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In this paper, we use a new comparison result and the Monch’s fixed point theorem to study the existence of
global solutions of initial value problems for nonlinear second order impulsive integro-differential equations of
mixed type in Banach spaces. As applications, the existence of global solutions of two classes of mixed boundary
value problems for fourth order impulsive equations is given.
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1. INTRODUCTION

The theory of impulsive differential equations has been emerging as an important area of investigation
in recent years (see [1]). In this paper, we consider the existence of global solutions of the initial
value problem (IVP) for nonlinear second order impulsive integro-differential equation of mixed type
in a Banach space (E'll - Il)

(W’ =f(t,u,u, Tu, Su), teJ, t#t,
Aul, 0= I (u (1), W' (1)),

Au'l, - t =T, (u@), v (@) (*k=12,..,m),

| 0)=ug, u’ (0)=uy,

where fe C[/XEXEXEXE,E], J =[0,a] (a>0), 0 <t<t,<...<t,<a, I, € CIEXE,
E(k=1,2,..,m), uyu, €E, and

t a
Tw o= [ kedu@ds, GO= [ h@9u@ds. teJ,
0 0

where ke C[D,R'],he C[UxJ,R',D = {(t.s)€ JxJ:125}, R =(=o0,+), R denotes the set
of nonnegative real numbers. Aul,=,k denotes the jump of u() at r=g, ie.,
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Au |,=,k=u (f)) - u (), where u(f;) and u (t;) represent the right and left limits of u(r) at =1,

has a similar meaning for ' (2).

respectively, and Au’l, _
k

t

In [2, Section 3.1}, the existence of extremal solutions of the second order IVP (1) in which
f does not contain Tu has been discussed by using monotone iterative technique. In the special cases

where f does not possess ' and Su, and Aul,=,k=Lk u' (uy), A I,=,k=Zku(tk) (Ly and I, are
constants), the existence of extremal solutions of IVP (1) has been investigated in a recent paper3.

In this paper, we shall investigate the existence of global solutions of IVP (1) under the
more extensive conditions by means of completely different method, that is, by establishing a new
comparison result and using the Monch’s fixed point theorem.

As applications of our main results, under the exact conditions we obtain the global solutions
in PC' [J, E} "\ C* |/, E] of the following two classes of mixed boundary value problems (MBVP)

for fourth order impulsive equations in Banach spaces.

[ XD f(, 2, 27, %), 0<1<1, 121,
Aoy =l & @, x (1)),

AX" ), 2 t =L " @), X" (1) (k=1,2,..,m),
oy x(0)+ o X’ (0) =6,

By x(1)+ By X (1)= 6,

X’ (0) =xg, " (0) = xy,

D =fe, 2%, %), 0<t<1, t#1,
AX" N, o e =T " (), X" (1))  (k=1,2,..,m),

1 ¥ (=86 ... (D)

Bix()+p/x (1)=6,

X" (0) =xg, x” (0) =x;.

The results in this paper generalize and improve the related results in [2, 3], and the method
of our proof is also different from those used in [2, 3] in essence.

2. PRELIMINARIES AND LEMMAS

Let PC[J,E] = {u : u is a map from J into E such that u(f) is continuous at t# ¢, left continuous
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at =1, and u(tZ) exists for k = 1, 2, ..., m} and pC! [J,El= {ue PC[J,E]:u (1) is continuous
at t#t and o' (1), W (tD exist for k = 1, 2, ..., m}. Evidently, PC [J, E] is a Banach space with

norm Il u ”PC'_' sup Hu()il. For ue pc! [/, E], by virtue of the mean value theorem, it is easy to
teJ

see that

u ()= lim K u@-ul-ml=u &)
h—0"

Throughout this paper, u’ (%) is understood as u'_ (t). It is clear that pc! [/, E] is also a Banach

space with norm

Il llpct = max { lullpe, Il lipc |,

where llull-= supj W () 01w Npe= ’sug o' (). Let J'=J \{#},t),....7,}. A map ue pC!
te €

[/, E] mCz [/, E] is called a solution of IVP (1) if it satisfies (1).

In the following, let ky=(max {lk(s):(t,s)€ D}, hp=max {lh(t,s):(t,5) e JxJ}, and

‘IO =[O, t1]’ .’1 = (tl, t2], ees Ji = (ti’ 4+ 1], ooy Jm (tm, al.

For any Bc PC! [/, E], we denote B° = {u':ue B} ¢ PC [J, E}, B; = {ulJ;:ue B},

B:~=[u'l.l,-:ue B} (i = 0,1, .., m). For any re J, let B(®) = {u():ue B}, B'(1) = {/ () :ue B},
(TB) (1) = {(Tu) () : ue B}, (SB) (1) = {(Sw) (1) : ue B}. In the same way, we can define
(TBY (1) and (SBY (9).

Let a denotes the Kuratowski measure of noncompactness in E, the definitions and properties
of which may be found in® 6.

We shall need the following lemmas :
Lemma 1* — Let Bl,BchC] [/, E] be two countable subsets satisfying B, =co ({x,}

U B,) for some xj;€ pc! [/, E], then
(1) By =20 ({x O} UB (), t€J;

@) B; (=70 ({x5 ()} U B, (), 1€ J.

Lemma 2° — Let B be.a countable set of strongly measurable functions u:J — E, and there
exists a me L[J,R"] such that lu(@®N<m(f) for almost all reJ and ue B. Then

a(B()) e L[J,R*) and
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t
a fu(s)ds:ueB <2
0

o (B(s)ds, teJ.

QO Gy ~

Lemma 3*> — If Bc PC! [/, E] is bounded and the elements of B are equicontinuous on
each J;(i=0,1, ..., m), then a({ u(t):ue B; }) is continuous on t€ J; and

J J

a{ | B(s)dsJS [ a®©)ds.

The following comparison result plays an important role in this paper.

Lemma 4 — Assume that me C[J,R'] (i = 0, 1,..., m) satisfies

t a
mos [ bymeds+ [ comeds+ T Mm@ reJ, o)

0 0 O<ty <t

where b,ce C[J,R"] and M, 20 are constants. Then m (#)=0 for ¢ e J provided for any re J one
of the following two conditions holds :

| bsrds [ b0das [ besyds
@ @] | e -1 |[+(1+M)) | e -

9

m | bsyas fb(s)ds
+e+t ] My | e & <b ().
k=1

@ GO+cO))| 1+ -n)A+M)+...+(@-1,) H (1+M)) |<1.
k=1

PROOF : Suppose first that (i) hoids. When re Jp=10,1], by (2), we have

! a
ms [ b@m@ds+ [ cisyms)as. e )
0 0

t
Let py()= | b(s)m(s)ds. Then py()e C' [Jp R*] and py(0)=0,py(d)=b(ym(r) for
0
te Jy. By (3), we have

PoSbOpo+b() [ cym(s)ds, tedy,
0
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then the above inequality reduces to

-J“b(s)ds ’ 0 4
(po(t)e 0 sf{ POy 0y [ cymsyds, te
0

It follows by integrating each side from O to f; that

h

h
—f b(s)ds [ jb(s)ds

Po(t))e o S{l1-eo J J. ¢ (s) m(s) ds,
0

14

Y

b (s)ds p
ie., I b(s)ym(s)ds< (eo -1 J J ¢ (s) m (s) ds. . (@
0 0

When r€ J; = (1), ], from (2), (3) and (4), we have

!

m@< _[ b(s)ym(s)ds+ j c(sym(s)ds+M;m()
0 0

'1 a

t
< I b(s)m(s)ds+ I b(s)ym(s)ds |+ I c(s)ym(s)ds
0 n 0

h

a
+ M, j b(s)ym(s)ds+ I c(s)ym(s)ds
0 0

t

t 1 a
=I b(s)ym(s)ds+(1+M,) _[ b(s)ym(s)ds+(1+M,) J c(s)m(s)ds
4 0 0

5
a

g [ bsyas
<[ b@mds+1+M e |

t 0

K (s) m (s) ds. .. (5)

t

Let p, ()= I b (s)m(s)ds. Then p, (t) € c! [l 1,1, R*] and p, (4))=0, p’l O=b@®m(@) for

4

te J,. Therefore, we have by (5)

[beres 4
P OSbOP O+ +M)e  b® | c()m(s)ds.
0
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Similar to the proof of inequality (4), we get
f g
2 [ beyas [ bsyas | @
J b(sym(s)ds<(1+M;)| eo —eo J ¢ (s) m (s) ds.
I 0
By repeating above process until 1€ J,, we have

t

I b (s)ds I b(s)ds

t

m ]

1 0

Adding together, we find

K b(s)ds b(s)ds 1
J lb(s)—[[eg —1J+(1+M1)(e£ _e(J;b(S)ds)
0

a

m bods | ’
o+ I (1+Mk)[e£ ’ _z{b<>“]]c(s) m (s)ds <0,
k=1

From (i), we infer that m ()=0, Ve J.
Let us suppose now that (ii) holds. When te Jo by (2), we have

]

m()< J b(s) m (s)ds + J c(s)m(s)ds< jb(s)+c(s))m(s)ds,
0 0 0

and, after integrating each side, we get

h a

| mwarsy [ 6@ +c)ms) as.
0 0

When te J,, (2) and (6) imply that

t

m() < J' b(sym(s)ds+ I c(®m(s)ds+Mym(t)
0 0

[o@+coyme)ds+ My [ @) +c@E)ms)ds
0 0

A

(1+My) [ B +c)ms)as,
0

m a m
f b(s)ym(s)ds< H (]+Mk)[eo —eo ]I c (s) m(s) ds.
k=1

.. (6)
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h

and so [ moar<@y-1pa+M) | b s)+cs)msds.
A 0

By repeating above process until € J , we have

a

m a
| mars@-1) [T 0+Mp | @ +cs)m(s)ds
- k=1 0

Hence, we get by adding together

a

j m@)dt<[t;+(t,—1t;) (1 +My)
0

ot @t [ a+My | | G@+csymes)as,
k=1 0

which implies by virtue of (ii) that m (f)= 0, Vze J. The lemma is proved.

Lemma 5* — If Bc PC! [J, E] is bounded and the elements of B’ are equicontinuous on
each J;(i=0,1, ..., m), then

apc! (B) = max { sup a (B (1), sup o (B’ (1)) } .
teJ teJ

Lemma 6° — Let X be a Banach space, K < X closed and convex, F: K — K continuous
and such that for some x;€ K condition

if Bc K is countable and B = co ({ X, } U F(B) ) then B is compact is satisfied. Then F has a fixed
point in K.

3. MAIN RESULTS

Before giving the main results, we first introduce some denotions. For any R > 0, set

My (R)=sup {ILf (6, u(®), & (), (Tw) (), (Sw) 1) | : 1€ J, N ullpc SR},

[ m

MyR)=sup{ Y, NI (u(t),w ) :Nullpc! SR I
k=1

\

.

m
My(R)=sup{ D, T (u(t,u (@) :Nullpc! SR
| k=1

v

Theorem 1 — Suppose that fe C[/JXEXEXEXE,E] and I,T,€ C[EXE, E]
(k=1,2, .., m) satisfy the following conditions :
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M, (R)+a-2M2(R)+a_]M3(R)< 1 .
R a-maxi{a, 1}

(Hy) lim sup

R—> oo

(H,) for any countable equicontinuous on each J; (i = 0, 1, ..., m) and bounded
subset Bc PC' [J,E] and 1€ J,

a(f (1, B (1), B (1), (TB) (1) (SB) @) Ly (1) max {a(B (1)), a(B (1))}

+ Ly () a((TB) (9) + L (1) a {(SB) (1),
a (I (B (5, B' () < 0 max {a (B (1), & (B (1)},
a(l; (B (1), B 1)) <T, max {aB@) aB ), k=1,2, ... m

where L,.e ClJ, R+] (i =1, 2 3) and o/ E‘kZO (k = 1, 2, .., m) are constants which satisfy (i)
or (ii) of Lemma 4, here a’ = max {a, 1), and

b()=2(Ly () +akyLy (D)a", c(t)=2ahyLy (1)a", 1€ J,
Mk=max{ O'k+(a-tk)3'k,5'k}, k = 1, 2, ..., m.
Then IVP (1) has at least a solution in PC' [J, E} ™\ C? [/, E).

PROOF : It is clear that ue PC' [J,E] (" C?[J’E] is a solution of IVP (1) if and only if
u is a solution of the following impulsive integral equation

!
w(@O)=ug+tuy+ | (t=5)F(s us)u (s), (Tu) (s) (Su) (5)) ds
0

+ 2 [Ik (u (!k), 74 (fk)) +(r— tk) 7k (u (tk), u (l'k))], te J.
O<y <t

Define operator A by
A=A1 +A2, vee (7)

t
where AW O =uy+m + j (£=5)f (s, u(s) w (5), (Tu) (s), (Su) (5)) ds,
0

AW )= Y, U@ w 1)+ = 1) T (e (), o (1)),

O<y <t

then A is a continuous operator from PC 1 [/, E] into j Job [/, E]. In fact, for any sequences {u,}
c PC' [J, E] and u e PC! [J, E] with

lu,—ullpc! =0 as n—> oo, . (8)



SECOND ORDER IMPULSIVE INTEGRO-DIFFERENTIAL EQUATIONS 88i

We denote = 0,¢

m+1:a’[k=[tk—i’tk]’ 1<k<m+1 and define on Ik :

) oug @, re (ol : _ M;(?), re (-1 4l
[un]k(t)_{ Uy (g1 +0), 1= 1, [u,,]k(f)*{ Uy (_ 1 +0), 1=,

_[ w0 re @ Nw=l L O 1E byl
[u]k(t)—{ u(tk_1+0), t=t 4, [u](f)—{ u,(tk—l+0)’ =t _1,

then [u,];. [u, ), U]y, (6], A1, [0, [”n]k, Tu,, Su,), fit, [“]k, (') Tu, Su) € Cll,, E]. By the continuity
of f. For any t,€ I, and € > 0, there exists 9,(t;, € >0 such that for re I, and l1~15<§ -l
x = [u] (Gl < Oy =[], G W< &) Nz = Tu(t) I < &), Ihw —~ Su(ty) 1< §;, we have

WAL x,y, 2, w) = ftg, [uly (o), [ 1x(tg), Tu(ty), Su(ty)) If < 7—82 . (9)
2a

On the other hand,

I (at, J48) = [udyrg) | S 1ty — w1l PC + 11 [ualy(6) = [uady (o) I, .. (10)
I L o(0) = [ T4e0) | S W e, — o 1T PC + 1 [ 1(0) = [T tg) I, e
Il Tu, () = Tu(ty) | < akg W, — u Il PC + 1l Tu(t) — Tu(tg) I, . (12)
I Su, (1) — Suzg) | < ahg Il 1, — u | PC + 1 Suz) — Suzo) I. - (13)

By the continuity of [u],, [t],, Tu, Su and (8), (10)-(13), there exist 0< &, (< §;) and

n (6,5, €) 20 such that for re [} and Ir-1,< 8y, n >n", we have
il [Mn]k (1 - [u]k (to) < 61, Il [Ll;’]k O [Ll,]k (to) < 51,
Il Tu, (£) — Tu (19) 1 < &y, W Su,, (£) = Su (t5) | < &y,

so, we have by (9)

WF(t, [l (), Lty @), Tty (), Suy (1)
— f(to, Ly (to), [’y (1), Tt (2g), Su (1)) I < ~2—§—2. .. (14)

Since fit, [ul,, (U], Tu, Su) € ClI}, E], there exists 0<d(< 62) such that for re /, and

It ~ 15, < 6, we have

18, Tidie), [ 1gCe), Tu(@), Su(®)

= fltg, uli(to), [ Ni(t0), Tu(tp), Su(rp)) Il < 5% .. (15)
a

Hence, for n2n" and re L, lt—til< 6 , from (14) and (15), we get
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£ (8, Lol 9D, Dt (), Tty (2), St (8))
£ Tl O, Wl ), Tu (), Su () 1<
a

By the compactness of interval Ik, there exist Nk>0 such that for n2N, and re I, we have the
above inequality. Let Ny = max {N|,N,, ..., N, ,}, then for n2N, and r€ J, it follows from the
definition of A, that

WAy u, () —Apu @l

t
<a _[ ILf (s, u, (s), u;, (), Tu,, (s), Su,, (5)) = f (s, u (s), &' (s), Tu (s), Su (s)) ll ds
0
m+1 &
<a Z I Hf (s, uy, (5), uy, (5), Tu, (s), Su, (s))
k=1 1,_,

—f(s, u(s), ' (s), Tu (s), Su (s)) l ds

m+1 4%
=a 2 _[ (s, [w,]i (5), [u;.]k (5), Tu, (s), Su, ()
k=1 4 _, :

—f (s, [u)g (5), [&); (5), Tu (s), Su (s) 1 ds < &,

ie., A, is continuous. Using the similar method, it is easy to show that A, is also continuous.

Therefore A is a continuous operator from pC! [/, E] into pC! [/, E].
By (H,), there exist real number r € (0, (@ - max {a, 1))"1) and Ry>0 such that

M{(Ry+a *My(R)+a” ' My (R)<IR . (16)
for R2Ry Let R" = max {Ry, [lugli+(a+1)lu, I1[1-ra-max (g, 1)]"'} and
F={uePC'[LE}:Wullpc' SR, Nu () —u@)N<Nuy I +arRYUE =171,

£, T"e J,i=0,1,..,m},

then it is easy to see that F is equicontinuous on each J;(i+0, 1, .., m) and bounded convex subset

in PC' [J, E]. For any ue F, we have by (7) and (16)

I Aullpe < W ug Il + a lluy Il +a® My (R™) + My (R*) + aM5 (RY)
Slugl+allul+2rR?,

and for te J,r;étk,
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t
(Aw) () =uy + ,[f (5, e (), W (), (Tw) (s), (Sw) (N ds + Y, Tyt (1)

0 O<i <t
implies that

Il (Au) Npe <N uy 1+ aM; (R™) + M3 (R*) < Il uy Il + arR”, e (17)

hence Il Au ”PCI <l Ug I+ @@+ 1)l u) 1l +ra -max {a, 1} R*<R". By the mean value theorem, we

have

(Auw) (- (Au) () e (' —t")co ({(Au) (1) " <t<t)), 0/, 1" e J, i =0, 1, ... m,
therefore, from (17), we get

W (Au) () — (Aw) (") 1< (Tuy Nl +arR W =1 ¢, 1" € J,i=01, ., m

Hence A is a continuous operator from F into F.
Let Bc F be any countable subset satisfying B =co {xO}UA (B) | for some x,e F. We

now prove that B is relatively compact in pC! [J, E]. Firstly, by Lemma 1, we get
B =20 (1x0 (0} UA B 1), B =20 (Ix ) U @By (1), tel,

Then by the properties of measure of noncompactness, it is easy to see that

aB@®)=aB@)=a(AB)@®), te, .. (18)
a(B ®)=a@B @) =a(B) ), tel. .. (19)

By applying Lemma 2 to (7) and employing (H,), we find

[t

a(AB)())<a J. (t—5)f (s, u(s), u (s), (Tu) (s), Sw) (s))ds:ue B
0

+ Y (U (B ), B (@) +(a—1) ey (B 1), B (1)]

O<t <t

S2a | a(f(s, B(s), B’ (s), (TB) (s), (SB) (s))) ds

O Gy =~

+ ¥ lo+@-1)0 max{a(B) ), aBY (). ... (20)

O<y <t
In addition, by (H,) and Lemma 3, we have

ot(fs, B(s), B(s), (TB)(s), (SB)(s)) < Ly (s) max{odB(s)), AB'(s))}
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+ koly(s) [ aB(m)dr
0

a
+ hols(s) | aB(o)dr. . @1
0
Substituting (21) into (20), altering integral sequence and by (18)-(19), we get

t
A(B)(1) < 2a j Ly(s) max{a(A(B)(s)), o((AB)’ (s))}ds
0

! a
+ 2ak, j (t - 5)Lo(s) CUA(B)(s))ds + 2ahgt j Ly(s)AA(B)(s))ds
0 0

+ 2 [} + (a — 1) 0] max{a(A(B)(1)), ((AB)’ (1))} . (22)

O<r <t

Using the same method as above, we also get

t
a(ABY 1) <2 | Ly () max| a(AB) (5)), & (ABY (s)) } ds
0

t a
+ 2%y | (-5 ) a(ABYs) ds+2hyt | Ly(s) a(AB) (5)) ds
0 0

+ Y G max{a(A(B) (t)), @ (ABY (23)) } .. (23)

O<g <t

Since BC F, then we have A(B)C F is a bounded subsset in PC! [/, E], and the elements
of A(B) and (AB)" are all equicontinuous on each J;(i=0, 1, ..., m). It follows from Lemma 3 that
m(1) = max { & (A(B) (1)), @ ((ABY (0)}€ C[J, R (i = 0, 1, .., m), and by (22) and (23), we have

t

mos [ bomsds+ [ cym@yds+ Y Mm@y, te J,
0

0 O<p <t
where b(s)=2 (L, (s) +aky L, (s)) max a, 1, ¢ (s) =2ahy Ly (s) maxa, 1, se J,
Mi=max { G+ @~-1) 0 Gl k = 1,2, ., m,

which implies by virtue of Lemma 4 that m (t)=0 for te J, ie., a(A(B) ()= a((AB) (1) =0,
V te J. Hence, by Lemma 5, we have
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opc! (B) = apc! (A(B)) = max {supj ®(A(B) (1), sup o ((ABY (z))}=o,
te

te J

that is, B is relatively compact in pcC! [J, E]. It follows from Lemma 6 that A has at least a fixed
point in F, ie., IVP (1) has a solution in F. Thus the proof is complete.

Remark 1 : In condition (H;), we use L;e C[J, R'1(i=1,2,3) instead of non-negative
constants L; (i = 1, 2, 3) in [2, 3, 7). In fact, we not only further weaken the compactness-type

conditions used in [2, 3, 7] by means of the new comparison result, but also cross out completely
the stronger assumptions "for any r > 0, f (1, x, y) be bounded and uniformly continuous in ¢ on

JxB,xB,, where B,={xe E:llxl<r}" in?). Therefore, Theorem 1 in this paper generalize and

improve the related results in [2, 3], and our conclusions cannot be obtained by the methods used
12, 3]
in .

Remark 2 : When removing the impulsive terms and L; € [J, R1G =12, 3)are non-negative

constants, the conclusions of Lemma 4 include and extend Lemma 2 (comparison result) which is

important in’. From condition (H,), we can see that when f does not contain integral operator Su,

Theorem 1 holds for any L, (f) +akg L, (1)>0(te J) and 0}, 0,20 (k=1,2, ..., m).

Remark 3 : In the same way, by using the new comparison result we may discuss the IVP
of the nth order impulsive integro-differential equation in E

WP =t u i, u® Y, Tu, Su), te Jt#1,
Aulp_y =D () W (s u® D (1),

! Aoy =T (0, & (1), o ™D (1),

A u(" -D It: L = 1;: (u(tk), u (tk), oy u(n - (tk)) (k= 1’ 2’ o m)’

| u(0) =up, uw0)=u, ey u® D 0)=u,_,

and obtain similar results.
4. APPLICATION TO MBVP FOR FOURTH ORDER IMPULSIVE EQUATIONS

As applications of theorem 1, we obtain the global solutions of two classes of mixed boundary value
problems for fourth order impulsive equations.

Firstly, we consider the MBVP (I) in Banach space E. Suppose

af+a§>o,ﬁf+/3§>0,Aal Br+oy By—op By #0. Let x"=u,

then we have
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1

x ()= j ht, s u(s)ds=8u) (), te J=[0,1],
0

where h(t, s) is Green function of boundary value problem

oy x (0) + 0 x* (0) = 6,
Bix(1)+B,x" (1)=6.

Then MBVP (I) can be regarded as an IVP of the following second order integro-differential
equation

[ W’ =f(t u W, Su), reJ, t#1,
Aul, - 0= I (u (1), v (1)),

Ao, =T, v (1)) (k=1,2,...m),

u0)=xg, u (0)=x.

The conclusions of theorem 2 follow from theorem 1.
Theorem 2 — If fe C[/JXEXEXE,E)] and Ik,Tke CIEXE,E] (k = 1, 2, .., m) satisfy
the following conditions :

M (R)+ M, (R) + M5 (R)
R <1,

(Cp) lim sup
R e

where M, (R) = sup {Ilf (¢, u(®), u’ (), (Sw) @) I - Null pc SR}L M, (R) and M5 (R) is defined as above;
(C,) for any countable equicontinuous on each J; (i =0, 1, .., m) and bounded subset

BcPC'[JE] and te J,

o (f(r, B@), B’ (1), (SB)1)) SL; () max {a(B(), a(B' (1)} + L3 (1) & ((SB)()),
o (I (B (1), B' (1)) < 0 max {0 (B (1), & (B’ (1))},
(I (B (%), B () <0, max {a(B(tp), a(B )} k=1,2, ., m

where L;e CJ, R*) (i=1,3) and O E'kZO (k = 1, 2, .., m) are constants which for any t€ J satisfy

one of the following conditions:
'I 12 t]

2L, (s) ds [ 2,08 | 2L, (9)ds

(1) hgLz (9| | eo -1 |+(1+M))| eo - eo
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1 'm
m I2L (s) ds I 2L, (s)ds
+o+ ] Ml T -8 <Ly ()
k=1

-

Q) 2L O+ Ly )| i+ (- A +MD+...+(1-1,) H (1+Mp |<1;
k=1

in which Mk:max{0k+(1 -1) ‘a‘k,'ék}, k=12, ..,m

Then MBVP (I) has at least a global solution in ) Jok [, EIM ct [, E].
Secondly, we consider the MBVP(II) in Banach space E. Suppose

Bi#0,0=0,0p=1,4==f; #0. Let x"=u,

then we have

t
xt)= | u(s) ds=(Tu)), kits) = 1,0< S< <1,
0

1
2®= [ hs)us)ds=@©u), teJ=10,1),
0

where h(t, s) is defined as above. Then MBVP (II) can be regarded as an IVP of the following
second order integro-differential equation

(W’ =f(t, u, o, Tu, Su), te lJ, t#1,

AW, =T ) (k=12,..m),

| u(0)=xg, ¥ (0)=x;.

From Theorem 1, we can obtain the conclusions of Theorem 3.
Theorem 3 — If fe C[/JXEXEXEXE,E] and 7ke CIEXE,E](k=1,2, ..., m) satisfy the

following conditions :
M, (R)+M; (R)
(D)) lim sup R

R—> o

<1, where M;(R) (i = 1, 3) are defined as above

(D,) for any countable equicontinuous on each J;(i=0,1,..,m) and bounded subset

Bc PC'[J,E] and t€ J,
a(f(t, B(t), B’ (1), (TB)(t), (SB)(®))) S L; (t) max {a (B(1), a(B’ (1)}

+L, (1) a ((TB) (1) + L3 (1) & ((SB)(¥)),
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a, (B, B (1) <0, max {a(B@)), aB )}, k=1, 2, .., m,

where L, e C[J, R*](i=1,2,3) and 6,20 (k =1, 2, ..., m) are constants which for any t € J satisfy

one of the following conditions :

' h S
_[ b (s)ds ( I b (s)ds J. b (s) ds
(1) hoL3 (f) €90 -1 +(1+6])l €0 — €0

\ s
! '

m [ bwds | bisyds
+ .+ [] 1+69] e - e <Li(O+L, () :

k=1

(2) 2Ly (O + Ly () +hy L3 (1))

——

n+-ma+op+..+1-1,) [ 1+ |<1
k=1

r—

in which b(s) =2 (L, (s) + L, (s)), s € J.

Then MBVP (II) has at least a global solution in PC1 L EITNM C4 [/, E].

Remark 4 : In order to applications for convenience, we give the concrete sufficient condition
of f in theorem 2 (in case of theorem 3, the condition is similar). If

m
max Il f (¢, x,y, ) I + 2 (ML G, YU+ (x, y) 1]
re’ k=1 1
lim < . (24)
x40y 4021l — oo Hxll+ 1y W+Nz 2+ hy

then condition (C;) of Theorem 2 is satisfied. In fact, by (24), there exist a real number R > 0
such that for any r€ J and Hxll+lyll+llzII 2R,

m

Hf oy, DI+ Y ML) I+1T ) ISExI+1y i+ Z 1),
k=1

where E<2+lh' For VieJ, Vxy,ze E, it follow from fe C[/JXEXEXE,E] and I, T, €
0

CEXE.E] (k =1, 2, .., m) that

m
Lfxy, )+ > MG N+0T o) SHUxU+0yl+1Z 1)+ M.
k=1
m
where M =max | If@txn )+ 3 L o) I+1T, () 1]

k=1
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cte Llxl+llyl+lzISR)} <+, so for VieJ, V ue pc! [J, E}], we have

AL, u(t), u'(2), (Su)(r) Il + z (N T (Ury), 1w’ (M)
k=1

W7 (e () N4+ () W+ 1 (S)(e) ) + M
<HQ+hg) Nulbe+ M.

M, (R)+M, (R) +M; (R)
R

Hence lim sup
R— oo

Sh(2+hy) <1, ie., condition (C,) holds.
On the other hand, if for Vre J, 'V’xl., Yir Zjp Up V; € E (i =1, 2), we have

WfQ@, xp, yp,20) = f(t x2, 2, 29) |

SLi@OUxy—xpll+lly; =y, N+ Ly () 12y — 25 1l

W1 (uy, 01) = I (uy V) NS o (Mg — up 1+ 107 =0, 1),

0T Uy, 0) =L (Co, o) <0, (Nuy—ugli+llvy—v M), k=1,2, ..., m

where L, e C[J, R (i =1, 3) and O '6'k20(k=1,2, ..., m) satisfy (1) or (2) in condition (C,).
then it is clear that condition (C,) is satisfied. If E=co={x=(x], e Xy 00 :xn—-)O}, then by the
diagonal method, it is easy to verify that a(f (s, B(t), B’ (1), (SB)(#))) =0 for Vte J and a (I, (B(ty),
B )=0, a@,B@),B @#))=0 (k=1 2, ., m.In this case, condition (C,) holds for any
L@, L;(®(te)) and 0,0, 20(k=1,2,.,m)
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