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The representations of Heisenberg Lie super algebras are of some importance
with respect to the theory of Lie super algebras and it’s representationss
which are in connection with supersymmetry consideration in particle phy-
sics and field theoryl. Inthis paper we try to give a survey of the finite
dimensional representations of Heisenberg Lie super algebras (HLSA); spe-
cially irreducible representations are constructed.

§ 1. A Lie super algebra L = Ly @ Lt is a z2-graded algebra over a base field
K =¢ (the field of complex numbers) and a distributive multiplication [., ],
which is

(i) consistent with the graduation [La, L8] C L«+8, (i) The commutation relations
[x«, x8] = — (= 1)*P [xe, xa], and (iii) a ze-graded Jacobi identitys.

«,BE Z2 = Z/27Z = {5,7} where Z is the ring of integers. Ly is called the even part
and LT is called the odd part, which is a Ly-module by restriction of the adjoint re-
presentation$.

A Heisenberg Lie super algebra (HLSA) H is a Lie super algebra with 2m even
generators x1, ..., xam and n odd generators 11, ..., ys with the following structure

H = Hmn") = 4. & Hy
Hg = < xa, ..., xom, z >
Hr =<y, ..., y» >

(z is a central element and < ... > means the linear hull). The products of the basis
elements are given by

[xem-1, xok] = z k=1,2,..2m
[yt, ys] = 2 845.2 ihj=12,..,n

(All other brackets are zero).
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The even part Hgy is the ordinary Heisenberg Lie algebra generated by x1, ..., xem;
the multiplication in general can be given through a graded alternating bilinear form
B on H with kernel = <z>

[u,v] = B (4, v). z, whereu and v € H.

It is clear that HLSA is a nilpotent Lie super algebra of degree 2 and if dim Hy <eo,
then this dimension must be odd.

Representation

A representation of H is an (even) homomorphism T T : H = End (V), where
V = V5 & Vi is a super-vector space and End (V) is a Lie super algebra$.

Here we construct a representations of H from an algebraic point of view which
means that irreducibility of 7" will be defined such that there is no non-trivial T-inva-
riant s uper subspace of V.

We restrict ourself in the case 7 (z) = Id (Schur’s Jemma for super algebra®)
which is of special importance. Every such representation is a realization of the
different canonical commutation relations in a general algebraic structure. The general
algebraic structure. The general case T (z) = «. Id (= 5 0) can be given from this
standard case T (z) = Id by an automorphism ¢a of H with

do (2) = . z, ¢u (xk) = 4/ x& and da (J1) = /a s
(/d is the identity operator).
Now we have like the case of nil potent Lie algebra the following!
Proposition 1.1—Let T be a representation of HLSA
CH™®) - <xy, ..., xomz> @ < )1, ..., Yn >.

Then T is a faithful representation iff

T (z) # 0.

ProoF : First, T is immediately unfaithful if 7 (z) = 0. Now suppose T is
not faithful, so T () = 0 for some u € H. Then, using the graded alternating form
B, we have

0=[T@w, TW]= BT

for all v € H. But B has kernel < z >, sou € <z>, for which T (z) = 0 follows.

§ 2. We try now to find a finite dimensional representations of HLSA (m>0)
(the case m = 0 is given by (Zichocski and Hegazi?). Here we have no such condi-
tions that » must be finite or infinite. Since T (z) has as least one eigenvalue. The
corresponding eigenspace, which is non-empty, is invariant under T (), for all € H.
By irre ducibility this is the whole space V.
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Thus T (z) is a scalar operator, «, Id. Taking the trace
[T @), T ) = B, v « Id
for all u,v € H, yields a == Q.

Proposition 2.1—In the case m > 0 every finite dimensional irreducible represen-
tation T of H can be considered as an even linear functional on H with values in ¢.
That is

T@=T01) = ... =T (yn) = 0.
$3.  As we have seen that in the case m > 0 every finite dimensional irredu-
cible representations of H are trivial (the non-trivial irreducible representations of
HLSA in the case m > 0 are infinite dimensional and are given 'by Czichocski and
Hegazi®), and one cannot construct from these representations a faithful representa-

tions of H; this means that there is no completely reducible representations of H.
But there are faithful finite dimensional representations of H (ado theorem$).

Here we try to find a faithful finite dimensional representation of H; following
from a representation of Hy we construct an induced representation of H.

Let U (H) be the universal enveloping algebra of H, it is an associative super
algebra.

From P. B. W theorem®
UH) = ¢z, x1, ..., x2m] @ A D, ..., psl.

¢ [z, x1, ..., xem] is the polynomial algebra of the commutative variable’s z, x1, x2,...,
xgm with the trivial Zg-graduation and A [1, ..., ys] is the Grassman algebra which
is a super algebra

The universal enveloping algebra has the basis
k. v v
{Z‘ xl1 xzf:' yl1 y:} = {7¢ X* Y}
(k¢ =0,1,2,...,%=0,1)
k = (ki, ks, ... kam), v = (s1, ..., Tn)

[ k| == ki 4+ ket ...+ kom | 7| =514+ ... + 74

Let W be a finite dimensional Hy module and T is the corresponding representation,
then W can be considered as U (Hy) -module. Since U (Hy) C U (H) we consider
U (H) as a right U (Hg)-module and we have the following proposition.

Proposition 3.1—U (H) is a 2%-dimensional free U (Hg)-module with the basis
{Y*}r, we write this as U (H) = < Y >" U (Hyp).
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Let V be the super vector space
V=UMH @ W=UMH @ W/
U(Hy) ¢

=V ®@Vi= I S1YQW® I &y
| | even |+ | odd

where
Jw <Y ZiXle QW —-Y @z X w >,
V is the induced super space ind (W; Hy + H).

It is clear that U (H)« V8 C Vass, « B € Z2 and V considered as U (H)-module; the
corresponding representation is the induced reprerentation T = ind (To, Hgt H). V
has the dimension 2®. dim W and it is a direct sum of 2% examples from Hg-modules
isomorph to W.

Proposition 3.2—The restriction T|# of T on Hy is the direct sum of 2% exam-
T
ples of To and the subspaces Y* @ W are invariants with respec. to Tix

§4. It is known that the finite dimensional representations of a nilpotent Lie
algebra are upper triangular matrices, i. e., there exist a chain of ascending invariant
subspaces (Flag), their factors being dimension one.

In analog wise we try to describe the finite dimensional representation of H
specially the representation

T = ind (To, Hs T H).

It is an interesting problem to discuss for which representations Ty constructed are
not reducible into a direct sum.

Definition 4.1—Let T be a representation of HLSA in V. A super flag of T is
an ascanding chain.

(0) = Vo C V1 ... C V from T-invariant super subspaces of V.

In a natural way a representation Tk of H can be defined tn the factor super-
spaces Vk,1/Ve, and if Tk is not irreducible, this enables us to refine the super flag
with a T-invariant subspace between V# and V41, because the finite dimensional
irreducible representation of H are one-dimensional. We have

Proposition 4.2—T is a finite dimensional representation of H, then there exist
for T a super flag with one dimensional factors.

Let To be a representation of Hy in W, and (0) = Wo C ... C Wi = W is a flag
for To with one-dimensional factors.

With respect to the basis {ws} € Wy/Wjs-1 (j = 1, ..., I} the operators
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0 X

0 x® X *

To(z)=1|0 0 and To(z;) =| O X
‘ 0

From this flag for To we construct the following super subspaces:
Vi=indWs, H t H)=Z @Y @ W
L4

0) =VoC V1 C ... C Vi=V area super flag for T with dim Vis«1/Vs = 29
We modify this super flag through the following super spaces ;

Vi =+ z ® Y @ Wia
l=|=2n—k
G=0,1, .., 1= 1; k=0, ..., n).

It is

V'; = Vis1
viCVyCV Cria k=01, ..,n— 1)
Proposition 4.3—The super spaces V: are T-invariant.
Proposition 4.4—Let Y' @ w; s s Y'(v) ® w;v) are vectors from

VNS el = =0 =0 =k = D,

k . . :
Then the subspace v, and these vectors generated T-invariant subspace.

From Proposition 4 4 it is clear how we find a T-invariant subspaces between
V: and V‘;*l , (k =0, ...,n — 1) and construct a super flage for T with one-dimen-
sional factors.

§ 5. Let T any representation of Hin¥ and (0) = Vo C V1 ... C Vi=V are
a super flag for T with a one-dimensional factors. Letw € Vi/Via(j=1, ...,
be homogeneous vectors which are even and add, then the linear space <w, ..., v#>
is T-invariant. We arrange these vectors such that the odd vectors follow the even
vectors

{vy i Y, Vi -o» v; } where k = dim V5.
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Lemma 5.1—For j€ kis < v,

ey v; > invariant with respect (0 the even
operator are T (z) and T(xk).

With respect to the basis {] , ..., v} } the matrix-represen.ations are

x  d
0O X o k
x
T (xk) = X
o x *
0O X
X 1=k
0 [ ]
o 0 0
T () = °
0 [}
(0] 00
0
and
0 *
T(y) =
(0]

Proposition 5.2—In the matrix T (y¢) the maximal coefficients, which differ
from zero are k (1 — k), where [ = dim V, k = dim Vg

Example 5.3—The matrix representation of HLSA H = <z, x1, x2> @ <),
ya>

To(z)| ©

0 |To(2)
T (z2) =

To (2)

To(2)
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To (xx) (0]
0]
0 To (x¥)
T (xk) ==
To (x¥) (9]
0
0 To (xo0)
To (2) 0
0
0 | E
T(O1) =
E ‘ 0
0
0 To (2)
To(z)
o
_ ’
T (yo) =
0 ‘—TO(Z)
o
T
where
0 0 1 01 0
To(z) = |0 O Ov To(x1).. =10 0 O
0 0 0 0 0O
and
0 0 O
To (x2) ={0 0 0
0 0 0

§6 . LetVy @ V1 be a seperable super Hilbert space and 7 (z) is Hermitian.
The eigen spaces V* provide a decomposition of 7, where V¢ are the eigen spaces of
T (z) with eigenvalues ap = 0, «1, ag, ... ;
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V=V'® Z &V
i?1

T=To®z ®T, 0¢¢¢=To@z ® Tut
il izl

Ty is the restriction of T on V%, T} (z) = Id, and Ta, = ot Id, Ty () = 0.
#e, is the automorphism of H.

We only need to analyse the cases T and T; .

Representations with T (z) = 0

In this case we have the factor super algebra U (H) /I where 1 is the super ideal
generated z in U (H)

UH) = < XEY" > k, «.
(a) basis element X* X* is even or odd when | * | is even or odd)
UH/I=d¢[x, .. xaml @ A [, ..., va]

¢ [x1, ..., xem} is the polynomial algebra of commutative variables xi,
x2, ..., xam (all polynomials are even) and A [y, ..., yn] is the Grassman super
algebra generated by )1, ..., ya.

(Tensor product of super algebras). The factor super algebra U (H)/I is isomorph to
the free commutative super algebra in 2m even and # odd generators. Now let So be
a representation of the free commutative super algebra

¢lxi, ..., x2m] @ A [, ..., yalin V.
Py is the canonical projection
Po:UH) > UHT=¢[x1, ..., xem} & A [)1, ..., yn]

then we have the following proposition.

Proposition 6.1—The representation Tg of U (H) would be given through the
representations So of the free commutative super algebra

¢lx1, .., xem] @ A Dn, ..., ya]l = U (H)/L
It is

To=So |0 Po
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T
U(H)—-——-—> End (V)

\/

H)/1

Representation with T (z) == 1

Let U (H)/J is the factor super algebra where J is the super ideal generated by
(z—1)in U (H).

Definition 6.2—The super algebra U (H)/J is called the Weyl super algebra
W(m’n).

We write
UH)] = w(ms)
W ™) has the basis < X* Y* > k, T and the multiplication in W(™#) js given by
[xok-1, xo8] =1, k=1,2,..., m
[y, yil=2.8y, i, j=12,..,n
xtxs = xfxi, for(i, 17 Qk — 1, 2k)
Xt yi = yixi, i=1,2, ...,2mj=1,2,...,n

Itis Wm™'s) = (™) @ C* where W (™0 is the classical Weyl algebra generated by
x1, ..., xam (Dixmier?) and C® is the Clifford super algebia generated by yi, ..., yn.
(Czichocski and Hegazi2, Boerner8).

.. : . 4 : .
Proposition 6.2—Every representation T,; of U (H) defines a representation
™"

S‘(m " of Wmn) and Ti =S, ) . P

Tmi = S,gm”) o Pyo 95\1‘

where Pi is the canonical mapping from U (H) in W(m's)
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Ti .
U(H) 1y Endevl)
(m,n)
P1 Si
w(m,n)

Without any loss of the generality one could put «¢ = 15 we have
Ty = S™ o Py
T = So oPg ® S(Mn) o Py,

If m > O then the representation T3 is incompatible with m > 0. We simply take the
trace of [T (), T (V)] = B(u,v) - Id, forally, v € H and obtain a contradiction.
We have T(z) = 0. Then T = So » Po and every finite dimensional representation
of U (H) with a Hermitian operator T (z) will be given through the representations
of ¢ [x1, ..., xam] @ A [n1, ..., ysl.

In the case m == 0 we have the representation
T=Soe & S(MM)e Py

the representation S(™®) would be considered as the irreducible representation of
Clifford super algcbra?. The componeet So © Po would be absent when man put
additional conditions on T (j), as example T (3#) would be normal operators or T is
completely reducible.
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