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In this paper using &-quasi-monotone sequences and any almost increasing sequences a theorem on
I1C, a, B; 61, summability factors of infinite series, which generalizes a theorem of Mazhar® conceming 1C, 11,

summability factors, has been proved.
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1. INTRODUCTION

A sequence (b,) of positive numbers is said to be quasi-monotone if nA4b, 2~ yb, for y>0 and
if a is said to be d-quasi-monotone, if 0 <b, — 0 ultimately and A b, 2~ §,, where (J,) is a sequence

of positive numbers (seez). Let Xa, be a given finite series with partial sums (s,). We denote by

u: and t: the nth Ceséro means of order & with & > -1, of the sequence (s,) and (na,), respectively,

i.e.,
1w ,o-!
a a-
un=F 2 A .Sy . (1)
n v=0
1« ja-l .
a-
h=—g 3 A,_,va, . (2)
An v=1
where A:=( ":“J=0(na),a>_-1,,4§=1 and A =0 forn > 0. | . (3)

The series Za, is said to be summable IC, al,, k21, if (sees)
) R P P2 )
n=1
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But since t;x:n (us—uf _1) (see 7) condition (4) can also be written as

oo

Y Lt . (5

n
n=1

We say that the series £a, is said to be summable | C, a, f3; 5Ik,k2 1, if (see6)

v nﬂ(ék+k—1)~k”:‘|k<oo’ . (6)

n=1

where 6§20 and B is a real number.
Mazhar® proved the following theorem for | C, 11, summability factor of infinite series.
Theorem A — Let A, —0 as n—>eo. Suppose that there exists a sequence of numbers

(B,) such that it is &-quasi-monotone with L n 0,logn<e, £ B logn is convergent and
tAZ 1 <IB, | for all n. If

n

Y L k=0 gogm) as m— e, (D)
n

n=1

where (’;11) is the nth (C, 1) mean of the sequence (nan), then the series X a, l" is summable
I1C, 1 Ik’ k21
2. The aim of this paper is to generalize Theorem A for |C, e, B; 61, summability factors

under weaker conditions by using an almost increasing sequence. For this we need the concept of

almost increasing sequence. A positive sequence (d,) is said to be almost increasing if there exists
a positive increasing sequence (c,) and two positive constants A and B such that Ac,<d <Bc,

(seel). Obviously every increasing sequence is almost increasing but the converse need not be true

n
as can be seen from the example dn=ne(—1). Since log n is increasing in Theorem A, we are

weakening the hypotheses of the theorem replacing the increasing sequence by any almost increasing
sequence.

Now, shall prove the following theorem.

Theorem -— Let (X,) be an almost increasing sequence. Let k21, a2 1 and 6n20. Let
La, be a given series with a,20 for all n21. Let A, —0 as n—> o and B bfe a real number
such that oo+ k- B(8k+k—1)2 0. Suppose that there exists a sequence of numbers (B,) such that
it is -quasi-monotone with L n® 8,X, <e, L B, X, is convergent and |AA I<I|B, | for all n. If

m

Y »*hB X =0, . (8)

n=1
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Z nP@kk-D=k (B _ 0 (X ) as m— o, (9

n=1

then the series X a A is summable |C, o, B; 81,.

It should be noted that if we take X, =logn, f=1,6=0 and o=1 in this theorem. then we
get Theorem A.

We need the following lemmas for the proof of our theorem.

Lemma 1* — If 7>-1 and 7-0>0, then for k = 1, 2,
o L0
An k 1 )
Z 7-0-1" < (1)
n=k nA kAk
Lemma 2 — Let A, — 0 as n—> . Suppose that there exists a sequence of numbers (B,)

such that it is d-quasi-monotone with £ B, X, is convergent and | A4, |1<!B, | for all n. then
1A4,1X,=0(1) as n— oo . (D

PROOF : Proof of Lemma 2 is similar to proof of Lemma 2 of Bor (see3 case X, =logn)
and hence omitted.

Lemma 3 — Let a21. If (B,) is d-quasi-monotone with zn? 6,X,<e and LB, X, is
convergent, then ’

m*B, X, =0(1) as m > . (12)
Y n%1AB IX, <o, e (13
n=1

PROOF : Proof of Lemma 3 is similar to proof of Theorem 1 and 2 of Boas (see2 case
y=a, a,=B, and X, =logn) and hence omitted.

Lemma 4* — Let (tf:) be the n-th Cesaro mean of order a with a2 1, of the sequence
(na,) such that a, 20 for all n21 whenever ‘a> 1. If n2v, then

v

Z "n- p

Sa
1

€
<8
<R

At (14
PROOF OF THE THEOREM : Let (Tf:) be the nth (C, &) mean of the sequence (na
by (2), we have

A). Then,

n-n

n
1 a-1

T:=—EZAnV
n

v=1
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By Abel’s transformation, we have

n-1
1
=-—a 2 A;L 2 An -p pap
n v=]
So that, making use of Lemma 4, we get

n-1

v
1 a-1 A’n
11— S 142,01 | Y A a
An v=1

1
_yVva,
n |v=1
i n-1
a-1 o« a
S—z Y VAANA, D, A r +14 101,
An v=1

= Tfi1+T:,2, say.

Since 1T +ﬁ2IkS2k(lTillk+szzlk), to complete the proof of the theorem it is
sufficient to show that

Y ﬁ(5k+k—l)—k,7’:r'k<oa, for r = 1, 2, by (6)
n=1

Since n®1 B, 1= 0 (1/X,)=0 (1), by (12) and 1 Av*1 =0 (

=0 (v* 1), now, when k > 1, applying
Holder’s inequality with indices k and k', where 1/k+ 1/k’=1, we have

m+1 m+1
(Bk+k-1)-k k Bk+k-1)-k
3 P 1T, Fs Y P
n=2 n=2
_ k
_1_ ~— a a-1 «a
a 2.4 IBV‘AVAH-VIV
n v=1
m+1 : (n-1 k
- BBk+k-1)-k a-1 o
=o() Y n Aak<z_v"'lBVIAn_vtV
n=2 ) (n) v=1
m+1 , (-1 k
~1) =~ o- 1 a-1 a
=0 ¥ PO LY VA B IA) T, )(A ko
n=2 (An) v=1

n-v
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m+1
n=2 (A) v=1
13
n-1 Kok
X 2 ((Aa 1)l/k)
v=1
m+ 1 n- n-1 | k-1
=0(1) Y nPOk+k-D-k ak 2 V1B, AT )y (% x AT
n=2 @A) vo) v=1
m+1 1 - n-1 Aa—l k-1
n=2 n v= v=1 An
m m+1 Aa—l
k-1 a k -V
=0 Y 1B oFB ot Y _ﬂ(5k+"k_,)+kAa
y=1 n=v+1 I n

=0() Y v"'lelvB@hk—l)—@(ﬁ)k,

v=1
by Lemma 1. By Abel transformation we discover

m+1

m-1
z Bbk+k-1)- k”-a =0(1) z IA(\ | B ')/2 pﬂ(5k+k 1)- k(ta)k
v=1

m
B(Sk+k-1)-k 0
+ 0()m®1B,1 ¥ W OkHE=D=k A

v=1

m-1

=0 Y 1A0IB,)IX, +0(1)m*IB,IX,
v=1
m-1 i m-1

=0 Y, VIAB X, +0(1) Y, 1A(™IIB,  1X,+0(1)m*1B,IX,
v=] v=1
m-1 m-1

=0 Y vIAB X, +0() Y vV B, 1X,+0(1)m*IB,IX,
v=1 v=1

= 0 (1) as m - eo,

conditions (9), (13) and (8) of the Theorem and Lemma 3.
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Again, since A =0 (1) and AI/'LnISIA/'L" I, we have that

m m
T P Ekek kg8 § pB@krk-D-kpp g kT

n=1 n=1

m
= 0o) z nﬁ(5k+k“1)_kl}¢nl(t§)&

n=1

m-1

n m
=0 Y 142, Y PRI 014,10 Y, APERHEDE R
=1

n=1 n=1

m-1 m-1
o) ¥ 142,1X,+0(M)IA,1X, =00 Y, 1B,1X,+0()14,1X,

n=1 n=1

It

O(1) as m — oo,

by conditions (9) and (11) of Lemma 2 and the Theorem.

Therefore, we get that

m

Y PERHEED-R Y f20(1) as m—s e for r = 1, 2.

n=1

This completes the proof of the theorem.
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