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The present paper is concerned with the existence and uniqueness of solutions of fuzzy integrodifferentiai equations
of the form

1
ﬁ‘%fﬂ: A X0, | ks X(s)) ds)

Y

under some -suitable conditions.
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1. INTRODUCTION
In this paper, we study the more general form of fuzzy integro-differential equations which are of
great theoretical interest and are of importance in many branches of science, engineering and

technology. In section 2, we first recall some basic results on fuzzy number space (E", D) and the
second order fuzzy random variable space (L,, p). Second 3 is devoted to the study of the existance

and uniqueness of solutions for fuzzy integro-differential equations of the form

t
i’%ﬁ___ Ao X, | kes X)ds), te T=[1y,b]

f

X(1g) = X,

where f:TxL,XL, Ly k: T2 x L,— L, are ms. continuous fuzzy mappings with respect to
t,s,t,be R, and Xy€ L,.

This paper is motivated by the recent paper of Fengl'z. In! Feng has developed the concepts
of mean square Riemann integral and differential associated with a class of fuzzy processes and
studied their properties. And Feng2 studied the existence and uniqueness of a solution, the continuity
of the solution with respect to the initial value and the stability of fuzzy differential equations

X @) =fit, x(t)), te T=[t,b]

when f satisfies the Lipschitz condition and #j, be R.
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2. PRELIMINARIES

The symbol PC(R") denotes the family of all nonempty compact convex subsets of R". Denote the
addition and scalar multiplication in P(R") as usual. Denote E" = {u:R"— [0, 10] u satisfied
(i)-(iv)}, where

(i) u is normal, i.e., there exists an x,€ R" such that uxy) = L;

(i) u is fuzzy convex, ie., wu(Tx+(1—1T)y)2min (u(x), u(y)). x,y€ R", te [0, 1];
({ii) u is upper semicontinuous;
(iv) [ul’ = {xe R"lu(x)>0} is compact.
Let u,ve E", and set

D(u,v)=sup - d([u]", [v]),

0<r<1
where [u]" = {xe R"lu(x) 21}, 0 < T<1, is the r-level set of u, d is the hausdorff metric defined

n PC (RM, ie.,

dA,B) = max { sup inf la-bl, sup inf la—-bi},
acA beB aeB be A

for all A,Be PC(R"), where | - | denotes the usual Euclidean norm in R". The norm ll 1l of a fuzzy

number ue€ E" is defined by

Null=D@, 0)=i[u’ll= sup Ial,

ae [u]0

where |-1 denotes the usual Euclidean norm in R" and 0 is the fuzzy number in E” which
membership function equal 1 at O and zero elsewhere. (E”", D) is a complete metric space.

Let (£2, A, P) be a complete probability space. A fuzzy random variable (f.r.v. for short) is
a Borel measurable function X : (2, A) — (E", D)."Let

Ly(RA,P) = {XIX is a frv. with EIl X I <o},

Two frv.’s X and Y over (£2, 4, P) are called equivalent if P(X #Y) = 0. The all equivalent
elements in L, are identified. Define

g 2 1/2
¢(x,Y>=( [ o ) dP) . X.Yel,
Q

The norm Il X I, of an element X € L, is defined by

X=X, 0)= ( [ 0. 0)? dPJVZ.
Q
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Then (L,, @) is a complete metric space [1, Corollary 2.2] and ¢ satisfies that
PX+ZY+D=0(X.Y), @(X,AN=1119(X,Y),
@ (AX, kX) SEA—kIIX N,

for any X,Y,Ze€ L, and A ke R.

Let (X,),>1 be a sequence in L,. We call that X, converges in mean square or m.s.

converges to X as n = if @ (X,, X)—0.

3. FuzZzy INTEGRO-DIFFERENTIAL EQUATIONS

We consider the fuzzy integro-differential equations of the form

t
%}’l: A6 X@), | ks, X(s) ds), te T=lt,bl,
tO
— o B

where f:TXLy XL, =L, k: T2 x L,—> L, are ms. continuous fuzzy mappings with respect to

1,5, 1o be R, and X0 € L2.

A mapping X : 7 — L, is said to solve the L,-problem if and only if the following conditions
are satisfied:

(i) X(z) is continuous in the mean square sense;

(i) X(10) = X,

I
ziii) f(t, X(@), j k(, s, X(s)) ds) is mean square integrable on T;
)
(iv) The mean square derivative of X(r) exists for every r€ T and satisfies
!
X O=f@ X0, | ks X(s)) ds).

fy

By [1], conditions (i)-(¢v) hold if and only if for all re T

11 s
X =Xg+ | fis, X5 [ ks . X(2)) dr) ds: . (32)
tO [0

the integral in (3.2) is the mean square integral.
Lemma 3.1 ({3, p. 758]) — Let u(r), p(t) and ¢(¢) be real valued non-negative continuous

functions defined on R, for which the inequality
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! t s
u(t) < ug + J p(s) u(s)ds + J p(s) f q(r)u(z)drt |ds
0 0 0

holds for all 7e R, where ug is a non-negative constant. Then

t 5
W <u| 1+ | pwexp| | @) +a(r)dr |ds
0 0

for all re R™.

Theorem 3.1 — Suppose the mappings k: T2 x Ly~ L, and f: TxLyXLy— L, satisfy the

following conditions :

@) P (L Xy, V)t X, V) SA (R (Xy, X)) +p (¥, V)
for all te T and for all Xl’Xz’ Yl, Yze L2,

(i) p (k(t, s, X;), k(2, 5, X,)) S qp X Xy)
for all t,se T and for all Xl,Xze L2

1 5
Giy p| | As Xy | ks, 7 Xpde)ds, 8 |<M

) )

for all re T and X, € L,, where A4, ¢, M>0 are constants.

Then eq. (3.1) has a unique solution.

PROOF : Let C(I, L,) = {X: X :I— L,, X(f) is m.s. continuous}, where / is a bounded interval
in R. Define H(X, Y) = sup, ¢ j p (X(0), Y(t)),’X, Ye C(, L,). Since (L,, p) is a complete metric space,

a standard proof applies to show that also C(I, L,) is complete.

Define a sequence of fuzzy random variables as follows :

X(1g) = X,

5

t
X\W=X,+ | fs.Xp | ks, 5 X de)ds,

) fo

s

t
X,0=X+ [ fis.X,_ @, | ks, tX,_, (1) de)s. .. 3.3)

) ty



EXISTENCE AND UNIQUENESS OF INTEGRODIFFERENTIAL EQUATIONS 1507

The assumptions on the mappings k and f as indicated in the mean square sense imply the
existence of the integrals in the definition of fuzzy random variables X, (1),n = 1, 2, ... . From (i),

(i), (iir) and (3.3), we have
pX, 1 (0X,®)

s

14
ol [ fs.x 0. | ks X (xnde |ds,

f %

]

S
Asx,_ o [ ksox _ (t)dr|ds

fy )

Gy

9

! b
< [ A px 0. X, D+ [ ap (X)X, (1)) dr }ds
fo fo ]

~

IN
Sy

Ap (X, (), X, _, (s))ds

5

I3
[ al | apx (o). x,_, (z)dr |ds

+

f T

<M,1"(t"t°)n | > (n (t—ro)"q”

- n! * g‘ i (n+i)!—n!J
(t—1)"

<MA" n!O [1+(~1)q"

y M(t—to)(l+(r~to)q)]"'

n!

Thus we have

HX, 1 1y

X,) = su;; PX, 10, X (5)—>0 as n-— oo
te

Hence the sequence {X ()} converges uniformly on T to some fuzzy random variable X(r).

Now we shall show that X(r) satisfies the equation

1 t
Xy =Xy+ | fis.Xs), | kst X(r)dr)ds

) )

for all re T. Since Xn(t0)=X0, this is obvious for t=t, Now for all 7€ 7, we have
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t S
pX. X+ | fis. X, | ks, 7 X(z))dr)ds)

) )

A

t
p| tim X0, X+ | fis X, | ks 7 X(@)dr)ds
e f fo

5

t
im X (), | fis X, (), | kG, X, (z)de)ds |,
o o fo

! s
Xo+ [ £l s.x0), | ks, 7 X(x)dr)ds

0 %

IA

t N
lim | A oot ), XN+ [ ap (X (0), X(x))dt | ds
T )

= 0,

so that X(r) is the desired solution of eq. (3.1) in the mean square sense. The uniqueness of the
solution X(r) of the eq. (3.1) is shown by using the inequality established by Pachpatte [3, p. 758].
Let X(r) and Y(¢) be the two solutions of the eq. (3.1). Then

t

pX0. Y®) < | p(r(s,DGs), | ks, 7 X(x)) dr,

fo %

Fs Y(s), f k(s, 7, Y(1)) dT1)) ds.

i

Using (/) and (ii) we have

t
p X, Y0) < [ Ap(X(s), Y(s)ds

o

t s
+_f A j gp (X(1), Y(t))dt |ds
fo

f

t
<e+ | Ap(X(s), Y(s)) ds

)
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] s
« [ al [ ap ), vy de |as

) 0

for all te€ T and for every € > 0. By using Lemma 3.1 with u(?) = p (X(¢), Y(1)), we get

pX@), Y®) se[l+Aexp((A+q) (t-1))].

Since € > 0 is arbitrary,

HX,Y)= sup p(X(), Y(1)=0.
teT

This is the uniqueness of the solution X(#) of eq. (3.1) in the mean square sense.

Theorem 3.2 — Set 5(r) = {X(t): X(t)e L, and p(X(t),ﬁ)Sr} for some r > 0. Suppose

the following conditions are satisfied -

! t
(i) (e X(0), | ke, 5, X(s)ds), fir, Y), |k, s, Y(s)) ds)

fy fo

! t
<A pX(@), YO))+p _[ k(z, s, X(s))ds, I k(z, s, Y(s)) ds

) fo

for all t,s€ T and for all X(¢), Y(t) e S(71),
i) pk(2, s, X(5)), k(2, s, Y(s))) < up (X(s), ¥(s))

Jor all t,s € T=[ty, bl, where X(1), Y(t1)e 5(7),t,, b€ R, and A, u are positive constants.
Then there exists a unique solution of the eq. (3.1) provided that
AMb—15) [1+ub-1)]< 1
and

t

pXp0)+ | pir(s,6. | ks, 7,0)dr),0)ds

[0 tO

Sl =1+ p(t - 1)) (2 - 1)
PROOF : We define the fuzzy random operator K from the set $(7) into L, as follows :

H s
KX(®)=Xg+ | fis. X(s), | kis, 7. X(z)) do)ds.

tO tO
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Then from the conditions of the theorem
p(KX (), 8)

t

<pXp 0)+ [ p|fs X, | kst X(@)dr), B |ds

fo fo

< pXp, 0)

t s N
« [ ol fs.x6), | ke wx(x)de)fs b, [ ks, .0)dr) |ds

t() tO tO

+ [ plfs.8, | ks 50)dr)ds), B |ds

% fo

< pXp 0)

r [ s
w [ 2 px),0)+ | ptkts, 7 X)), ks, 7, 0)) de | ds
Iy L )

t

+j Jo; j(s,@, j k(s,r,ﬁ)dr),@ ds

% )

<p(Xp0)

t s

« | 2 px),0)+ | ppxce), 8)ae

I %

ds

+J p f(s,ﬁ, j k(s, 1,6)411),6 ds

Iy )

t s
Sp(X0,6)+ _,-/'Ll:r+ f urd'c}ds

¢

0 0

t s
+f p ﬂs,ﬁ, j k(s, r,ﬁ)dt),ﬁ ds
f

)

<p(Xg 0) + Ar [1+p(t - 1)) (£ - 1)
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t

S5
+ p(f(s, 6, f k(s, 7, 6 Ydt ),6 ds.
) k fy )

Again from the conditions of the theorem, we have

1

HKX.0)= sup p(KX(r),0)
te T

IA

sup  (r[1— A(1 + p(r = 1)) (¢ = 1)]
teT

+

Ar [1+ p(t = 1)) (t — 1))
=.r.
Hence
KX(H) e S(r).
Let X(r), Y(r) € S(r). Then we have
H(KX, KY)

= sup P(KX(1), KY(1))
te T

! 5
sup p(f A5 XGs), | ks, 7. X(1)) dr |ds,
te T I f

r s 3
| f{s, v, | kst Ueo) dr)dsj

! 11

0 0

IN

t S
sup J ol fls, X(s), f k(s, 7. X(1)) dt
T

re : t

0 0 /

Y

fl s, Y(s), f k(s, T, Y(t) dt st

t ! A

< swp [ 2 pxsn vy +p| | k.t xeydn [ kst viey e | |ds
rely 1 l
0 0 0

t
sup | Ap(X(s)., Y(s)) ds
teT I

IN
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t s
+ supp _[ A j up(X(t), Y(z))dtds

teT
) %

< Mb - 1) HX, Y) + Au(b - 1)* HX, 1)
= Ab - 1) [1+pb - 1] HX, Y).

The condition A(b—1y) [1+u(b-1,) < 1 implies that K is a contraction fuzzy random

operator. Therefore, by applying the fixed point theorem, there exists a unique solution X(¢) € S(r) |
of eq. (3.1). This completes the proof of the Theorem.
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