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Free transverse vibration of a rectangular beam having two linear variations in thickness along the length is
analyzed by classical theory of beams. The solution of the equations of motion is obtained by Frobenius method.
Numerical results for natural frequencies and normalized mode shapes are computed for first four normal modes
for a clamped-clamped and cantilever beam.
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1. INTRODUCTION

The free vibration analysis of beams with stepped/bilinear/discontinuous variation in thickness has
been performed by utilizing many analytical and numerical approaches, in an attempt to simulate the
dynamics of a number of structural and mechanical components. Such structural elements are used
in rotating machinery for better mechanical balancing, to study the high velocity centrifuge of
molecular biology, diagonal braces in civil engineering and the jacket legs in offshore engineering!.

Greco & Laura? have used the Ritz method to examine the free vibration of circular plates
of bilinearly varying thickness. Gutierrez et al? have presented the fundamental frequency of
rectangular plate having a thickness which varies in a bilinear fashion. Greco & Laura* have used
simple polynomial approximations and the Ritz method to study the forced vibration of a circular
plate with thickness varying in a bilinear fashion. Aksu & Al-Kaab® have applied the finite difference
energy method to examine the flexural vibration chracteristics of rectangular Mindlin plate with
bilinearly varying thickness. Laura et al.% have investigated the frequency coefficient of isotropic
rectangular plate of bilinearly varying thickness. Singh & Saxena’ have examined the axisymmetric
vibration of circular plate with double linear variable thickness. Auciello & Nale® have determined
the free vibration frequencies of a beam composed of two tapered beam sections with different
physical characteristics and a mass at its ends by exact as well as approximate method.

In this paper, free vibration of a rectangular beam having two linear variations in thickness
along the length is analyzed using classical theory of beams. The beam is assumed to be made up
of two beam elements joined end to end. The beam elements are having in general different linear
variation in thickness. Frobenius method is used to solve the equations of motion. The arbitrary
constant arising in the solution are solved by end and continuity conditions. Numerical results for
natural frequencies and normalized mode shapes for first four normal modes for a beam clamped at
both the ends and cantilever beam are plotted in graphs for various value of taper constant. The
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variation in thickness is taken in such a way that average thickness of the beam remains constant.
The frequencies computed as a particular case for a rectangular beam of constant thickness are
compared with that of Soni’.

2. EQUATIONS OF MOTION

An isotropic rectangular beam of length a and breadth b is referred to Cartesian co-ordinates by
taking the x, y and z axes along the length, breadth and thickness respectively. The middle plane
and .the two ends of the beam are taken in the planes z = 0, x = 0 and x = a respectively. The
beam is assumed to be made up of two beam elements joined end to end with their middle plane
lying in plane z = O and having in general different linear variation in thickness. The breadth,
Young’s modulus, Poisson ratio, density, length and thickness of kth beam element (k = 1, 2) are"
taken as b, E,v,p, a, and hk (x) respectively and it lies from X=x_,; to x=x where

X

=X =a x0=0 and x,=a.

k—1 k
For free vibration analysis, the equations of motion of the beam elements are

3 2 2 2
e Wi, s ¥ O Py Wi s ¥3 Qhyp iy i by D Wy
) o (1)
+ 20D o h v, =0, xSxsn, 12k-1; k=12,
where w, and 7 are displacement component of kth beam element in the direction of z-axis and

time, respectively. The comma follcwed by the variable suffix denotes differentiation with respect
to that variable.

The linearly varying thicknesses are taken as

h (x) =hy [b, + B, (x—x)/a); by=1,by,=1+p, x,/a, .. (2

where f,, B, are taper constants and h, is the thickness of the beam at x = 0.

f\daking eq. (1) non-dimensional, one gets
f’i Wi so00c+ 6 H Hi x Wi soope+3 QH Hy x+ Hi Hy o) Wy xx
+ 12 A-V)YH W, ;7=0, X,SXSX, l=k~-1k=12 .. (3
where X = xla, X, =x/a, H = h/a, W, =w/a,

T=tNE/pa®, Hy=hy/a,Xy=0,X,= 1.

3. SOLUTION

For harmonic solution, Wk is taken as

W, (X, =W, ()27, - (4)
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where £ is the circular frequency of vibration.
Substitution of solutions (4) in egs. (3), after the use of relation (1) yields,

(1+C, X~ XDP W, yyxx+6C; (1+C, (X-X))

, -
Wi xxx— 6Ci Wi xx— @ W, =0,

2_12(1-V) 2
Co=B/by mk=—1#,k=1,2. . (5)
0%k

The above equations, governing the free vibration are solved by Frobenius method. The solutions
are assumed as

W,=2d,(X-X)"**1,d, =0, .. (6)

where the summation over n is taken from 1 to oe.
Substitution for W, from (6) in (5), the roots of the indicial equation are found to be
A=0,1, 2, 3, 4. The recurrence relation is obtained to be

P
dypak=Edyfrs e (T

where

fﬁ+4;k=[—2Ck +DFE s~ G+ VP o  +Orf/(n (4 1) (n+2)) ]/(n+3) .. (8)

fa=8,a =123 48 is the Kronecker delta.

The summation over p is taken from 1 to 4 and dp ,p=1,2,3,4, are arbitrary constants.

Therefore, the solution of egs. (5) becomes

4
W,X= 3 df, X-X), e (9)
p=1
where fix-xy=Y fhx-xy-L
n=1

3.1. Continuity Conditions
The continuity conditions at X = X1 are taken as

In eqs. (7) and (8) , ; is used to separate the subscripts.
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Wy (X)) =W, (Xy); W x XD =W, x X))
. . (10)
Wi xx XD =Wo xx X1 Wy xxx (K1) = Wy, yxx (X))
Using above conditions, one gets
P ) p =
Ld, fi X)) =dpy; Zd, f1 x X)) =dy
| | . .. (11D
= p —-g . 2 p 0, =
> d, 1, xx Xy)=dsy; 6 L1 xxx 1=dy,
_In this way the 8 constant arising in solutions (9) reduce to 4.
3.2. End Conditions
The following two types of end conditions are considered :
3.2.1. Clamped-clapmed Beam (C-C Beam)
For a beam clamped at both the ends X = 0 and X = 1, we have
W =W y=0atX=0and W,=W, y=0at X = 1. . (12)
3.2.2. Cantilever beam (C-F Beam)
For a beam clamped at X = O and free at X = 1, one has
Wi=W, y=0at X =0and W, yy =W, yyy=0at X = 1. - (13)
Use of relation (11) and condition (12) or (13) (as the case may be), gives
where D, =[dy; dy;1,
r .3 4 ]
1 X) f1X)
3 4
f1.xX) f1.x&)
A (X)= . (15)

1.3 1 4 >
T')_-fl,XX X) Efl,XX X

1.3 14
6/ 1.xxx X Efl,XXX(X)J

£ 100 & f100
A, (X)= for C-C beam

Fax® Frx® fax® f35®
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Faxx® o ® Faxx® fax®
and A, (X)= for C-F beam ... (16)

1 2 3 4
Faxxx X Foxxx @ Foxxx X o, xxx X)

3.3 Frequency Determinant
For non-trivial solution of homogeneous system (14)

det [A, (1-X))A; (X))]=0. )

The countably infinite roots of eq. (17) are the natural frequencies £2 for various modes of vibration.

4. RESULTS AND DISCUSSION
The variation in thickness is taken in such a way that the average thickness of the beam, h , remain
constant, therefore

4 a

[ by, +B x/a)dx+ | hy(by+B,x/a)dx=ah, .. (18)
0

a

which leads to H0=2Ha/{2+B2+X] B -8By (2—X1)}, where H =h /a.

All the series involved in the analysis are summed upto 15 terms which gives an accuracy
of four decimal places. Numerical results for natural frequencies and mode shapes are computed for

v = 03 and H, = 0.06.

Q2 vs X; for C-C beams, for first four modes of vibration is plotted in Fig. 1 for various
negative values of B, when B, = 0.8. This is the case when the beam is thin at the ends and thick
in the middle. It is seen that the value of (2 fluctuates when X, increases from zerto to one. The

number of fluctuations increases as one goes to higher modes. It is also seen that £ decreases with

the decrease in B,. This can be attributed to the fact that as B, decreases the thickness of the right

clamped end decreases and consequently rigidity of the beam decreases. The decrease in £2 is more

prominent in the first mode when X, is 0.5 and in second and higher modes when X; = 0. It can

be due to the fact that in first mode there is no nodal point in the beam except at the clamped
edges whereas in higher modes nodal points lie in the middle of the beam also. All the curves

converge to same value of £ when X, is 1.0. It is because of the fact that when X, is 1.0 the

thickness of the beam varies with only one taper constant 8, throughout the whole length.
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Q vs X, for C-C beams, for various positive values of B, when B, = — 0.8 is plotted in

Fig. 2. This is the case when the beam is thick at the ends and thin in the middle. Here also the

value of Q fluctuates with the increase in modes of vibration. When X, = O the value of £2 decrease
with the increase in B, but this variation get reserved for non-zero values of X,. In all the cases,

the value of Q increases when X, lies in the middle and decreases when X; approaches towards

the ends.
0.8 1.5
- Firat Mode - Second Mode ﬁ'__: 0.8
0.7 :— B,=0.8 1.4 E‘
0.6 F 1.3
t. boor
0.5 1.2
- 0 - 0
- -

0.3 B2
axn 0.0
0.2 S -0.8
wess -0.8
o CLb i i p vttty
25 [ 3.8
- Third Mod
= ode £,=0.8 Fourth Mode 8,=0.8
2.4:’
2.3 |
- 0
2.2 &
2.1 4
2.0
1.9
X,
1.8 praad g b e e byt ey 3.1 i by e b e e by gl

0.00 0.20 0.40 0.80 0.80 1.00 0.0 0.2 0.4 0.8 0.8 1.0

Fig. 1. 2 vs X, for C-C beam for various values of f3,
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FIG. 2. £2 vs X; for C-C beam for various values of B,

It may be noted from Figs. 1 and 2, when X, = 0, i.e., when the C-C beam is having one

linear thickness variation, the frequency is maximum when it is of constant thickness and it decreases

with the increase or decrease in the taper constant. It means, the C-C beam shows more rigidity

whn it is of constant thickness in comparison to when it is taper even though the average thickness

remains the same.
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Q vs B, for C-C beams, is plotted in Fig. 3 for various values of §; when X; = 0.5. It is

seen that (2 and the rate of increase of (2 with the increase in Bz as well as in the number of

0.7 1.4
|- Firsl Modo _ ) ; Second Mode
E X,—0.5 r: i X,:O.S
0.6 1.3 -
» -
0.5 = 1-2 :'
" R
0.4 [ 11

0.3 1.0

0.2 0.9
8, B2
0.1 N T N N S N N S S SN N W B N N 2 . 0.8 ) O S D S S N O S N W AN N TN SO U DY I
2.4 3.7
Third Mode X,=0.5 Fourth Mode - X=0.5

2.3 3.8

2.2 3.6

TITFTreyrryreTyTy

2.1 3.4

2.0 3.3

1.9 3.2
.
8; . B2
lelillll!lllllllllll 3.1 TR TN U0 W AT O U O Y T O N O OO O
-0.8 -0.4 -0.0 0.4 0.8 -0.8 -0.4 -~0.0 0.4 0.8

”
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modes. It means keeping the average thickness constant, if the ends of a C-C beam are made thicker
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and the middle portion is made thinner, the frequency increases.

Q vs X, for C-F beams, for various negative values of 8, when B, = 0.8is plotted in
1 & 2 1 .

Fig. 4. It shows that if the thickness of the beam from clamped end is increased upto a certain
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point X, of the beam and then decreased and point X, is moved towards free end, 2 decreases
throughout, in the first mode. It decreases till X; = 0.5 and then increases, in the second mode.
The value of X, for minimum £2 decreases and the number of fluctuations increases as one goes

to higher modes.
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Q vs B, for C-F beams, for various values of B, when X; = 05 is plotted in Fig. 6. In

first mode, {2 decrease with the increase in f3,. In second mode, 2 increase with the increase in

B, but the rate of increase in 2 is small and it further decreases as B, decreases. In third mode,

0.30 0.5 -
. First Mode X,=0.5 Second Mode X,=0.5
o M *e._*
0.25
~&—
0.20 —
0.15 .
0.10
Bi
X -0.8
G0 -0.4
008 fhr 0.4
wasr 0.3
B2 B,
POYR s QL U T YN N ST YN T T Y T Y IO T Y O W W O I B0 00 O
1.20 2.30
Third Mode Fourth Mode X,

1.15

1.10

1.05.

X,=0.5
2.25

R.20

2.15

1.00 2.10
0.95 oo -o.4 | .08
A8BM6 0.0
ﬁz (YYYT) g:: ﬁz .
0.90 1411111¢141||L!1|||2'0011111|4|_li)|1||1111
-~0.8 -0.4 -0.0 0.4 08 -0.8 -0.4 ~0.0 0.4 0.8

FIG. 6. €2 vs B, for C-F beam for various values of B
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€2 first increase and then decreases for B, =~ 0.8 whereas it decrease throughout for all other values
of B,. In fourth mode, £2 first increases and then decreases slightly. The rate of increase decreases

as f, increases.

Normalized mode shapes for first four normal modes are plotted in Fig. 7 for C-C as well
as C-F beams. For a beam thick in the middle and thin towards the ends, as X, shifts towards

right, the peak of maximum deflection lies in the second half of the beam. Similarly when X, lies
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in the second half of the beam, the peaks of maximum deflection lies in the first half of the beam.
For a beam thin in the middle and thick towards the ends, as X, shift towards the right,

the peaks also shift towards the right. When X, lies in the first half of the beam, the peaks of
maximum deflection also lie in the first half of the beam. A similar is the case when X, lies in
the second half of the beam.

The natural frequencies for first four modes of vibration, for a rectangular beam of constant
thickness is compared with the value reported by Soni® by taking B, = 0.0, B, = 0.0 and

Hy = 0.01.

Table I shows a very close agreement in all the results.

TABLE 1 : Comparison of First Four Frequencies with Ref. [9] when Bi=f2 = 0 and Hp = 001

Mode of C-C Beam C-F Beam
Vibration
Re. [9) Ours Ref. [9) Ours
I 0.06458 0.06458 0.01015 0.01015
11 0.17802 0.17805 0.06369 0.06367
11 0.39902 0.34903 0.17810 0.17813
v 0.576%94 0.57694 0.34910 0.34911
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