limit £ A%Ane=0.

n>w k=0

The proof is due to the condition of regularity.

Lemma 2 (Nand Kishore 1971) — If { A Au,x},_, is a non-negative and non-

decreasing sequence with respect tok then for 0 < a < b o0, 0 <t K = and for
every n

b
I b A /\n,n—k eH{n-k)t | < Bt A An,n—r
k=a

where < is integral part of 1/1.

Lemma 3 (Nand Kishore 1971) — If {A M}y, is non-negative and non-

n
decreasing sequence with respect to k such that X A Aa,e = 1 thenasn —» oo
k=0
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1
A dnk = O(Trk—:r)

uniformly for all k < n so that
(1)
By — ’*’;’ .
§3. Proof of the Theorem — Let us write

k
Su(x) = % ay + I (a,cosvx + b, sin vX)

ey
0

Silx) — fx) = 2% sin /2

then we have

on(x) — f(x) = §0 A d (k) — f(00}

k=
J’w) . ( 2k2—|— 1 ) ) }
0

n

= 5 A Aﬂ;k
k=0

sin ¢/2

n

1 sin (2 k2+ 1 ) t
#0) 7 A dnk iy at

k=0

ot—""y

$(8) Ku(t) dt

I
Oty

where
n

1 sin( 2k2+ 1 ) t
Ku(t) = 2r A Ansi sin 1/2

k=0

Now
T 1/n 3 n
JeO)Ka(tydt ={ | + [ + [} (1) Ka(t) dt
0 0 1/n 8

=L + I, + I (say).
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(i) Now uniformlyin0 <t < 1/n
n

| i (B£L),
l K‘"(t) ‘ = % I A )‘"570 sin t/z l

k=0

n
1
<o D 18] @+ .
k=

Applying Abel’s lemma we get

IKn(t)!<2—,1;{g(kzimn,ki)IZk+l~2k~3l
k=0 0

+(2n+1)$:|4)«",, | }
0

< o 2 Mn + (20 + 1) M),
Hence  Ki(t) = O(n) as n — oo.
Since #(0) = 0, we get
t

[¢() ] < [ | dg(u) | < AY(¢) by hypothesis.
0
Therefore

-

/n

I, = o( n| o dt)

)
o(+(+

1/n
3 n
] sin (—%’f——zi—l—-)t
= ¢(t) '2“; A ’\ﬁsk sin t/2 dt <
1/n k=0

(equation continued on p. 854)
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3 n
. Sin(Zn—22k+1 )t
<| 160015 A A i d
ijn k=0
3 n
. sin(zn_§k+1)t
=% | 4O £ Amn Sin 12 e
1/n k=0
b
571: [ l ¢(t) I Bi1 A /\n,n—r Tl dt (by Lemma 2)
1/n
)
1 ‘l/(t)

B A Anpns dt
1/n

3
B t
< Z—TC— I Lp( ) A /\n,o dt

1
=0 ( ny (?>) . (71;) (by Lemma 3 and condition 2.3)

(iii) Now
n
. sin ( 2k ;— 1 )t
K | = 5 | L, 8 dwn =]
k=0
n—1
1 sin2<2k2+1)i
Pl 2
< 27?.' ! A Aﬂ;kl sin2 t/z
k=0
1 e (21 |
+ A A | T l
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-1
1 |
0<I]812§<n [ Ka() | < Tm s 82 [kZO F A Ang | + 0(1)]

= o(l) as n - oo,

L < g W) | Knt) | dt

k14
< max | K(n)] [ 4t
0 3

= o(l) as n — oo.
Therefore

) = 1) = 0( 4 ()

n

which completes the proof of the theorem.

ACKNOWLEDGEMENT

The author is very much indebted to Dr. Sarfaraz Umar for his kind help and
guidance during the preparation of this paper.

REFERENCES

Nand Kishore (1971). On absolute matrix summability of a Fourier series. Indian J. Math., 13,
No. 2, 99-110.

Siddigi, A. H. (1971). On the degree of approximation to a function by the Cesaro means of its
Fourier series. Indian J. pure appl. Math., 2, No. 3, 367-73.



