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g-ANALOGUES OF SOME BILINEAR TRANSFORMATIONS
V. K. JaN
Department of Mathematics, Bareilly College, Bareilly
(Received 20 February 1980)

g-analogues of the bilinear transformations of Carlitz (1970), Verma (1972)
and Meixner (1942) are obtained. Some of their interesting special cases are
also discussed, for instance, g-analogues of the well-known Hardy-Hille
formula for Laguerre polynomials.

§1. Meixner (1942) proved the following bilinear generating functions, as
generalizations of some of the results due to Erdélyi (1939) :
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Later on, Carlitz (1970) generalized (1.1) and Verma (1972) generalized (1.2) and (1.3)
to arbitrary series, In this note we obtain g-analogues of the results of Carlitz (1970),
Verma (1972) and the g-analogue of the terminating version of (1.4). As applications
of these formulae we deduce bilinear generating functions for g¢-Laguerre poly-
nomials.

§2. Definitions and Notations — If we let

lgl <1, [a;glh=00—a)(1—ag)..(1—ag"?), [a;g]4=1
and [a; gl = ?i (1 —agr)
r=0

then we may define the basic hypergeometric series as :
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where the series ,4,¢,,» converges for all positive integral values of r and for all x,

except, when r = 0, it converges only for | x | < 1. Following Jackson (1944) we
define

[ag; g]n g 0;,g; x
ECD R e P

and
a lag; gl [fr"' q;—x
L_(x;q)=7—"2L >
n (%3 9) [ ** Lag ]

as g-analogues of Laguerre polynomials. In fact these two g-analogues of Laguerre
polynomials are connected by the relation

12 (s q) = (- ir)

where pg = 1. The g-analogue of Jacobi polynomials is defined as (see Andrews
and Askey 1977)

) _ q ", abgtin; q; xq
p'*(x’ a; b/q) - 2¢1 [ aq ]'

§3. In this section we prove the following formulae :
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and
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Proof of (3.1) — In view of the g-analogue of Saalschiitz summation theorem
[Slater 1966, 3.3.2.2] we can write
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multiplying both of the sides of (3.4) by z"g»s and summing with respect to n from
0 to oo, we get
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Next, multiplying both of the sides of (3.5) by x7y*A,Bsgtmrir-1r+2s(s-1))/2 and then
summing with respect to r and s from 0 to oo, we get (3.1) on some reductions.

(_.z)n q(n~r)(n-—r-])/2
[az; gln

Proof of (3.2) — Multiplying both the sides of (3.4) by

and summing with respect to n from 0 to oo, we get:
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Furthermore, multiplying (3.6) by xrysA4,B,qtmr(r—1)3(1+ns(s—1)+25)/2 and summing
with respect to r and s from 0 to oo, we get (3.2). Both (3.1)and (3.2) are
g-analogues of a result of Carlitz (1970, 1.6).

Proof of (3.3) — Rewriting the g-analogue of Gauss’s summation theorem
(Slater 1966, 3.3.2.5) as

[4; gl - [61‘ e q”"] 3.7
[q’ q]"-r [q; qln'—s (',q]n-—r— q14_"_f s s .‘-( . )
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from 0 to oo, we get (3.3), g-analogue of a formula due to Carlitz (1970, 5.1).

and summing with respect to n,r and s

multiplying by

Next, we discuss some of the interesting special cases of (3.1)-(3.3). (3.1) for
1
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whereas (3.2) form = p =0, 4, = @ 7]

= B,, gives (on replacing « by ag)
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Formulae (3.8) and (3.10) are g-analogues of the well known Hardy-Hille formula
(Carlitz 1970, 1.1) for the Laguerre polynomials.

Next, (3.1) and (3.2), for « — 0 yield
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(3.3), (3.11) and (3.12) are all g-analogues of a result of Carlitz (1970, 5.1). In (3.3),
1

. . . 1
replacing x, y by —x, —y respectively and then setting 4, = -——, By = ——,
p g X,y by Yy 1€Sp y g ica; an’ = fag; a

we get
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1
3 BS =
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whereas (3.11)form =1, p = 0, 4, and (3.12)form=p =0,

1 1
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and

[q: gln (— 2)n gntn-Diz ' 0
z [cq: g]n [dg; q]a L, (x¢; ¢) L, (ya:9)

[~, q] (xyz2)n g
= [z gl 2 o Tog; 1 194; ln
0; g5 —xz 0,9, —yz 7
X 1¢,[Cq1+" ]xsﬁl l:dqw J ..(3.15)

respectively. (3.13) — (3.15) are g-analogues of a formula due to Carlitz (1970, 5.10).

(3.3) for 4, = {“ ;’]] B, = E)i q% yields
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Next, in (3.16) replacing x and y by x/z and y/z respectively and then replacing
z by xy/z, we get
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which is a g-analogue of a result due to Erdelyi (1940). It may be worth-while to
remark that similar bilinear transformations may be obtained from (3.11) and (3.12)
by suitably choosing the sequences {4,} and {B}.

[a; q1- [b; qls
Lastly (3.2) for 4, = , B, =  m=p=0
astly (3.2) for [«; g1 [—axz; g}, [wal [~y ql "~ F
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which is a g-analogue of a result of Weisner (Carlitz 1961, 1.1).

Before we close this sectibn, we would prove the following g-analogue of 2
result of Carlitz (1961, 3.11) :
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Proof of (3.18) — Denoting the left hand side of (3.19) by S, we have (using
g-binomial theorem (Slater 1966, 3.2.2.11)
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setting r 4+ s = j and simplifying, we get (3.19).

§4. In this section we prove the g-analogues of a result of Verma (1972), which
is a generalization of Meixner (1942):
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and
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Proof of (4.1) — Rewriting the g-analogue of Gauss® summation theorem in
the form :

[o; 4] [% gle ¢[ A g ] = [ glras .(43)

Multiplying both the sides by
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(equation continued on p. 1653)
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Proof of (4.2) — Multiplying both the sides of (4.3) by [q[?‘f]"]’”[;."; ]("[zz)('ys"'?*
> qir19: gls 129775 glw

and summing with respect to r and s from 0 to oo, we get

© min(r.s)

o0
z z z [o; gl [o: g)s [2zg°: v fg77 5 gla [g5: gln (x2)rytangmrtI 4, B,
[q; g1 (g5 als (g5 gla [ qla [2977;5 qln

r=0
_ z z [ glrss (xz)' VA4, B; [«zgs: gl
lg; 9)- 195 qls [zg7"; gl

r=0 s5=0

or

g
s (]—) (oxyz)r gnln—1+X)
d n

[2z; gln O [%: gln [azg¥; ¢
(z; gln z

= l9: gl =i gl [ Lig ).
1-N+n
y [2g™; g} - q] (xz)r g% Aus
X z - 1+n
r=0 [q9 q]r {:qz s q]
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(equation continued on p. 1654)
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-] o« N
= z z [« g]rss (x2)" y*4,B, [xq™**: gla [g7¥; gl g7
; . ; R 1—-N+7r
=0 s= l7; 41 L5 4] n=0 19; 4l [17—*;(]]"

i [e; gl [977; qla g7 { z” [g="; g [%v ; ql (x2)r qN'Ar}

ql——N
—ol4; gl ; q:] =0 lg; gl [g**¥—"; ql;

- [2g™; gl y*B, {
X{;} lg; 9l }

If in (4.2) we set « = g~M (M a non-negative integer) and then let N—>oo, we get

zﬂ
Z & (4; —xq; 1; q) Gayo [q7™; B; y; —; q]
n=0

M
_ fzg™; q]) [g7M; gln (—xy)n gr3n—1-2M) 2
z, o
[z g] =0 [q;q]n[%;q]n[zq“"‘;q]n

M—n ’
[q-—M-i-n; Q]r (._x)Z A,I+rqr(r+1+2n)/2
X z gitn
[g; q]rl: ; ]r

r=0

zZ

M--n i B
{g=M*; gls *Bnys
X . ...(4.4

{ [9; qls [zg=Mtn; g], (44)

s=0
(4.4) is a g-analogue of the terminating version of (1.2).

On the otherhand, g-analogues of yet another result of Verma (1972) which is a
generalization of (1.3) are :

e o)

Gy [0 45 x5 —; g] Guyo[2; By y; —;
Eq,qlu[uq ol 9} Gro[s Brys =5 d]

_ezi gl [ gla (axyz)m g™n—1)
T Z [9; gl [22; g]on

=0
e o] 20}
[aq" ]an ] x’_l'sAn+an+s
2 ...(4.5
z z lg: g]- [9: gls [22g*"; g)rss (4.5)
r=0 s=0
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and

Y - n 2. [xgn; gl [iq“"’;q] Xt A,

[2: qlalc; qlalg=": qls g z -

2 [9; gln [2z; gln [—q‘”,q] {Z=0 lg; gl [% q“N+";q]r }
A3 e

{z: glv [—,q]
[—,q:l [«z; gln

N 1a7Y; gl [%; gln [65 gln [023 gl l:—q“ ,q] (axy)" gV

pray (95 qln [22¢7; q]a [‘“’ q][ q][ o ]

cqgl-N+n
— lxg"; gl [—Z—: q]' [ i ;q:] X" Anr }
12 '
¢ Itn-N
r=0  la; dlr [7 g q]r [q p ;ql

{i [eg™; qls [229™; ¢]s [‘-—‘IN l ¥*Bass } ...{4.6)

s=0 145 q)s [azg™™7; q]; [— g~ q]

X

Proof of (4.5) — In the Euler’s transformation (Sears 1951)

agT, wq% g;z ) _ [azgmteigle NERE L azqmte
2¢1 « - [2; q]'>° b2 a8 | o
le; g1 [o; g]s x7y°A4.Bs
(9 91- [g; 4l
and s from 0 to oo, we get (4.5) on simplification.

multiplying both the sides by and summing with respect tor

Proof of (4.6) — In the Sears transformation (1951, 8.3)

agT, agt, ¢, gV g3 g
s oy -;— PN, azgs ]
[2g=7; qlv [~ q°%; q—’ g 956,97V 4, q
[—— g q] [azgs; q}/v @, 2g=*. — gi-N-s
azZ
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2 qlr [a; gls xTys A4, B, . .

[: 4] [_a q) x A and summing with respect to r
{g; 91 lg; 9l

and s from 0 to oo, we get (4.6), on some reductions. Lastly, we derive the g-analogue

of the terminating version of (1.4) in the form :

Nola s gl | 5 =3 | I5; gl (bdg)e
E [[Z; qq];]"[cl—? :]» [e:;]nq]n

n=0
~N+n d’ — ¢ —-V+n b _— 7an ;
X3¢2[q ,enqqq] [q "qq]
q cq

- z [g=7: gla [b; gl [d; qln [s; gla (22q)"
[9; qln [c; q]n [e; qln 82N

multiplying both the sides by

z t
q Nt bgn, — —; g5 q g Nta dgm, — —; g5 q
T oo s

X 3y
cq™, 0 eq”, 0

..(4.7)

Proof of (4.7) — The g-analogue of Saalschiitz summation theorem :

[q—N+p; q]n I'q—N—HC; q]n i q‘", q-k’ q_p; q.49
77 2l (777 gl g, grespion

may be rewritten as (using the g-analogue of Vandermonde’s summation theorem)

(s g 50| "’1 (5], S el o
[4; gl Lc; gla [€; qln [9; 915 (5 qlr—» [eq™; 4]

z [q=V* gl [b; gls °
[q3 q]k [q, S—k [an; q]s

- 2 (g2 glom [g77: qln (5 qlm [d; qlm gmimti—)
o 195 Gin_m Iqs qlm [€; @im €5 Glm

rZzp

mzo
>< z [~V qla [dg™; qlu q*
195 Glo—m | G5 Qlucpim [€g™; glu
uZp—m ’

o z [a=Nrm; qls [hg™: q)s g
(7 @ran (G2 Glicserm [cg™: g

jzk-m
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Now multiplying both the sides of the above expression by [s; gla zktrg(*-1)/2
X gislr~1)+2m)/2 and summing with respect to n, k, p the left-hand side may be written
infthe form ;

N [g="; qJn [5; qln | — =
B Zo > > — [q;sq;]n [c[; o [Z] ;JEd ') (bd) greteomn
n=0 pz0 k20

[N+ q- (d; q]- g7
[9; al» [a; 9)r—s [eq™; q)

X

rzp

z Ig=¥+m; gl [B; g]s gszFtrqiite-—1+p(s-1)) /2
lg; 91k 195 qls—x [cq™; gls

sz k

_ i [97V; gla [—Z«; q]u [—3 q].. [s; gl (bdg)n

lg; qln le; gl (€5 G)n

n=

N—n N—-n

[g=¥*n; q1- [d; q)- g7 (g% q)s [b; g1s g°
x z (4 9] [eq™ 4l z {q; q]s [cq™; qbs

r= 5=

% o [ q_—*; q; — zgn ]1% [[q_*'; q; —-tq""'}] (48)

whereas the right-hand side becomes
S = z E z z [g=N 52, gla—n [g7; qlm [B; qlm [d; qlm [s; gl 2XtPqHE-1)/2
>0 k50 p=0 m>0 [4: glnm (45 41 €5 1 (€ Gl
n d r mz

X UAPLytIm(m1-N)+2n) /2 2 gV qlu [dg™; qlu q°
lq, ‘]JP— 195 qJu—pim [eg™; qlu

upp—m

2 —NIm, ]1 [bg™; qls g3
- lg; Q]k—— qlikim fcgm™; Q]:

197 qlm 165 @l [d; Gl (83 Glen 281PqRs— 1) R(p=1)F2m(m+ 2-N)) /2
z 2 2 (95 qim l; qlm L€, g]m
k>0

pz0 m>20

[N sq™ g5 9 [g=¥*™; glu [dg™; g« q
X o J 195 dloon 143 hemsim (€47 0}
L 0 q; qip-m 9 9lu—pim €9 Glu
upp—m

. z Tg—~N+m: g, [hg™; q); o? _
{5 qlk-m [g; qlikson [cg™; gl
J2k—m
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Summing the ,¢, and then replacing k by k + m, we get

z z [97N; qlm [B; @1 [d; gl [5; @lm 2mtpgtEe—1)m{m+3-20)) 12
[9; 91m {€; glm [€; qlm sP~N*Tm

pz0 mz>0

« z [g=N*m. qlu [dg™; q1s g* z [g—7+m; qls [bg™: qls g
[9; qlo-m [9; qlu-psm [€4™; qlu < lg; q1s [ea™; qli
J

uzp—m

g7; g — — g
X 190 s

N
_ 2 [97Y; qlm [B; qlm [d; g [5: q1m (2tq)™
- 1g; 9lm [¢; q)m [€; glm s*m~N

V4
g™ b, — 45

X 3y
cq™, 0
1
[g=*™; qlu [dg™; g]u 4* AL Tt o 49
X ...(4.9)
z [9; qlu [eq™; glu %o (
uz0 -
Summing the ;¢, in (4.8) and (4.9) we get (4.7).
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