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(x, B)-summability was first studied by Bosanquet and Linfoot!. Boyer and
Holder? have studied the consistency of | «, B | -summability. Present author
has studied the C independence of | 0, B | -summability method and appli-
cation of this method to a Fourier series and its allied series. In the present
paper we study the C independence of the | a, B | -summability method and
its application to some series associated with a Fourier series and its allied
series,

§ 1. We suppose that f (z) is integrable L and periodic with period 27 and we
denote the Fourier series of f (r) by

f@) ~ ta + o% (an cos nt + bn sin nt)
a—

o0
= I An (7). LD
n=0 i

The allied series of (1.1) is

[o.2]

; (bn cos nt — an sin nt) ...(1.2)

{Hh
g
oy

E 3

We write, ¢ (@) =3 {f(x + 1+ f(x — )}
V@O =42{flx+1)—f(x— 1

§ 2. Definition—Suppose that either « > 0 (any real B) or « = 0, B = 0 then
we say that a series T an is summable (, B) tos, ifasw — eo (Bosanquet and
Linfootl).

Aa,p (W) = 2 B(1 — nlw)* log® T —~Cnl;v an— s 2.0

n<w

where C is sufficiently large and where B = (log C)®.
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A series T gn is said to be absolutely summable («, B) or in short | @8 | if 44,8
(w) € By (k, o)

1. e.,

o0
I —i—A«,s (W) | dw < oo ..(2.2)
; dw

k being a positive constant.

§3. Bosanquet and Linfoot! (Theorem 3.2) have proved that for a given «, B
there is a Co such that if this definition of summability («, B) is satisfied with some
C > Co then it is satisfied for all C > 1. Thus provided we take C > Co, the de-
finition is independent of C. It is natural to conjecture that corresponding result holds
for absolute summability too. In that direction our result reads as follows :

Theorem 3.1—To each | «, B | with & > 0 (any real B) or « = 0, B > 0 corres-
ponds a Co == 1 such that the validity of (2.2) for some C > Co implies its validity
for every C > 1.

To prove this we need the help of following lemmas.
Lemma 3.1.1 (Boyer and Holder?)—Let f (x), k (u) and K (u) satisfy the follow-

ing conditions.

(1) Forsomen = 0, V: (x™® £ (x)) < oo for all T > 0 (It will be assumed through-
out that for x = 0 the function x~® f (x) is replaced by li{’n x® f(x)).
x>0+

Gii) k (u) is absolutely continuous in [0, 1]
(iii) K (u) is positive, continuously differentiable in [0, 1).

Lebesgue integrable over [0, 1]

uET._ K (u) = + oo and u_llg_’(_’(;z)zl_ is nondecreasing.
Let
FG) = x T K@) ) d
1
G(x) =xn { kW K@) f(xu)du
then

vg° Gx) =Yy v§° F (x)
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where
Y -ofl K @) | du + k(D).

Proof of Theorem 3.1—It is known that Bosanquet and Linfoot! A« (w) has
following integral representation,

1

Aup o) = [ @y (1 = ) A () d (3.1)
1]

where

Bu*log® Clu,if 0<u s 1

A - X d 0-, - {
(x) ans an 8 () 0ifu < 0.

n<x
Let h be the integer so chosen that
h<a«<h+ 1, Ifaisnotan integer
A = a, if « is not an integer, § > 0
h=a — 1, if « is an integer, § < 0.
(We need not consider the case B = 0, sincs the definition does not involve C).
Now integrating (3.1) parts 4 -times we have

1

Ax,p () = w8 I 0:"‘.1 (1 — u) Ab (wu) du ...(3.2) |
0

where

A (x) = Z Ar1 (1) dit and Ao (x) = A ().

In the proof of Theorem 3.1 we shall write ®u,8,c (u) and As,p,c (w) in place of Pu,p
(u) and A«,s (w) respectively since we intend to establish that Cis a dummy parameter.

We need the following lemma for the proof of Theorem 3.1.

Lemma 3.1.2—If
ol (1 —w, 0Su <1
K (W =

0 , uzl

then there exists a positive Co so that for all C > Co K (u) satisfies the following con-
ditions :
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(i) K (w) is positive continuously differentiable in [0, 1), Lebesgue integrable over
fo, 11.

(i) lim K (u) = + eo and —l%((u—()ﬂ is nondecreasing over [0, 1).
u=+i—

Proof of Lemma 3.1.1—We know that & is an integer so chosen that
Case I : h < a <h+ 1, ifaisnot an integer,

Case Il : h = a, if @ is an integer and B > 0;

Case III : h= o — 1, if « is an integer and § < 0.

Case I : Forh<a<h+ 1, if «is not an integer.

Let p denote a constant throughout which may be different at each occurrence
and further when p occurs inside a summation sign it may take different value for
different terms of its sum.

It can easily be proved by induction on r that for r = 1,

dr - 1
G (log Clx) b= 7

{(=1)r-18 (r — 1) (log C/x)-#1
+ é:z p (log Clx)™8-2). (63

In case of r = 1, the sum is empty.

We can deduce by Leobritz’s theorem thatfor 0 < u < 1

K@ =B(1 — w21 (log )P{e(e—1)..(—h

1—u
Asl
C -
+Zp(log = 7
)

Wehave (@ — 1) (x —2) ... (x — B > 0. The other terms in the curly bracket
tends to 0 as C ~ oo uniformly in 0 < 4 < 1. Hence provided that C is sufficiently large
the curly bracket is greater than positive constant for all uin 0 < u < 1. Thus K (v)
— o0 as u =1 — and K (u) is continuously differentiable in [0, 1). Also K (#) is Le-

’

besgue integrable in [0, 1]. Therefore it only remains to show that uK ) is nonde-

. . .. . . K (u) . "
creasing. Since u is increasing, it is enough to show that —K-(%S)- is positive and

increasing.
Let
—C y1a
(log 4= U
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and
po=c(e—1)(a—2)..(x—h
Ay
K@ =B — um1U®{p + §11 p U%
= B (1 —u)* %1 UPp (1)
where

Ayl
P(U) = pg + 21 p U

By Logarithmic differentiation

K@ _ h+l—« 1 dUu P (U) dU
K@w 1—u +B U du + PU) ° du
s htl=e o U _ U2 PO)

1—u 1—u 1-u °~ p(U)

1

=1<u h+1—a0)—8U — M]

P (U)

when C = oo, U — 0 and p (U) = po and P’ (U) tends to finite constant uniformly
in0 € u < 1. Hence for sufficiently large C

K’ (u)

Xw > °

d [Kw],_ 1 e e Q)

> {K(u)“} =l 11— —BU- U 5]

1 B U2 v P dPWw 1
+ l—u{l—u +21—u P(U) +U4dUP(U)1-—-u}

or

(1—u? d‘: {[I{(((;‘))} =(h+1—0)—BU—-U2Q{U)+ BU2

+ 208 Q (U) + U%Q’ (U)

where

0 ) = ‘1';((UU)).

So for uniformly in 0 € # < 1, as C = o<, U = 0 and consequently P (U) = po
and Q (U) and Q' (U) tend to finite constants and therefore,

d | K (w
(1 — u)? W{K(u) }-*h+l-¢asC—+°°.

Hence there exists a positive Co so that for every C > Coand 0 S u < 1.
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. . K@W. . .
{ } has the same signas 4 + | — a, 1. e. K S increasing.
)

K (u

Hence u K@) is nondecreasing.

Case 1I: When h = a if & is an integer and B > 0.

We have,
& ar*l ae1
e rne B () B ()
( d.ﬂ) {x” (log x "8 - ¥ dxthoay dx
=
hael
tos S0 = LS (1) oo i
r=1

x B (r— D! (log f—}—l 14 z p (log TC)-B-.}

e

by the formula given in (3.3).
When we collect terms, the coefficient of 1/x (log C/x)™*1 is

LS

i > ot (AELYopp

r=1
Thus

(5 w1 {xb tog -S)-9)

r

=B A ;]- (log %)"‘1 + % tz:(hjl)h(h—l) ...r(”-z2

- 1 C,. 1
p (log —f—) B =Bh - (log )P+ —

hal

x (log —5 )"‘1( Z p (log ;CQ )~ )

v=2

=1 (log ~)“{ h'+2p(log——) }

X
v=]
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Therefore,

K@ = B(1 — w1 (log )" {ﬂh’ +zp(log1 ) }

1
Case IlI : When h = « — 1, if & is an integer and B < 0.

hyl

[(h + )+ Z (log

=]

K (u) = B log"I

~ )

Adopting the techniques used in Case I, it can be proved that there exists Co >0
so that K (u) satisfies the required conditions for all C > Cpin both the Case II

and Case III.

Now we proceed to prove the main theorem. By Temma 3.1.2 there exists positive
Co so that for C > Co, ‘D(h,:,lc)- (1 — u) satisfies all the requirements of K (u) in
Lemma 3.1.1. Let C1 > Co be given and let C > 1. From (3.1) we have

1
Au,8,cy (W) = w~ I (Df::lg (1 — u) An (wu) du,
)

and
1
Aup,c (w) = w™h I ‘1’(’:;13 (1 — u) Ab (ww) du
0

where An (x) is a defined above.

Writing
{o{";lg I~uw, 0sSu<l
K@) =
, uz=1
and
[ »
] oD (1 )
k() T4 p*+1) 0 u<t
{ -B’C (] - )
L1 Juz1.
We get

Aw,B,c (W) = wd g k () An (wu) du
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and
Aupc (w) = web 1(;) k) K () An (v d .

By Lemma 3.1.2 function K (u) satisfies the requirements of Lemma 3.1.1 for all
C1 > Co. By routine calculation it can be seen that k (1) is absolutely continuous
{0, 1]. Hence by Lemma 3.1.1, we have

Axp,c; (W) € BV (0, o) = Aa,8,c (W) € BV (0, 0o).

This completes the proof of Theorem (3.1).

It follows from this theorem that in the definition of | «, B | -summability it is imma-
terial whether we say ‘‘for an arbitrary large C, for every sufficiently C** or for every
‘C > 1. This means in our definition C is dummy parameter.

§ 4. We now prove the following theorems.

Theorem 4.1—Jf 0 < « < 1, and
w
i‘; t* | d® (1) | < oo, then T n* Aa (1) is

summable | &, 1 + 8|  for 8 > 0,atz = x.

Theorem 4.2—If0 <« <1, (i) ¢ (+ 0) =0and
k 4
(i) £ t™ | dy (1| < oo, then T n* Ba (¢) is

summable | &, 1 + 8 | for 8 > 0,atr = x.

For comparison of our theorems with the standard results we state below
theorems.

Theorem BH (Boyer and Holder)®—If X g» is summable | «, 8], then it is
summable | &', ' | fora’ > aora’ = aor ' =«, ' > B.

Theorem M1 (Mohanty3)—If0 < « < 1, and
w
({ reldé ()| < oo

then Z#* Aa () is summable | C,B| B > a2 atr = x.

Theorem M2 (Mohanty3)—If0 < a < 1
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(i) ¥ (+ 0) = 0and (i} i t>]1dd(f)| < e then Tn* Bn (rf) is summable
| C, B),B> aatr = x.

From Theorem BH it follows that for « = 0 summability | C, 8 | 8 > « includes
summability | «, 1 + 3 | , 8 > 0 and hence our Theorem 4.1 and Theorem 4.2 include
the theorem M1 and theorem My stated above, on absolute Cesa’ro summability respe-
ctively.

§5. We suppose throughout the paper that 8 > 0, 0 < « < 1 and

Fo,B (u) = (1— u* log"“—l—_c-_—u- for0 =u < 1.
$+2
1=

Without loss of generality we assume throughout the paper that C = e . This
ensures that Fe-1 148 (u) and Fu-1,2,¢ (4) are non-decreasing in {0, 1).

In order to prove the theorem we need the following lemmas.

‘ sin nt
mmal—z Fu-1,148 (n]w) n* = 0 (w**1).
Le. u-1,148 (n[w) cos nt (w**1)
n<w—1
PRrOOF :
w
sin nt
| 2 Fa 1,148 (nfw) n* cos nt | ,<j Fa 1,148 (x/w) x* dx
n<w—I1 0

1
= %+l {) Fu-1,148 (u) u® du = O (w**1).

Hence the lemma.

Lemma 2—ForwE 2 1, 0 < t & 7, we have

Z Fu-3,145 (nfw) n* st _ g (r* wlog -8 C wr).

cos nt
n<w—I
PROOEF :
z sin at
Fa_1,1.8 (nfw) 0* = E z
a-1,14 ( / ) U cos nt +
n<w—1 0s=nsw—r 1 w—tl<p<w—1q

= %1 + Xg, say.
When t > 1, we take Z2 = 0 and the sum in 23 is takenover 0 S n <w — 1.

| Zl [ =1 z Fa-1,1+8 (nfw)n* sin it |

cos nt
o=ns=w—11
(equation continued on p. 539)
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. M
S Fa_11%s ( lV—:—t———) (w — 1) max | z sin it
w OSMM Sw—t1 & €08 nt
|
= O (17211 =+ og71-F C yt, w* 171) ...(5.1)

= 0 (wit*log 1% C wr)
uniformly for 0 < ¢ = =,

sin nt
=3 F = o
l _S_ 2| =| E «-1,148 (n/w) n cos it |

w—t 1< n< =1

and

- C B
Soe S D d- e
= w  w—tl<na<w—1

w
<€ log™¥ C wt w* j (1 — —;-)“"1 dx

w—i"1

- @41 1no~1-F —_ Xy
0 {w**1log Cwe (1 ” )*] ‘_1}

= O {w**1llog 1"¥ Cwt w™ %)
=0 (wt*log-1- Cwr). .52
uniformly for 0 <z € =,

Combining (5.1) and (5.2) together we get Lemma 2.

§6. Proof of Theorem 4.1—Forn 2 1, we have on integration by parts

An (x) = 2[n ;fté (t) cos nt dt

i

2 i » 2 '\'
2o Sty - 2t gy )
0

= — %If‘ﬂ’l’ dé (1.
0

Now 2 n* Aa (x) is summable | o, 1 + 8 | , if,

2w L < eo, where ...(6.1)
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[e o]
L=H—-d—— (1 — ——)‘1{410"1"——__§Tw— + @+
A n<w
—5. C T sin nt :
log™#% ———— —nlw}x”i’—n &b @)
Since
Ls]1d@=1+6+D)
where
! l z (1—‘—)'110g"1‘—1—c—i—n°‘sinnt|
n<w
and
I —278 ] n* sin nt |
n<w

w
and by hypothesis jo 1~ | dé (1) | < e, it is sufficient to show that

ar+ @+ 1DJ=0@").

Now

(=2
d_w z _ e -1- _ _.C
I1s A] e \ (1 w) log =

...6.2)

n* sin nt |

n<w—l1
f d C
aw I -1 jno~1-8 ® o
I Rl z (1 ” ¥*~1 jog T lw n* sin nt |
4 w—1Sn<w
- [} + Iz, say. ...(6.3)
Tda C
= |4 R I T S Ut
h I 2 | Z Q ” )1 log Trlw n* sin nt |
A n<w—1
1/t )
= [_‘f + | = h, + LI, say. ...(6.4)

1/¢
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By an appeal to Lemma 1

1/t

dw
111 j W2
A

and by an appeal to Lemma 2, we have

++1) = 0 (w*ly*) = 0 (™) (6.5

]

dw - _1-
L == ]—ﬁ* O (™™ wlog™1-% C wt)
1
- - ®© - -
o (t [ Tog® ] ) = 0 (). ...(6.6)
Now let N be the integer such that N < w & N + 1, then
f N c
= - - =1 -1-# —_—— LIPS
I l w)“ log T— Njw N* sin Nt |
o0 Nsl
=3 [ hane (Y2 )
ww
N-[A] A
o N \N
- Z Na—lj Fu,145 (7 ) Fd w
N-[A]
o= N+Q
03w e (27
w Nyl
N-[A]
=0 (NEA N*-1 N Jog"1"8 C(N+ 1)) =0 (1). ..(6.7)
=[“]
Combining (6.4), (6.5), (6.6) and (6.7) together we get
I=0(™). ...(6.8)

The proof of (6.8) applies to any 8 > 0, so by applying the result with 3 re-
placed by 1 + 3, we get

J =0 (¢™). ...(6.9)

Combining the results (6.8) and (6.9) we get (6.2) This complete the proof of
Theorem 4.1.
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Lemma 3 (Mohanty3)—If « > 0, 1 > 0, the necessary and sufficient condition
that,

2 ™ | d X ()| < e and x (+ 0) = 0 are that

(i) t ™ X (z) should be BV (0, n) and
(i) | X (#) | [r**1 should be integrable — L (0,1).
Replacing ¢ (¢) in the hypothesis of Theorem 4.1 by
$* (@) =9 () — ¢ (+0)

so that ¢* (4+ 0) = 0, and using the above lemma ¢* (necessarily exists, since ¢ (¢) is
of BY) in place of X () we see that our Theorem 4.1 is equivalent to

Theorem 4.1a—If0 < a < 1, () t+*¢*(t)is of BV (0, 7) and (i) ¢* (r)/
**1 is integrable — L in (0, =" then Z #n* An (¢f) is summable |«, 1 + 8|, for
3>0,atr=x.

§7. Proof of Theorem 4.2—For n 2 1, on integration by parts and remember-
ing that ¢ (+ 0) = 0, and by definition ¥ () = } {f (x + #) — f (x — n)} = 0,
since f'is of period 2#, wg have

Bs (x) =

di ().

w
2 { cosnt
n n

i

Thus, in order that £ »n* Ba (x) be summable | «, 1 + 3 | it is enough to show that,

S=Ild¢(t)l[aL+(8+l)M]<°° A (11)

where

[« o]
L = j %ﬁ | z n* Fu_1,148 (nw) cos nt |

4 n<w

o0
M '=I %gw— ] 2 n* Fo-1,2,& (n/w) cosnt | .
A n<w

We notice that L and M are respectively obtained from / and J of Theorem 4.1 by re-
placing sin nz by cos nt. Hence adopting the technique used for obtaining estimates
of I and J we can prove that

L=0((™") ...(7.2)
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M=0(t" ..(1.3)
Thus,

e L+ (0 +HM=0 (t*). (7.4
Since by hypothesis,

1{rt“"lahl:(r){<oca

by (virtue of (7.4) inequality (7.1) holds at once and this completes the proof of
Theorem 4.2.

It may be noted that by Lemma 3, our Theorem 4.2 is equivalent to

Theorem 62a—If 0 <« <1, (i) t=¢ @ isof BV (0,m and Gi) ¢ )/
r**1 is integrable — L in (0, #), then = #* Ba (¢) is summable | «, 1 + 3|, § >0
at == x.
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