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Balinski signature method for the assignment problem is extended to primal
transportation problems, including transportation problems with unit demands.
The computational complexity of the algorithm is of O (#?).

1. INTRODUCTION

The Hirsch-conjecture for dual transportation polyhedra® has been proved by
Balinski with the help of special pivot-rule. This pivot-rule for finding Hirsch-paths
for dual transportation polyhedra helps in solving some special classes of primal
transportation problem. The rule is guided by the signatured.

The Hirsch-conjecture in linear programming?’8 states that any two vertices of
a convex polyhedron can be joined by a Hirsch-path. But for unbounded polyhedron
of dimension 4 or more, the conjecture is falsel3, It has been proved to be true for
certain special type of polytopes arising from the shortest path problem!5, Leontief
substitution systemsl®, the assignment problem$, integer solutions of the set parti-
tioning problem?, travelling sales man problem!4 and certain classes of transportation
problem?.

In this paper we want to extend the Balinski’s pivot choice rule to certain
classes of transportation problem and discuss the computational complexity.

The content of this paper is arranged in the following manner. Section 2 contains
the review of Balinski’s work and is given for the convenience of the readers. In
section 3, the basic signature method for the transportation problem is given. A
numerical example is given for illustration. Section 4 deals with computational com-
plexity of the algorithm.
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2. THE PROBLEM AND PivoT CHOICE RULE
Consider the transporation problem :
min 3 s xi4
ij
n

s. 1. Z xtj =am,i=12,..,m
1=1

m

S xts=0bs, j=1,2,..,n
=1
xt1 20, i=1,2,..,m

=12, ...,n
we assume that
» ] »
Z a= I pj
f=1 =1
Let
P = Pm,n [{as}, {bs}]

be the transportation polytope of feasible points for the problem. The dual transpor-
tation polyhedron for m x n matrix ¢ is

Dmas(c) ={u,v) |+ vi€Qects,i € R, jE C,m1 = 0}
where

R={l,..,mjand C = {1, ..., n}
are sets of row and column nodes.

Extreme points of Dm,» (¢) are characterized by spanning tree T of a bipartite
graph G = (R, C, E) where E represents the set o: edges (i, /) joining every row node
i and column nodej. A pair (u, v) is an extreme point of Dms (C) if and only if
there is a spanning tree T of the bipartite graph G such that

w+vi=c5G)ET
u+vi<cess, i, )) §T.

We, hence forward call tree T is dual feasible. To an extreme point, however there
can correspond many trees 7. This is due to the degeneracy for us + vi = cts, (i,

& T. The row signature of tree T is the uniquely defined vector of the degrees of row
nodes

m
d = (d1, do, ..., dm), ‘21 dt=m+n—1
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Fic. 1. Spanning tree T.

and each & > 1 (see Fig. 1).

Given a dual feasible tree T with the extreme point (u, v), let (k,/) be one of
its edges with both £ and / of degree at least 2. Consider performing simplex pivot
which removes from T the edge (k, /) on the path joining s to t where s is root of T
and ¢ is the ‘target’ node, and replaces it so as to maintain dual feasibility. Let 7% be
the subtree of T with root ! and T* = T — (T* U (k, ])). Thus, removing (k, ]
from T, divides it into two components 7" containing ‘/” and T* containing k. Let

e=min{cs —w— v |iETLjET} >0

and (g, #) be some edge at which the minimum is achieved. Set T! = T* U T? U
(g, h). Ifrow node | € T*, define.

{uc+¢,i€ T

u; .
¢ s otherwise
‘ { vv—¢ jET
\ 4 .
H vs, otherwise

and if row node 1 € T* define
, u — €, i€ Tk
?" { us, otherwisc

, vite € T*

i T {.,,vj, otherwise.

Then (u', v) is an extreme point of the new tree 7.

Balinski proves that two trees belonging to two different extreme points have
different signatures. Given an initial dual feasible tree T with signature 4 and any
‘target’ signature d* (e.'g., m-components vector, sum of whose components is equal
tom + n — 1) there is a chain at most (m — 1) (# —1) pivots of transforming T
into dual feasible tree 7* with signature d®. This type of transformation gives
Hirsch bound. The particular choice of pivots is guided by the signature d and d*.

Let d be signature of a given tree T and d* the target signature. If d“ >
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then i is called deficit node and if a; < ar, then i is called surplus node. The net
deficit is

@ (d: —dt):a: > ai).

Some surplus node s is chosen and is designated as ‘source’ node and a deficit
node z is chosen and is designated as ‘target’. Pivot on the edge (s, /) incident to s
that is on the path joining s to the traget r. Let R be the set of row nodes of the
elements of 7 — (s, /) that contains 7. Then s does not belong to R'. The degree
of some g € R’ 1s increased by 1, either (i) it was not a deficit node of T.or (i) it.

In case (i), choose g as the new source, maintain ¢ as the target and continue.
In case (ii), the net deficit is decreased by 1 and one cycle is completed. If the net
deficit is zero, the target tree T* with signature d® is found. Otherwise, choose a new
source and target and continue. In case (ii), g may be different from t. If we really
require g and f to be the same, we may delay the end of the cycle by choosing g as
the new source, maintaining ¢ as the target and continuing. Ultimately g must coin-
cide with 7.

The method terminates after at most (m — 1) (n — 1) steps'and this bound is
best possible for the polyhedion defined by cis = (m — i) (j— 1). Moreover, the
method demonstrates that for every ‘target’ signature d there is an extreme point
whose tree has a as its signature.

The initial signature is taken as @ = (n, 1, 1, ..., 1) and corresponding to this
initial signature there is always an extreme point given by :i1 = 0, v = c¢, 1 < j
€ nand = mins (¢t — c17) 2 € i € m and (¢, j) € T for same j for which the
minimum is achieved.

3. THE BASIC SIGNATURE METHODS FOR THE TRANSPORTATION PROBLEM

We know that a spanning tree T is dual feasible if it is associated with an ex-
treme-point of Dm,s (c). It is perimal feasible if x¢s € P, x¢g4 > Ofor (i, ) € T.
The complementary slackness forces simultaneous primal and dual feasible tree 7
optimal.

" The Balinski’s algorithm for the assignment problem? depends upon the fact that
there exist a particular vector d such that every tree with signature d irrespective of
dual feasible must be primal feasible. We call such a special vector d = (d, ..., dm),

»
whose each component is positive integer and“f di= m+n—1 as an optimal

signature for the transportation problem. Moreover, Balinski proves that any vector
of the form (2, 2, ..., 1, 2, ..., 2) is an optimal signature of an assignment problem.
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Not every transportation problem possesses an optimal signature. The class of
transportation problems having optimal signature, we may call signature class. The
characterization of optimal signature for a given transportation problem is based on
the following theorcm.

Theorem 17—For a given transportation problem with supplies @, i € R and
demand by, j € C, where R and C are row and column nodes respectively and given
a vector d = (di, ..., dm) of positive integers summing to m + n — 1. Then the
vector d is an optimal signature if and only if the following ( ® ) holds

 daz|U|+—V|forevery UC R
€U

and
VC Csuchthat & a1 > T bs(#»).
3 JjEV
From the above characterization, it is evident that the transportation problems

with constant demands and transportation pioblems with unit demands constitute
signature class and can be solved efficiently.

Theorem 27—For a transportation problem with supplies a¢ > 0, { € R and in-
tegers, demands bs, j € C are equal to fixed positive constant D, as = k¢ D + n,
i € R, 0 € ri < D. Then the transportation problem has optimal signature if and
only if

Z <D
'Y

We reproduce the proof of the above theorem with minor modifications for con-
sidering different classes of transportation problems.
PrROOP : We consider three cases :
m
G EZn=0
f=1
m
Gi) = k=D
$=1
m

(iii) Z r> D

=1

Case (i) : Since

mn n
Za - X bij=nD
=1 =1
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)
m m
D X ki+ & ri=nD
=1 -1
or
m
Z ke =n,
i=1

Choose any arbitrary node p, 1 < p € m, such that dp = kp and dh = ke + 1, i # p.
Then

m m m
L dh= T d+tbhkvem m—1D+ Z ki=m+n- 1.
=1 =1 $=1

t*p

Suppose U C R, ¥V C Csuchthat £ as > ¥ bj. Since each a¢ is a mnltiple of
€U jE€V
D as

n=0,D Zki>D|V|
ieU
SO

T k=|V|+1.
i€U

But this implies
S Aa2|U|—14+ Z k> |U|+|V]|
ielu i€ev

and (*) holds.

m
Case (ii) : In this case, we assume X r¢ = D.
=1
Then
n m m m
E bi=nD= Z a=DZ ki+ Z n
=1 =1 =1 =1
or
m
nD=D Z ki+ D
=1
or

n
2 kt=n—1
=1
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set
d=Ik+11<€i<m

Then

m m
 di=m+ T ki=m-+n-1.
=1 1=1

Suppose U C R, ¥V C C such that
Z > I b

€U JEV
Then
D Z i+ 2 n >DlV]
iev i€eU
or
DX kk>D|V|—-—2Z n >D|V|~D
€U iev
or
Z ke>|V] -1
i€V
or
T ke =|V].
i€ev
NOW

E a=|Ul+ Zk=|U|+|V]|.
ievU

i€

Thus ( * ) holds.

m
Case (iii): Assume % rt > D. Let
=1

Ri={i|rn=20}, Re = R — R1.
By examining the sets U of the form

@ |U|=1
or

(b) U= RV {p}forp€ Re

or
(¢) U= R — {p}forp € Re

we can use ( # ) to show that there can be no optimal signature.
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Example : Letat = ke m + 1, 1 < i < m, where k¢t » 0 and integer, and
m
bf=m, 1 €j€n wheren =1 + 121 ke. The optimal signature is (k1 + 1, ke

+ 1, .., km 4+ 1). The initial signatureis (#, 1, 1, ..., 1). In particular, we take
mm=S nwm6 kiml, i=1,2,..,5 D=5 ri=1 1€i<m Zn =D,

| 112 4 4 | 4
al3ls|3lz|s
C= Jazl2|1|5|s]s
al23]3|s ]
alalz]2a]3s |

SOURCE v YARGEY

u =(0s—2,_1,—3’——3)
v =(1,1,2.4,4,4),3 = |
a® = (6,1,1,1,1)

SOURCE  TARGET

u =(0’_2! —-1’—2’—2)
v =(1,1,2,4,4,3), § = |
a2=(11,12)
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SOURCE TARGET

u =0, —1,~1, -2, —2)
v =(1,1,2,4,3,3),8 =2
a=04,21,12)

u =(0,1,~1,0,0)
v =(1,1,2,2,1,4), 8 = |
at=(3,3,1,1,2

u = (0, 29 Oa 19 ])
v = (1,1,1,1,00),8=1
A =(2,3 1,22
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u =(0,2,1,1,1)
v =1(1,1,0,1,0,0)
a® = (2,2,2,2,2).

Solution :
x11 = 5 x12 = 1 xsg =1 x33 =3
X42 = 3 x6 = 3 x56 =3 x54=4
x4 =1 x35=175

Minimum cost = 41,

Remark 1 (unit demands) : In this case we take Pm,n ({as}, {1}) a¢ = 0 and in-
”

teger, ‘21 at = n. The set of optimal signature is given by a* = (@ + 1, ..., ax1
)

+ 1, ar, aka1 + 1, .., am.1) 1 € k € m. The initial signature is taken (n, 1, ..., 1).
Row node i with degree less than at<+ 1 is treated as deficit node and one with degree
as + 1 as surplus node. Balinski’s assignment algorithm is a special case.

4. COMPLEXITY AND O ()3 SIGNATURE ALGORITHM

Let T be a dual feasible tree with more than one terminal row nodes, (i. e., row
node with degree one). Choose one of these row nodes say ¢ as the target and any row
node s of degree ds = 3 (there must be atleast one such node) as the source. Perform
the simplex pivot for removing (s, /) from T on the path P (s, ) and replaces to it so
as to maintain dual feasibillity. Let s be root of T and T be the sub-tree of T with
root/and T* = T — (T* U (s, I)). Thus, removing (s, /) from tree T we divide it
into two sub trees 7% and T*. Let R (C*) and (R® (C*) be the sets or row (column)
nodes in 77 and 7 respectively. Let &st = Csi — us — vi be the dual non-basic slack.
Then

A {A41+t,fori€R‘,j€C‘

4 Ay~ ¢ fori € R}, jE C.

Consequently, if a dual simplex pivot is performed in which arc (s, /) is deleted from
T and replaced by arc (g, h) theng € R} and A € C* and

Ap = min{Aus | i € R}, j € C% = ¢ > 0.

If g was terminal node in T, then our goal is achieved and ths basic pivot step
is complete. If this is not the dase, we take g as the source in place or s, repeat the
the above procedure with T replaced by T%. If T has k terminal row nodes, then the
number of simplex pivots require is at most n — k.

Consider the labels v¢ on all row nodes i € R'.

Agp = min{Aes | iE R, jE C%) = ¢
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the arc (g, h) enters into the new basic tree. The simplex pivot can be performed as

€ = min {vt} = v (D
iER!
where
vt = min {&g}, i € R ..(2)
jEeC?

The column index which gives the minimum in (2) for eachi € R' is needed. The
new dual variables when 1 € T* are defined as

u ==

. {u¢+¢,i€R‘
t

ut otherwise

, { vi —¢ jEC
v ==
vi otherwise

and if row node 1 € T, define

. u —¢€ [ € R
u -{

¢ us otheiwise

. {v;+€, forj € R*
v ==

i vi otherwise.
Moreover, R C R' and C* D C*. It follows that

vy = minfw —¢ min {Ayl], i € R".
i€CY'—C?

Consequently, any signature class takes at most O (m2 n2) comparisons and additions
to find an optimal solution. This follows from the Hirsch-bound on the number of
pivot steps and the fact that O (m + n) search tode termine u, v and at most mn com-
parisons are needed to find €., But this bound can be dropped to O (m%n) + mn?).
The largest net deficit is one for the initial signature (», 1, ..., 1). It is at most (» —1)
and so there are atmost (n — 1) cycles. All the €’s can be computed atmost O(mn)
time. Also during one cycle, the number of O (m + n) searches that must be carried
out does not exceed the number of pivots, which is O (m). So, the total number of
complexity of O (m2 + mn) per cycle, yielding O (m21 + mn?) over all. * For unit
transportation problems this complexity is O (mn2?), because m € n which is better
than O (n8).
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