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Symmetrical vibrations of an elastic semi-conductor in the form of a
spherical shell are studied within the frathework of linear model of pheno-
menolcgical theory of elastic semiconductors given by Maruszewski and
Lebon?. Tracticns p; and p. are applied on its inner and outer surfaces
which are carrving charges and are maintained at constant temperature.
The relaxation times and coupling coefficients are neglected in the evolution
equations to simplify the treatment, The material of the shell is taken to
be deformable transversely isotropic, heat conducting and polarized semi-
conductor in the presence of an electric field, The aim is to look for inter-
action c¢f mechanical, thermal and electric fields in the shell. The stress field,
the velocity and acceleration of oscillation, the temperature field, free ele-
ctrons and hole charge distribution at any point inside the shell are fixed,
Unlike in the case of cylindrical tube considered earlier3, ¢, is no longer non-
zero. For a thin spherical shell, it is possible to solve the equation of
oscillation in an exacr manner, giving expressions for time period and
amplitude of oscillation of the shell. The effects of displacement and con-
duction current arc also identified. It seems that the vibrations of the spherical
shell on the whclc are slowed down due to the interaction of various fields.

1. INTRODUCTION

In an earlier paper, Maugin and Dzher! have described phenomenological theory
of elastic semiccrcucters. Later Meruszewski and Lebon? examined the interaction of
a deformable and isotropic heat conducting polarized semiconductor with electro-
magnetic fields, within the framework of extended irreversible thermodynamics.
Neglecting relaxation time and coupling ccefficients to simplify the theory by
Maruszewski and Lebon2, Verma et al.3 have applied it to examine the radial oscilla-
tions of cylindrical tute urder an applied traction on inner and outer surfaces of the
tube which are carrying charges and are maintained at constant temperature. These
types of problems have application to accoustic electronics.

In the present paper, we almost follow the same lines as in Verma et al.3 to con-
sider the radial oscillations of a spherical shell and look for the interactions of sym-
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metrical vibrations of a spherical shell has been the subject matter of investigation by
many research workers in the theory of elasticity, accoustics and elastic dielectrics? 7.
It is of interest, therefore, to see what happens when this linear model of phenomeno-
logical theory elastic of semiconductors? is applied to the case of spherical shell. After
recapitulating the basic equations in section 2, we formally state the problem in section
3. We then derive the differential equations determining the acceleration and velocity
of inner and outer surfaces at any time during oscillations of the spherical shell and
calculate the time period and amplitude of harmonic oscillation for the case of thin
spherical shell. We are able to solve the differential equation of oscillation exactly in
special cases. Expressions for the stressss, the electric field, the polarization components,
the temperature distribution, the displacement current, free electrons and hole charges,
the generation and recombination of charges, the diffusion fluxes, heat flux vector
and chemical potentials are obtained. Unlike in cylindrical case, the interaction of
the other fields with deformation field does not produce the shear stress in the shell.
They, however, tend to slow down the oscillations. All the fields affect each other.
Interesting conclusions are listed at the end.

2. Basic EQUATIONS

(i) The Maxwell equations for the polarizable, conducting and deformable
semiconductors are
2B 1

V.D-=PZ,V.B=0,vx E‘—'(—a—;—),’WVXB—J‘ + ¢

( Z—'}—) 1)

In (2.1), P is the mass density, Z the total charge per unit mass, which is written as
follows :

Z=p+n ..(2.2)

where p (> 0) and n (> 0) denote the hole and electron charge respectively, B is the
magnetic induction. D is the electric displacemen:, E the electric field, €o the dielec-
tric constant in vacuum, po the magnetic permeability in vaccum, J* the total current
density, J¢ split into a free current density J” and a polarization current J2.

Next, J7 and J? are further written in terms of conduction and convection currents

J=J+ I, J =pZV+V, Jp=—(.P)V+I»
epP
lv=—a—t+vx(PxV)+(v.P)V }

23)

where P is the polarization vector and V is the velocity vector. The electric displace-
ment D and magnetic induction B are written as

D=¢E + P,B'=/.L0(H+PXV). ...(2.4)
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(i) The laws of balance of charges are

[ —ZT (n) = — V. In 4 pro --(25)
d
PT ()= - g.12 + p o ...(2.6)

In (2.5) — (2.6), :li_t stands for the material time derivative. I” and I? are dif-

fusion fluxes of free electrons and holes respectively. Their sum is equal to the free
conduction current

V=1In+ 12 (2.7

r? and r® represent source terms describing the generation and recombination of
charge carriers. They will be given by constitutive equations but have to satisfy,

™+ P = ...(2.8)
in virtue of the law of balance of total charge.

(iii) Balance of momentum

PVimtig+ fi— (B X — BX W+ &GPZ— Prg) .29
where

E6=E+V X B, n="PP, ...(2.10)

145 and f¥ in (2.9), denote the symmetric stress tensor components and external
body force components per unit mass.

(iv) Internal energy balance equation
Pa = tjtvij— gijs + Pr + &t I;' + &4 If.

In (2.11), r is the heat source; an upper dot denotes the material time deriva-
tive; gt are heat flux components; u denotes the internal energy; P the mass per unit
volume; &% are the components of electromotive intensity,

(v) Constitutive equations

7 = % 6+ an(n— ne) + ap(p — pe) + P: &t ...(2.12)

n

” (n — ne) — /\?j (p — pe) — hisx G
..(2.13)

15 = Ciskt ext — A,'j 0 — A

mi = Xk Sk + P: o+ P: (n — ne) + Pf (p — po) + —;— hisk a5k,
.(2.19)
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p = %:L(n — ne) — an § — :T )l:'j €« — P:‘ Y ..(2.15)
3
u? = -p—f—(p — pe) — aph — —;« /\:’, o5 — P:’ Y] ...(2.16)
rm ==l:' <5'i+g:', m+¥faql+ v," I’: + m* (0 — 8¢
1
- = (p — pe).
n ..2.17)

P o= 1:’ Y gfj ¢f + ‘Yfm gt + v‘p I:’ + m? (0 — 8e) — "—l’(P"PG)-

T
»

.(2.19)
In (2.12) to (2.18), n is the entropy; 8 the temperature, €kithe strain tensor; p® and
p? the chemical potentials; #* and r? the terms representing generation and recombi-
nation of charge carriers; g¢ the heat flux components; e, ne, pe the reference tempe-
rature, reference electron negative charge and hole charge respectively.

(vi) Evolution equations for heat flux and the charge flow currents

-r‘q,q‘j - —qi— M50 + E:j é1 + a:? I; + a?f I;’ + a?fp,l

+ agy N (2.19)
L, = - I — D64 +&, 61 + ay¢+a; I} +a. Ps
— a}: N,y ..(2.20)
‘rfj ij = - I‘p -~ ij 8,7 + Ef, &1+ a?,l I;' + a‘zf q - a?f Py
+ ap; N (221)

where ﬁ:, s E?, are the mobilities of electrons holes. Dz s D:j are thermodiffusive con-

¢ bt . . 01 02 03 04 11 12 13 14 21
stants. ¥, , 7, are relaxation times, Qi s @y, Qg s Qg 5 Qyg s Gy 5 Ggy 5 Gy 5 Ay

22 23 24 . .
ay , a4y ,a;, are all coupling coefficients.

3. FORMATION OF THE PROBLEM

We consider a thick spherical shell of inner and outer radii R1 and Re. The inner
and outer surfaces are kept at constant temperatures 61 and 62. Tractions p1 and p2
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are applied at the inner and outer sides of the shell normally. The shell is also
subjected to a radial electricfield. Material of the shell is a transversely isotropic, heat
conducting and polarized semiconductor. The problem is to determine the small radial
oscillations of the shell. Mechanical, thermal and electric fields interact with each
other. This intraction between mechnical and other fields is to be described. For this
purpose, we assume thata point which was initially at (R, ®, ®) goes to another
point (7, 8 ¢) such that

re=r(Rt), 0 =0, ¢ =0 ...(3.1)
The strain tensor becomes
(e 1
[l 1— —Re 0 0 :I
{ '
€« = : 0 1— —f— 0 ! ..3.2)
- I !
| 0 o 1-%1
L rJ
The electric field has components
E =[Ew, 1), 0,0] ..-(3.3)
The velocity components are
: d
== = V= —, ...(3.4
V=[00 V=r, o (3.9)
The polarization components are taken in the form
P=[P1(,1),0,0, © = [ﬁ%ﬂ , 0, 0. .(3.5)
The displacement current is given by
D = [D(r, 1), 0,0l ...(3.6)
The magnetic field is supposed to be absent, so that
H =0, 0, 0]. .31
The boundary conditions are
(trr)r-Rl = - p1; (t"r)-Rz = —p3, t =20 ...(3.8)
(O)r=ry = 61; (O)rmry = 02, t = 0. ...(3.9)

risri when R = Ri and r2 when R = Rs. In general ris a function of R and 1.

4, SOLUTION OF THE PROBLEM

~ With the help of eqns. (3.1) — (3.7) and eqns. (2.5) and (2.6), Maxwell equations
give

Zmp+p=Viic(@), V=r ...(4.1)
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me— BEL Lysops 20 (4)
n=ne=VrZc(t) — (p — pe) ...(4.3)
p=(F e+ W00 - (44)

Ii =L =1 =4PV2rc( —%PVr’*c‘(t) ____arz(t)

We(® 2
+ r3 9

pricr ..(4.5)
whete ¢ (f) and « (z) are arbitrary functions of z.
L +1; =13 + 1 <0. ...(4.6)

If we consider the constitutive equations together with eqns. (3.1) — (3,7), (4.1)
— (4.6) we obtain, after some simplification on account of small radial oscillations
of the shell.

E= L (—g—

cki— (1 — R-r—:)Kg
-a - f;)m .(4.7)

R N 2 s “y 2 —q-
n— ne D'[n(9Vr”+ﬁ) Vi2 cK1 — (1 — p5)Ks

_ (1 _ f;)K,,] ..(4.8)
o= Fim(gvret g )-weki— (-1 5 )k

~(1- &)k - (49)
m=(1- ) (Frae+ 55)+ 2L

(- L)+ (1~ ) .(4.10)

2 .
t11=01111(1—— ;2)+ c1112 (]— 5—)+c1133(1-— *R)
r \ r

2 @ r2
*—Al(é‘ Vrid e + ~p-r—2~)+B1Vrzc+D1(1- -R—f)

(equation continued on p. 588)
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+ F1 (1 - —’f— ) L (411)
ta2 = 33 = knzz(l - i) + cun (1 - R )+c1133 ( 1 - R
R2 r r

9 A 2
—Az(—‘g'—Vr%+ i)+Bl Vr2c+D2(1 - f—)

Pr2 R?
+ Fa (1 - —r]i) - (4.12)
t23 = 113 = t12 = Q. ...(4.13)

The equation of balance of momentum gives us

br = "l—(Al—A2)( v c+—)+(Bl—Bz)Vr2c

[ 2
R

+ (D1 — F) (1~ )
+i[—A ( vrde + )+B Yo+ D1 (1 — o

or ! T h treeT Al T R
+ FA (- -Irjf)] — %;— Qe1111 — c1122)

R
+ ) (2c1111 — c1122 + c1133). ...(4.19)

Equation (4.14) gives us the equation for oscillation.

Entropy is given by

2
n—cq(z Vr3c+—i2-)-aaVr2c—a3(1 - %)—44(1—— -?).

9 pr
...(4.15)
Neglecting relaxation times and coupling co-efficients, equations (2.19)-(2.21)
give
@u=—by+E, E .(4.15)
g2 = — Aa1 6,1 + E;l E ...(4.17)

q
g3 = —As16,1 + &5 E ...(4.18).
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n ”n n ]
i
n n n '
Iy = — Dy 01+ &, E }
I

n n n
Iy = — D301+ 8, E J|
and \
D=~ D} 61+E, E '|
P D y ] 4
Iy = — Dy 61+ &y E (
i
I;=— D301+ & E )

where 8 and E are given by eqns. (4.9) and (4.7) respectivsly.

(2.15)-(2.18), one gets

589

...(4.19)

...(4.20)

Again from eqns.

un - B (Z Vr3c+—“—)+ﬁ Vo + Be(l — L)
9 Pr2 2 R?
+Ps (1 — 71}) ...(4.21)
M”=l‘35(g V3 e + i)+B¢3Vr26‘*'ﬁ'l(1 -
9 Pr2 R?
+ BS (1 —_ %) (422)
1 2 2 R
R o= - ‘—DT[T1(>3— Vrzc—- %) - 2K4 Vre + _‘R_;K5'— r—sz] B”

2
+(;—Vr3c.+

m" Ky

= ) froly L o m"Th __n
2 v 7 X
pr D D 1; D’

+

K1 Bro
+V2 — ALV
! c’ D’ D’

{0 _ 2\ _ BwkKs
+{ Rz)[ >

R B1o K;
+(1+7)[—~h‘},3 + g+

4 rP e ().

+ &, —

n m® Kg Ky
833 — — + = :,

K7
1; D’

me 'Ks + Ks
D r
1’”

D

In eqns. (4.7)-(4.24), we have used the following notations :
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- PZ Ym, Ko = hmiy Ym Ks = hmoe Ym + hmgs Ym

P P

Ks = 'ﬁ; Tm, K= hmi1 Tm Ko = hmaz Tm + hmgs Tm

P p

Ky = Pf: m, Kg= hmyy tm Ko hm22 tm + hmss tm

P ? P

In (4.25), m goes from 1 to 3 in all Ks.

Again

T1==X31( p;‘—pﬁ

Tz—-—(xn+‘7;’)( p;—Pg’)—xm( p;‘——p’l’)

T3=121( P;—Pf)—-(ln'i- 'g)( P;"':)

n =Yz Py — X1 P,
12 = Xa1 P{—(xu+ ‘Pi) p:
t3=(X11+—:,Q)P;—X21P; ]

1 »
Al——-[:\nTl-F(Xn-— )t1+h111Y1
A 1 A* n 7

2= o 2o 1+ A22~A2 t1+h221Y1

- Ay Ks+h1uKsJ

Ay — z\ Ks + hey Ka]

| SR

Ay — A 2) K7 + hay K1] - A3,

1
J

[ ———

Y4
— A

...(4.25)

...(4.26)

...(4.27)

...(4.28)

...(4.29)

1
|
|
|
!
J

...(4.30)

...(4.31)
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1 )
Fi= 7)_,[ A{1K3+( A%, - a{’l) K9+h111K3:| }
|
b= %—[ )‘;2K5+( gz ~ Aﬁz) K9+h221K3:| )l
1 [T )
m1==_l7 ;;C +(¢n"'ap)t1+p;Y1 ]
L
wy = #_Cf + (an — ap) Kz + P} K ]_a,,
1 [ CK :
«3 —FL C°¢5 +(an—ap)K8+p;K2 ]
I [ CK
a4==_1_)7[ 8.6 +(¢n-ap)](9+p;](3] |
n
By DmfL _ anTy b 1n
1 nle D, D’
n
Bp = — S K7 + an Ky + Py K1
ne D’ D’ D’
n” 7%
ﬂ - — les + an Kg _ A11 + le2
’ ne D' D’ p D
- 3 Ko an Kg 1 » . P’;Ks
Pa= - wd T D P )‘22+A33)+ o
»
55-‘;—-81)’1 = “pTl__ PIYI
peD' D DI
»
56:_81.‘_ 81’K‘7+ ap Ka Py K1
pe pe D D D
P P
B7 = % Ks + ap K5 i1_1_+ Py K2
PCD' D’ p D
» P p
3p K. xp Ke Aze + Ay A, Ks
Bs 2 D + =5 ; n
Bs =“.’:,q Amy + v:' Dy,
Bio =1} + vo Ep i+ v En (m=1,2,3)
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...(4.32)

...(4.33)

..(4.39)
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f i ]
{ X1 + ipo_ Pl' P; - Pf ’
| [
D - : Yo O : ...(4.35)
] !
[} V4
IL X31 Ps  P3 — Py Jf

Applying boundary conditions (3.8) and (3.9), we get

R R
1= c11 ( 1 R’ ) + ci122 ( 1 71—) + 61133( 1 n )

- 2 s « 2 ( - 1_1_)
A1(9 pr{)+B1Vr1c+D1 1~ 2
+ Fl( - %1—) .(4,46)

_ ____f_}__) . Ra ( Rz)
P cnn( 1 ] + c1122 (1 o ) + enas | 1 -

N ) (_13_)
A1(9Vr.c+9r: + B Vitc+ D1 R

+ P11 - 1}2&) (4.37)

Subtracting (4.37) from (4.36), one obtains

2 2 R R
— (p1 — p2) = e (—L - Ir;' ) + c1120 (“r-:‘ - '—11)

1

R
+ c1138 (;2-— Rl +41[— Ve rd — 1Y)

ri

1 1
+‘§" (T——-ﬁ)]-}-&(u—rl)Vc

+ Fl(& - 51—) . (4.38)
re r

r
_ oy 21 1_)}
91 — O = 53 [T1{ Ve (r? r}) + P(ri e
2 8
+KaVell - D+ Ko (1 — )

+ Ke ( fll _ —fz‘l)] ...(4.39)
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5. SPECIAL CASE

We consider the case when the arbitrary functions ¢ (z) and « () are zero in
equations (4.1)-(4.5). The result reduce to

loE

Z=p+p=0, m=— o n—ne= —(p — pe) ...(5.1)
!
D=0, I] =0 (52
1 r2 R
E=—F [(—1+R2)K2+(_1+7“K3] ..(5.3)
2
n—ne=—j;—.[(—l+—12~§-)Ks+( +’§)K9] L (5.4)
i re R
0=F[K5(-—1+R2)+Ke(—l+—r—)] ..(5.5)
2
111=-—‘0—P€—--= %[(1—%)](2-}-(1—];‘)1(3] ...(5.6)
n = ( ] - ———) (cx11x + D1) + ( 1 — i:—) (c1122 + cu133 + F1)
(5.7
tzz=133=(1—-——)(61122+D2)+( ?)
X (cu111 + cuss + Fa) ..(5.8)
tez =t13=rt12 =0 ...(5.9)

.. 2 ,
Pr = . Dy — D2+ F1 — Fo] - % [2Dy — D2 + 2c1111 — c1122]

R
+ 3 [— F1 + 2F2 + 2c1111 — c1122 + c11ss) ...(5.10)
2
'0"(}2'— )a3+(-——-1)«4. ...(5.11)

Integration of (5.10) gives

P2 = Pri + 4 (D1 — Dy + F1 — Fp log r";
R
+ 2(— F1+ 2F + 2Cu11 — Ciizz + Cuaa)( 1 - ;—)

2
+ 2(2D1 — D2 + 2c1111 — (31122)( ﬁ) ...(5.12)
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We further state the reduced form of the results in this case

2 R
pt = B3 (1 - = )+ Bs (1 - r—) ..(6.13)
u”-ﬁv(l— ’2)+as(1—5~) (5.14)
Rz r e .
1 2r Ks Ke R
N oo — P e — — —
d g DL R 7 ]
Plo Ks n m® K5 Ks
- B )= make gtk K )
; < D
n
R Bio K3 n n mn Kg
) [
+ —19———] ...(5.15)
r;D'
2 2
Ty r
—(p1 = p2) = (cran1 + D) ( _—— ) + (c1122 + c1133
R R
2 1
+ Fy (—Rz—— R ) ..(5.16)
. F2 r1
Ks R Re
61 — 82 D , ]+ : ( . ) (517

For free oscillations, we have p1 = pg == 0; it follows from (5.16) that free oscil-
lations are possible only when

-;-}-1 -5 .(5.18)

In. that case 1 — 682 — 0.

When the displacement is zero, Ii also vanishes as shown in (5.2). In this event we

find that K1, K1, K7 are missing in the solution. It shows that these are co-efficients
of those terms which represent the effect of displacement aod conduction currents and
charge density in equations (4.7) — (4.12) and (4.14) — (4.23).

Next we set

X @) = I.%("_), r= (& p-1>0 (5.19)
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Using equation (5.19) and condition of incompressibility, equation of motion
(5.10) gives

P Ri[R?{R3 + R? (x3 — 1)}~2/8 (2x 42 + x2 x)
— 2R {R3 + R? (x3 — 1)}"5/3 x4 2]
= L1/R2[R% + R? (x3 — 1B + RL2[R3 + R? (x3 — 1)]-2/8
+ L3[R3 + RY (x3 — 1)1, ...(5.20)

The notations used in equation (5.20) are

Ly = — F1 + 2F2 + 2c1111 — c11s2 + c1133

L1 = — 2[2D1 — D2 + 2c1111 — c1122] }
L3 = 2 (D1 — D2 + F1 — F2).

.(5.21)

At the inner surface, at any time ¢, we have
R =R, r=r1(1).

Equation (5.20) takes the form

PRx = L1x+ Lox 2+ Lg xL. ..(5.22)
Integrating (5.22) and applying initial conditions

x (0) = xo, %(0) = V (0) == Vo (say),
we obtain

2Ls

2 = pL;: (x2 —x3) — -‘—,-IT(x“1 —x0) + 2Ls

P R}

log f(-’-i- Vi
...(5.23)

which gives the velocity of inner surface of the spherical shell at any time 7.

When R = Rz, r = r2 (¢) at the outer surface at any time 7, equatiou (5.20)
gives

2x &2+ x2 x — 2 (r + x3)"1 x4 &2

=1 3 L2 R L3 1/3
R Pt T R ¢ B (524

For a thin spherical shell, when r — 0, we write R2 & Ri1 = R. Equation
(5.22) gives

Px = I/Re[L1x + Lax% + Lax1] ...(5.25)
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when x = r1/Ry is large, from equation (5.26) we obtain a simple Harmonic motion
of the thin shell for which

time period = 2n/4/ ...(5.26)
and amplitude = +/x§ + (V3w ...(5.27)
where
2
B= o RE [2D1 — D2 + 2c1111 — cnieel. ...(5.28)

6. CONCLUSION

(i) We find that unlike in cylindrical case3, interaction of various fields do
not produce the stress in the shell. (i) Oscillations are damped by all the acting
fields. (iii) Expressions for all the fields are given in explicit form. (iv) Tractions
applied at the inner and outer surfaces of the shell are calculated. (v) Each field is
affected by all other fields. (iv) In special case when displacement and conduction
currents are absent, we are able to determine not only the velocity and acceleration of
oscillation but also the time period and amplitude for a thin spherical shell. see (5.25
to (5.28). (vii) K, K1, K7 represent the co-efficients of those terms which exhibit
the effect of displacement and conduction currents.
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