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Let (X*, +*, <*) be an n-point Ty-ordered compactification of the Ti,4-

ordered topological space (X, r,<). Let <7: (a) be the filter on X'* having

a base of < *-increasing t*-open neighbourhoods of ¢ € X*, with + (a)
*
defined dually. Both the topology =* and the order <* are determined by
the collection C* = {F/  (a), F ¢ (@) :a € X*}. An intrinsic characte-
* *

rization on X for this collection is pointed out.

A partially ordered topological space (X, ¥, €) is T2 ordered if the graph of the
order is closed in X X X. By a space we shall mean a T2-ordered topological space.
An order compaciification of (X, t, &) is a topolozical compactification (X*, =*) of
(X, *) together with a closed order €* that extends the order . A space has an
order compactificacion iff it is T'3,5-ordered (completely regularly ordered in Nachbin3).
A subset 4 of a poest (X, <) is increasing ifa € 4 and x > a imply x € 4. Decre-
asing sets are defined dually. For further information on ordered topological spaces.
see Choel, Nachbin® and Richmond%. With the order F € @iff F C 2, the
supermum F YV £ of filters F and @ existsif ¢ Bm{FN G :FE F. G E G}
in which case B is a base for & v &.

Let {Gt}:‘_l be an n-star? corresponding to (X*, t*), where X* = X U {‘M}::,l

and (X*, +*, <% is an n-point order compactification of the T'3,5-ordercd topological
space (X, v, f)- Let @ = {%F* (@), #* (a):a € X*} where F* (@) is the trace

on X of ¥, (a), with ZV (a) defined dually. For x € X, let 7/ (x) be the neigh-
bourhood filter at x. Let K = X\ U ‘",_1 Gt, and let ‘7 (wt) be the filter generated by
{N C X: (KU G)\N’s compact}.

Theorem 1—1% is the unique collection of filters on (X, ¥, <) satisfying the fol-
lowing conditions for any a, b € X* and any x, y € X.

(1) 77t (a) (respectively, Z'¥ (a)) has a filter base of t-open &-increasing (respec-
tively, < -decreasing) sets.
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2 Zr@QV TV (@@= T (a).
() Z1(x)UV ZV (bexists = T+ (@ < TV B < Z(a),
@ FZV(@V Zv (b)exists > F*t (@) < F(b) and T+ (b)) € 7 (a).

Proor : It is easy to see that & satisfies these conditions. Suppose that {9r*
(@), UV (a): a € X*} is any other family of filters satisfying these conditions.

Ut (@) € F*(@: Forany U € U* (a), there exists t-open <-increasing
UE Qt (@suchthat (1) UC U’, and (2) ® € X*\ X and @ 2} g imply that there
exists NE VY (o) with NN U=¢. LetU*=U U {0 € X*\X:® = a). Now
U* is v*-open since U was a neighbourhood of each of its points, and for @ = g, the
existence of 9t (a) V 'V (v) implies 't (a) € 2 (»), and thus U* is neighbour-
hoood of w. To see that U* is &®*-increasing. suppose b € U* and b €* c. Clearly
cE U* ifb,c € Xor ifb,c € X*,X. Suppose b € U* N X, c= w € X*\X. If
o & U*. then thcreexists N € GV suchthat NN U=¢; but b <* o0 => g
()€ @ (b) = b € N N U, a contradiction. Finally, if b = 0 € U*\ X.
w<®*c andc € X,thena<*c=> Yt @K ()= cEU NowU=U*NYX
C U’, where U’ was an arbitrary element of 9% (a) and U* is the v*-open <*-
increasing neighbourhood of a described above. It follows that ¥+ (@) < F* (a).

Pt (@) < 2% (a) : First notice that a €* ¢ implies there exist N € UV (¢)
and U € 2t (a) with N N U = ¢, and therefore ¢ & cleg (U). Thus, N {cley (U) :
UE Ut (@)} =is(@={x € X*:a <*x}. Now suppose Z* (@) € U* (0.
Then there exists 2 € @+ (a) such that for all U € Q7 (@), UNVZ é. Let V* be a
t*-open < *-increasing neighbourhood of @in X® such that ¥* N X C V. Without
loss of generality, w € V*'\ X iff 2 €* ». Because UN\V 7 ¢ = cley (U)\V* # ¢ (%
UE 974 (a)), we have for any finite collection {Ut€ X+ (@) : i = 1, ..., n}. ¢ # [Cley
(Nfy TOINV*C [N}, clix UINV* = Doy [cleg UN\P*L. Thus € = {clve UV* :
U €97t (a)} is collection of ©-*-closed sets in X* satisfying the finite intersection
propetry, but N € = iy (@)/V* = ¢, contrary to the compapactness of X*

The dual arguments for ¥ (a) and Z’+¥ (a) complete the proof.

By Magill? 7 (w$) is the filter of punctured neighbourhoods of the theorem. &
defines the topology T*. The extension of item (3) to arbitrary points of X* defines
the order €*. 71hus, the collection & is determined by &, and Theorem 1 gives a
characterization of & intrinsic to X.

Lemma 2—1f (Y, t, <) is a compoct Te-ordered lattice, with Z* (y) represent-
ing filter generated by the t-open <increasing neighbourhoods of y, then Z7* (x) V
Zr) =V (xV

PrOOF : Clearly 7t (x) V Z* (1) € ¥t (xV y). Conversely, let N be an
open increosing element of 77t (xVy). For ¢ € Y\N, cisnot an upper bound of
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x and y, so either x € c or €& c¢. Thus, there exists an open decreasing neighbour-
hood Ne of ¢ disjoint from some open increasing neighbourhood Me of, x or y. . Now
{Ne:c € YN\N} is an open cover of the compact Y\N.If {Ne: c € F} is a finite
subcover, then Neer Me C N and Nesr Mc € F+ (X)) V T ) v 7+ ().

Theorem 3—Let X*® be an n-point order compactification X, and & = {Z* (a),
't (a) : a € X*} be the associated collection of trace filters on X. Then X* is a
lattice iff both €t = {ZV (@) : a € X*} and G = {Qr+ (a) : a € X*} from upper
semi-lattices.

Proor : That ¢+t and &V from upper semi-lattices, when X is lattice follows
from Lemma 2 and its dual Conversely, if C* is an upper semi-lattice then for any
ab € X*.V* (@) v F'* (b) exists and is equal to an element F* (¢) € C* for some
c € X*. Now 7t (@) € F* (c) < ¥ (c) imiplies F* (@) V 7+ (c) exists, whence
a <* c. Similarly, b <* ¢, so that ¢ is an upper bounded of a and b. If d is another
upper bound of a and b, then the existence of Z* (@) ¥ 7'+ (d) implies T+ (a) € ¥
(d)and 't (b)) € Z(d). Thus. Tt (c) = '+ (@ V 7/7 ) < Z(d) sothat 7't
(&) V 'Y (d) exists, that is, ¢ €* d.

A similar argument shows that the existence of a A b follows from @V being
an upper semi-lattice.

Let X be a boundcd T'3,5-ordered poset and X* be any Tz-order compactification
of X. Then X* must be bounded. Furthermore, any pair g, b € X* must have a
minimal upper bound since the upper bounds of @ and b are givenbyi(a) N i (b),
which is closed since X* is Ts-ordered, and a theorem of Wallace (Theorem 1 of
Ward®) guarantees that a non-empty compact T2-ordered space must have a minimal
element. Thus, X* fails to be a lattice iff there exist @, b € X™* such that @ and b have
two minimal upper bounds, or two maximal lower bounds.
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