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In this paper we investigate the relation between the notions of “‘well
posedness in the sense of performance convergence’ and ‘‘relaxability” for
a large class of nonlinear distributed parameter systems. We show that re-
laxability implies well posedness and the two are equivalent for semilinear
systems, In doing this we also prove two new density results relating the
original and relaxcd .trajectories, which are of independent interest,

1. INTRODUCTION

In a recent paper, Dontchev and Morduhovicll established the equivalence
between pérformance well posedness and regularity in the sense of relaxation (what
we call in this paper relaxability); for a large class of finite dimensional, nonlinear,
optimal control problems. The results of Dontchev and Morduhovic, also can be
viewed as a generalization of an eailier important work by Clarke’.

The purpose of this paper is to extend the work of Dontchev and Morduhovic!l
to nonlinear, infinite dimensional, control systems (distributed parameter systems).
In this process. we obtain a density result relating the original and relaxed trajec-
tories, which corrects an earlier attempt for an analogous theorem by Ahmed! which
appears to have a serious gap in the proof. Also we extend the finite dimensional
work of Gamkrelidz!4.

2. PRELIMINARIES

Let (Q, Z, p) be a o-finite measure space and X a separable Banach space.
Throughout this paper we will be using the following notations :

P J('ZY)) = {4 C X : nonempty, closed (convex)}
¢

and
P ﬁ’ g = {4 € X : nonempty, weakly compact, (convex)}.
wr{c
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A multifunction F : £ — Pr (X) is said to be measurable if and only if for all
z € X, w > d(z, F(»)) = inf{lz — x| : x € F (@)} is measurable. Other equivalent
definitions of measurability can be found in Wagner2l. A multifunction G: 2 — 2X\
{#} is said to be graph measurable, if Gr G = {(w, x) E 2 X X : x € G (w)} € T x
B (X), with B (X) being the Borel o-field of X. For closed valued multifunctions,
measurability implies graph measurability and the two are equivalent if I is

p-complete. By Sf: 1 € p € o we will denote the set of L? (X )-selectors of F (), i.e.
s: = {f€ L? (X) :f(WE F (w), p — ae}. Itis easy ‘to see that if
F( - )is LP-integrably bounded i.e. @ = | F(w) | = sup {lIxl: x € F(w)} €L,

then S # ¢.

Next let Y, Z be Hausdorff topological spaces.” A multifunction G : Y — 22\ {¢}
is said to be upper semicontinuous (u.s.c.) (resp. Tower semicontinuous (1,s.c)), if for
alUC Z open, F* (U) ={y EY:F()Q U} Gesp. F (U)={y EY:FO» N
U # ¢}) is open. For other equivalent definitions of upper and lower semicontinuity,
see Delahaye and Denel8. If Y is a metric space, then on Pr(Y) we can define a
(generalized) metric 4 (. , .), known as the Hausdorff metric, by setting # (4, B) =max
{sup (d (a, B): a € A), sup (d (b, A) : b € B)}. Ttis well known that if Y is com-
plete, then so is the metric space (Pr (Y), h). ‘

Finally recall that if ¥, W are Polish spaces (i.e. complete, separable, metrizable
spaces), a function f : Q X ¥V — W is said to be a “‘Caratheodory function” if and
only if (i) ® = f (w, v) is measurable and (ii) v = f(w, v) is continuous. It is a
well known fact from measure theory, that such a function is jointly mearurable.

Now let us introduce the problem that we will be studying in this paper. Let
E C R be a nonempty parameter set containing zero as a limit point. Let T = [0, 5]
and le: (X, H, X*) be a Gelfand triple of spaces, i.e. H.is a separable Hilbert space
and X a dense subspace of H carrying the structure of a separable reflexive Banach
space and which embeds continuously in . Identifying H with its dual (pivot space),
we have X\ H\A X*, with all embeddings being continuous and dense and also
assumed to be compact. By <., .> we will denote the duality brackets for the pair
(X, X*) and by (., .) the inner productin H. The two are compatible, in the sense
thaiit x€ XC Hand h € HC X*, then < x,h> = (x, h). Alsobyll - |l (resp.
[ “1,l.ll*), we will denote the norm in X (resp. in H, X*). Finally let ¥ be another
separable Banach space, modelling the control space. We will consider the following
family o1 infinite dimensional optimal control problems, with state and control
constraints :

l( J(u, &) = gx @) — inf \’
st 8@ +A@x)@) =flt,x®,u),ea. e !
{f X (0) = x0,x (1) € K (1, 9 {> (P (¢)).
L u@) € U@ a.e,u(.)is measurable )
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These form a family of perturbed problems, the original one corresponding to
€« = . Denote the value of P (¢) by m (¢) and the value of the original problem (¢ =
0), by m. Following Dontchev and Morduhovicl! we say that the family {P (¢) : «
€ E}is “well posed” in the sense of performance convergence if and only if m (¢) =
mas «— 0.

To problem P (0), we can associate a new, augmented system, with convexified
dynamics, known as the “relaxed system™ (see Clarke® and Warga??). This has the
following from :

|f Jr (u) = g (x (b)) = inf .‘I
<I s.t. @+ A, x () € F (t, x(t)ae. I> )
{ x(0) = xo0, x (1) € K(¢) {
L u @) € U(r), ae., u()is measurable J

where F(t,x) = U {f(t, x,u) = (@, x,u, 0) : u € U (1)}. We will denote the value
of this problem by my.

We say that problem P (0) is “‘relaxable” (or in the terminolngy of Dontchev
and Morduhovicll), regular in the sense of relaxation), if m = my.

In this paper, we investigate the relation between the notions of well posedness
and relaxability. To avoid trivialities, we will assume that all systems considered
here, have admissible ‘‘state-control’ pairs i.e. there exist pair of functions (x (), u
() satisfying the constraints in P (¢) and Py.

3. MAIN THEOREMS

In the first theorem we prove that relaxability implies well poredness. For this
we will need the following set of hypotheses :

H(A$1: A:T x X — X*is an operator s. f.

(i) t—> A (1, x) is measurable,

(i) r— 4 (1, x), is monotone and sequentially weakly continuous,
Gii)) <A@, x), x> > clxPa.e.withec>0and1 <p < oo
Gv) MA@ xll & €1 (1 + IxIP7Y) with 1 > 0.

H(fn f:TXY x E— X*isa mapping s.1.

() t—f(@,x,u, ¢ is measurable,
(i) (x, u, @ = 1 (1, x, u, € is sequentially continuous from H X Yw X {0} into X ;

Gii)) <f@ x40, x> = IxPaec >0
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) B x,udls <ga(®)+ callxlP a e, with g2 () e Ly, c2 > 0, lp + 1iq
= ]
H(U): U:T - Puke (Y)is integrably bounded, U (1) C W a. e. with W € Pyke (Y).

As it was illustrated with an example by Dontchev and Morduhovicl® (section 3),
since the notion of well posedness is defined through performance convergence, we
need the following additional hypothesis :

Ho : There exists a minimizing sequence {un }u31 fo1 P (0) s.z. if xn (., €) and x» (.)
n = 1, solve the dynamics of P (¢) and P (0) respectively with control uas (.), then
xn{t,0) € K(t,€ forallt € Tand xn (b, © — xn (b) as €« = 0.

Also we need hypotheses for the viability domains K (z, € and the cost func-
tional g (.):
H(Kn: K:T x E— Pr(H)is u.s.c. in the e-variable.

H@:zg(. )' is continuous from H into R.

Because of hypotheses H (A)1 and H (f )1 and using Theorem 4.2 of Barbut
(p. 167), we deduce that given an admissible control u € S:, , both the perturbed and

original problems have a unique trajectory x () € W(T) = {z € L? (X), £ € L¢
(X*)} C C(T, H). Also we proved? that x (. ) € C (T, Xw) (Xw is the space X with
the weak topology).

Now we are ready for our first theorem.

Theorem 1—If hypotheses H (A)1, H (f)r, H (U), Ho, H (K1 and H (g) hold
then relaxability implies well posedness.
PROOF : Let {x } be the minimizing sequence for problem P (0) postulated

n n?l

by hypothesis Ho. For any n > | we have g (xn (b, ®) — g (xn (b)) as € = 0. Also
note that m (¢) € g (xn (b, €)). So we get :

TinTom @ <€ m. )

On the other hand let en € E, e» = 0. Choose admissible state-control pairs
(xn un) 5. 1.

J (un, en) < m (en) + 1/n.
We know (see Papageorgionl?, also Avgerinos and Papageorgion®) that {:’:n}n> .

is relatively sequentially weakly compact in L€ (X*). and {xn}n>1 is relatively seque-
ntially compact in C (T, Xw). So by passing to a subsequence if necessary, we may
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assume that x» = x in C (T, Xw) and &n 5 z = %in L7 (X*). Also because of hy-
potheses H (A) (iv) and H (f) iv), we see that for every ¢t € T, {#» (f)}a1 is bounded
and because of the reflexivity of X*, w-compact. Thus we can apply Theorem 3.1 of
Papageorgionl® and get that

£(Ne conv wlim (F(t, xn (1)) — A4 (2, xn (1)) a.e.
where recall that F (¢, x) = f (¢, x, U (t)). Since x» = x in C (T, Xw) and by hypo-

L4
thesis X \A H compactly, we have that forallt € T, xn (1) > x (1) in H. Also
because of hypotheses H (f) (ii) and H (U), through Proposition 1 of Aubin and

Cellina2 (p. 47). we get that F (z,.) is u. s. ¢. from H into X ; and so from Delahaye

and Denel® we deduce that w-lim F (t,xs (f) C F (z, x) (+)). Furthermore hypo-
w

thesis H (A) (ii) tells us that A4 (¢, x» (1)) = 4 (¢, x (#)) in X*. So finally we have :

() econv F(t, x) 1)) — A (1, x (1)) a.e.

=%+ A@, x () econv F(t, x (1)) a. e.
Thus x (.) satisfies the dynamics of the relaxed problem. Furthermore using
hypothesis H (K)1 and the compact embedding of X in H, we have :
x(@®elim K@, en) C K@
= x (.) is a viable, relaxed trajectory.
Now note that by passing to the limit in (2), we get
lim J (un, es) = lim g (xn (b, &n)) = g (x (b)) & lim m (en),
Since by hypothesis relaxability holds, we can write that
mr=m< gl ®) < limm(en)
=> m & lim m (en). ...(3)

From (1) and (3) above we conclude that m (¢) = m and so well posedness holds
Qur goal now is to show that the converse of the above theorem also holds,
namely that well poseduess implies relaxabitity.

To this end we prove a density result of the trajectories of P (0) in the trajectories
of Pr. Another such result for semilinear systems was obtained by Ahmedl. However
it appears that his proof has a serious gap, that makes his theorem incorrect. Namely

8
in the second half of page 292 of Ahmed!, the author claims that yn >y in L? (E)
(we use the notation of Ahmed!). Unfortunately such a conclusion is not justified by
the hypotheses on the sequence {ys}n2?1. Additional hypotheses of strong compact-
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ness and p-equiintegrability are needed in order to have the desired strong conver-
gence of the ya’s. Furthemore it is well known from the theory of differential
inclusions, that in order to have a density result of the original trajectories into those
of the convexified (relaxed) system, we need a Lipschitz hypothesis in the state
variable on the orientor field (in the case of differential inclusions originating from
control problems, a dissipativity hypothesis can also do the job.

Here we provide density results for both semilinear and nonlinear distributed-
parameter control systems. Another such density theorem for infinite dimensional diffe-
rential inclusions was recently obtained by the author!8. However the hypotheses there,
are such that limit its applicability to control systems satisfying stricter hypotheses.

Although the converse of Theorem 1 will be stated only for semilinear systems,
we prove density results for both the strongly nonlinear and semilinear cases.

We start with the nonlinear one.

H(A)2: A: T X X - X* is an operator s.t.
(a) t— A (¢, x) is measurable,
(b) x — A (z, x) is monotone and weakly sequentially continuous,
© <A@ x),x=ZalxlPa e withc1>01<p<oo
@ N4 (r, Dlle < c2 (1 + lixlP-1) with c2 > 0.

H(f)2:f:Tx HXY X E— Hisa mapping s.t.
(a) t—f (t, x, u, € is measurable,
(b) (x, u, &—>f (1, x, u, €) is sequentially continuous from H x Yw X {0} into H
© |f,x,u¢ —ft,xu¢) | k@ |x —x|ae,k()eLy
d <f@x,u€® x>2=cslxlPa. e, with cs > 0,

@ 1 fG x,u,0) | <r@)+ calixlP-la. e, withca >0, r()e L?

Let So be the set of trajectories of the original evolution and Sr the set of tiaje-
ctories of the 1elaxed one. The nest theorem relates those two sets.

Theorem 2—If hypotheses H (A)2, H ( )z and H (U) hold, and x¢ € x,
then So = Sr, the closure taken in C (T, Xw).
PROOF : Set f (1, x, u) = f (1, x, u, 0) and define

F@,x)=f@ x, U@)and F: (r, X) = conv F (2, x).
We have
GrF={(t,x,2) ETX XX H:z € F(t,x)}

={t,x,2) ET XXX H:z=f({,x,u), u€ U@}
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Set
kG, x,z,u)=2z — f({t, x,wand ¢ (t, v) = du, U@).

Then we have
GrF = {(t, x,2) €ETX XX H: k{t,x,z,w) = 0q(t, u) = 0}
= projrxx,u (t, x,z,u) € TX X X HX W :k (1, x, z,u) = 0,

q (t, u) = O}.

Note that both & and q are B (T) X B (X) x B (H) X B (W) measurable. Also
since by hypothesis Y is separable, is weakly compactly generated and so it admits
a Kadec norm (see Diestell%). Thus we can apply Corollary 2.4 of Edgarl3 and get
that B (Y) = B (Yw), where Yw denotes the Banach space ¥ equipped with the weak
topology. Hence B(Y) N W = B (Yu) N W = B (W) = B (Ww). But recall that W
is a compact, Polish space (see Dunford and Schwartz12, Theorem 3, p. 434). So
the Arsenin-Novikov theorem (see for example Dellacherie?), tells us that :

projrxxxua {t, x, z, ) € T X X X W: k (t, x, z, u) = 0,q(t,u) =0} €
B(T) x B(X) x B(H) = GrF € B(T) X B(X) X B{(H).
So F (., .) is graph measurable. Hence we can apply Theorem 2 of Chuong?®

and get that S} (.,2(.)) is dense in S;c () for the weak norm |l.llw defined by ||Allw

‘I
= sup { | I h(s)ds|:t,t' € T}, Nextletx() € Sr. Then # () + 4 (t,x (1)

=g(a.e,x(0) = xowithg() € S Fote, 200y Let g» € S1 oD 5.t lign ~ glhe
> 0. Because of H ( f)2, (5) we see that {gn, g}a>1 € L2 (H) and is bounded there.

x(t)

Letv : T — H be a step function i.e. v (¢) == z Ceq b)) vk and by (. , .)o denote

k=1
the inner product in L2 (H). We have :

¢
(gn — & Vo < fll‘{_](gn () =g (Dds | .| ve| Klign — glw kE: | ve |
-+ 0.
Since step functions are dense in L2 (H) and {gn, g}s®1 is L2-bounded we get
that gn —“; g in L2 (H) (and in particular ga t» gin 1.1 (H)).
Now consider the multifunction La : 7 — 2¥N\{¢} n > 1, defined by
In(t) ={u€ U@ :g0(t) = f(¢, x (1). w}.
Clearly Ln (1) # ¢ for all t € T\ Nn, where Nn is a Lebesque null set.
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St La (r) = {0} for t € Na. Also let {xm}m»1 be dense in X and consider the follow-
ing functions :

by (1, u) = (xm, gn (1) — f(z, x (), w) for t € T\ Na
= Ofor 1 € Na.

Foralln,m = 1 h; (.,)isa Caratheodory function, hence

A A
B (T) X B (W)-measurable, with B (T) being the Lebesque completion
of B (T). Then observe that

Grin = [N {t, ) ETX W: 1" (t,u) =0} O GrU
mel m

> GrIn€ B(T) x BW) foralln > 1.

Apply Aumann’s selection theorem (see for example Wagner2!, to get un : T —>
W n 2= 1 measurable s.1. un (t) € La (¢) for all 1 € T. So we have :

gn (@) =7, x (@), un(t)acand un (r) € U (t) a.ec.

Let yn (.) be the unique trajectory of the original system corresponding to the
control function us () Again we may assume that ys — y in C (T, Xw). We have

@ - T=2<ED— (), @) =y () >

=2< — At x@)+g@+A@ yn @) — £, ym) @), un (1))
XA — (@) >K(g@) — f, ya @), un (), x (@

— ya (1)) (since 4 (7, .) is monotone)

=[x =0 O12< @) = 1G5 un &), ()
~ yn(s)ds +:{ (f (s, x (5), un (s)) — £ (s, yn (), un (5)). x (5)
~yn(s))ds <;I (g(s) — gn (5), x(5) — yn(s)) ds
FIE@Ix@ =m0 | 2ds

w
Recall that ga —> g in L} (H). Also ys — y in C (T, Xw) and since X embedds
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8
compactly into H, we have yn (£) = y (¢) in H. Thus by passing to the limit as
n — o= in the last inequality. we get

X -y@®O]2< :{ k()| x(s) = y(s)]|2ds.

Invoking Gronwall’s inequality, we get that x = y. So x € So and since
So € Sr and the latter is sequentially compact in C (T, Xw) (see Papageorgioul? we
conclude that indeed So = Se, the closure taken in the C (T, Xw) topology.

If the system is semilinear, we can improve our density result.
H(A)s: A:T x X — X*is an operator s..
() t = A4 (1) x is measurable,
fii) x = A (t) x is linear, monotone,
Gii)) 14@)x —A@xlle <k|r =] xl, k=0, « € 0,1],
Gv) <A@ x, x> = c1llxl2ae, c1 > 0(.e. 4 () ()is strongly monotone),
W 14 @) xlls € c2llxll, c2 > 0. e. 4 t) () is continuous).

Because of H (A)s (ii) (iii) the family of linear operators {4 (1) (): ¢+ € T}
generates a strongly continuous evolution operator ® : A = {(1,5): 0 < s < ¢ € b}
— ¥ (H), with respect to which a trajectory of P (0) is a solution of x (¢) = ® (z, 0)

¢
xo + {, O, s)f(Gs,x() u(ds, t €ET, u € S}, (see Tahabe??). We will need the
following hypothesis on @ (., .):

He : ® (1, s) is compact for t — s > 0.

'Theore_'m 3...1f hypotheses H (A)s, H ()2 (with (p = 2), H (U) and He¢ hold,
then Sy = So, the closure taken in C (T, H).

Proor : A straightforward application of Gronwall’s inequality tells us that for
everyx (V€ Sy C C(T,H), wehave | x (f) | € Mforall: € T.

Next we will show that So is relatively compact in C (T, H). To this end let
y() Soandlett',t € T, t < t’. Setting as before f (¢, x, u) = f(z, x, u, 0), we
have :

’

1y(t')—y(t)|<|0(r',0)xo-0<r,0)xox+:;no ", 9) .

[ fG,y@,uls) ]| ds + OI‘ @, s) —0@ | fis, y©),
u(s) | ds.
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Recalling that ¢ — @ (¢, 0) xo is continuous, given ¢ > 0 we can find 31 > 0
5.t @ @,0)x0 — P (s, 0) xoll < e€/3fort — ¢ <81 Also since |® (¢, s)| < M1
for(r, V€ Aand [ f(s, y(s), u(s) | K g2 () +call y DI € g2(s) + ca M = §(s)
a.e, Y(- )E L,. Sowecan findds > 0. 1.

‘I ’
T10.G S 17 G5, % 0)u @) | ds < f M1 4 (9 ds < o3,
Finally for € > 0, write:

T10 ¢, 9) — 0@ 9l | (s ) 6, u6) | ds
0

!

=T, = 0N 1Sy ul) s+ [ 069 = G

| £ (s, y (), u(s) | ds.
Note that

'_}’"0 @s) =@, M| fG,yE), ul@) | ds < ‘_;' 2M1 $ (s) ds. Pick

- ¢

¢ > 0sothat | 2M1 ¢ (s) ds < €/6. Also because of hypothesis He, from Proposi-
-,

tion 2.1 of Papageorgioul’we know that ¢ — ® (¢, s) is continuous in the operator

norm topology, uniformly for all s € (0, ) 5. t. t — 5 is bounded away from zero.
t-s t-s

So we can find 83 D> 0 s. 7. of o, s) — 0@l | £(s,y (), u(s) | ds € 6[ ® .5

—D(t,5)l ¥ (s)ds < ¢/6 fort' — t < 83. Therefore finally for 8 == min (31, 33, 33)

we have.
ly @) — y@®ll < efort’ — ¢t < dand all y () € So
= Sp is equicontinuous in C (T, H).

Also note thatif B) (s) ={v € H:|v]| < $(s)), then s =S (1, ) BW) (5
is mearurable and by hypothesis He, Prc (H)-valued. Applying Radstrom’s embedd-

¢
ing theowem (see for example Klein-Thompsonl®), we have that @ (z, 0) xo + {

®(t, s) B({) (s)ds € Pre (H). Thus y (t): y () € So} € Px (H) for all t € T. Invoking
the Arzela-Ascoli theorem, we deduce that So is relatively compact in C (T, H) as
claimed.

Next let x (.) € sr. Then by definition we have.

x (@) = @, 0) xo +;)f (1,5 g()ds, 1€ T,5() €S, (,x()
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where Fe (1, x) = conv f (¢, x, U (t)). Since convergence of L2 (H)-bounded
sequences in the weak norm |.llw, implies weak convergence in L1 (H), we can find

w
2 € S:. (,x () s.t.gn = gin LY (H). Asin the proof of Theorem 2, an application

of Aumann’s selection theorem, gives us us € S}, s.t.gn (NV=f (s, x (s), us (s).

Let ya () be the original trajectories corresponding to the control functions us (.).
We have seen in the first part of the proof that {ys}s>1 is relatively compact in C (T,
H). So by passing to a subseqeunce if necessary we may assume that ys — yin
(T, H).

Now note that :
S - 2= 2< 46 = ya (D x () = y () >

=2< —Ax()F @)+ A yn(s) — f(s, yn(s), un(s), x (s)
— yals) >.

Expl8iting the monotonicity of 4 (s) (.), we get that:

d\‘i [x )~y ) [2€2< g(s) = f(s, yn (s), un (5)), x (5)

— yn(s) >.

Integrating we have :

lx () = yn (@) | 2<zg’<g(s)—g»(s),x(s> — yu() > ds
+ g‘ < gn (s) — (s, yn (s), un (5)), x () — yw8) > dbs.

w
Since gn — gin L! (H) and y» — y in C (T, H), we see that
¢
2 %’) < g(s) — gn (s), x(s) — yn(s) > ds — 0. Also recalling that ga (s)

= (s, x (5), un (5))

and using the Lipschitzness of the vector field f (¢, ., u) we have
t [
2 { <gn(s)—f(s, (), un(s), x(s) ~ yn(s) >ds < ng(s)

| x () — yn(s) | 2 ds.
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So in the limit we get
[x@ -y |22 {:k(s) [x(s) — y(s)|2dbs.

Apply Gronwall’s inequality to get that x = y = So = Srthe closure in C (T, H).
Q.E.D.

Remark : Instead of the Lipschitzness of f(z, ., v} we could have assumed
dissipativity for the vector field.
With these density results (which are actually interesting in their own), we can

prove a converse of Theorem 1. We were able to do this only for the semilinear case.
It will be interesting to know whether our result can be extended to strongly nonlinear

systems.

For the converse of Theorem 1, we will need the following new hypotheses :
HK):K:Tx-E—-Pr(Hyand int K (¢, ¢ # ¢.

Ha : There exists a relaxed optimal trajectory y () s.z. y (1) € int K (¢, ¢) andwr (y
@), bdK(t,9)) = a(@ > 0, for allt € T and all €« € E[{0® in a neighbourhood of
zero (here dr (. , .) stands for the distance function in the space H).

Now we are ready for the converse of Theorem 1 for semilinear systems that xo€ X.

Theorem 4—If hypotheses H (A)s, H (f)2, H (U), He, H (K)2, H (g) and H1 hold
then well posedness implies relaxability.

PROOF : It is clear from the definitions that me & m. Suppose that strict in-
equality holdsi.e. 0 < & = m — my. Using hypothesis Hi, we know that there
exists relaxed viable trajectory y () s.t.mr = y () and y (1) € int K¢, 9, d(y (1),
bd K (1, €) > a(e) > 0for all t € T and all « € E/{0} in a neighborhood of zero.

Invoking Theorem 3, we can find xn € Sos. 2. xn = yin C (T, H). Then x» (1)

8

8
— y (¢) in H, uniformly in 7. Also xs (b)) — y () in H. Given the continuity of
g (), we deduce that there exists x () € Ss.7z. x (t) € int K (z, ¢), du (x (¢), bd K (2,
9) < 32.

Let u () S:‘, be the control function generating x (.) and let x (., €) be the tra-

jectory of the e-pertuibed evolution, also produced by coutrol u (.). From Proposi-
5.5.1 of Tanabe?0 we know that :

x(t,¢ =@ 0 xo + J":)(D @, ) f (s, x(s,0, u(s),ods
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and
@O =0 0x +1 09 [ x(),u®) ds.
(i}
Hence we have

[5G0 = x @1 <M £l x6 900,90 = 1G5, x6) u o) L
< M(J;t | f(s, x (s, 0, u(s), e = f(s, x(s), uls)e) |ds
+ Mo_f‘ {F (s, x(5), u(s), ®) — f(s, x(s), u(s) | ds

M j;k(s) | x(s,© = x(s5) | ds + Moflf(s,x(s),
+ u(s), O — f(s, x(s), u(s)) | ds

Note that J:') [ f(s, x(s), u(s),® — f(s,x(s), u()) | ds >0 ase > 0. So through

Gronwall’s inequality. we get that x (., ¢) = x ()in C(T, H) as€ - 0. Sox (1,9 €
K (t,¢) for all t € T and all « € E in a neighbourhood of zero. Thus for all « € E
sufficiently close to zero, we have

mEOKgY®)+32=m+382=m— 32

< lim m (¢ < m — §2.
€0

But because of the well posedness hypothesis we have

m—liném(¢)<m—8/2

a contradiction. Som = mr i.e. P (0) in relaxable.
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