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In this paper, T; and Sy - interval-valued fuzzy H -subgroups are defined. Some of their basic properties and
structural characteristics are discussed and studied. Furthermore, we obtain the relationship between TH—interval-
valued fuzzy H,-subgroups, Sy-interval-valued fuzzy H,-subgroups and level H -subgroups. Also the theorems of
the homomorphic image and the inverse image are givcnl.
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1. INTRODUCTION

The concept of a fuzzy subset of a non-empty set first was introduced by Zadeh in 1965'3. In7,
Rosenfeld formulated the concept of a fuzzy subgroup of a group. This work was the first
fuzzification of any algebraic structure and thus opened a new direction, new exploration, new path
of thinking to mathematicians, engineers, computer scientists, and many others in various ways of
various tests

The concept of H -structures has been introduced by Vougiouklis in 1990 during the 4th
AHA congresss. The concept of H,-structures constitute a generalization of the well-known algebraic

hyperstructures (semihypergroup, hypergroup, hyperring and so on. Actually some axioms concerning
the above hyperstructures are replaced by their corresponding weak axioms, see®P10 3436 he
present author applied the concept of fuzzy sets theory in the theory of algebraic hyperstructures,
for example in4, we defined the concept of fuzzy H -subgroup of an H, -group which is a

generalization of the concept of fuzzy subgroup of a group.

In 1975, Zadeh'* introduced the concept of interval-valued fuzzy subsets, where the values
of the membership functions are intervals of numbers instead of the numbers. In', Biswas defined
interval-valued fuzzy subgroups of the same nature of Rosenfeld’s fuzzy subgroups. On the basis of
Biswas' Li and Wang11 introduced the idempotent interval #-norms Ty induced by a z-norm, and

defined the Ty-interval-valued fuzzy subgroups. Also, inlz, they introduced the idempotent interval

t-conorms S, induced by a r-conorm, and defined the Sy-interval-valued fuzzy subgroups.

In this paper, Tj; and Sp-interval-valued fuzzy H.-subgroups are defined. In the meantime,

some of their basic properties and structural characteristcs are discussed and studied. Furthermore,
we obtain the relationship between Tj-interval-valued fuzzy H,-subgroups, S,-interval-valued fuzzy

H -subgroups and level H,-subgroups. Also the theorems of the homomorphic image and the inverse

image are given.

*Correspondence address: Department of Mathematics, Yazd University, P.O. Box 89195-741, Yazd, Iran,
e-mail: davvaz@yazduni.ac.ir
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2. BASIC DEFINITIONS
In this section, we recall some basic definitions for the sake of completeness.
Definition 2.1. (Vougiouklislo) — A hyperstructure is a non-empty set H together with a

map. : Hx H — P (H) called hyperoperation, where P* (H) denotes the set of all non-empty subsets
of H. A hyperstructure (H, -) is called an H,-group if the following axioms hold :

@) x-yzMx-(-2)#0 for all x,y,z in H,

(i) a-H=H-a=H for all a in H.

If xe H and A, B be subsets of H, then by A-B,A-x,x-B we mean

A-B= U x-y,A-x=A- {x}, and x- B={x} - B.
xe A, yeB

Definition 2.2 (Zadehw) — Let X be a non-empty set. A fuzzy subset F defined on X is
given by

F = {(x up(x)) I xe X} where yp:X—1[0,1].

Definition 2.3 (Davvaz3) — A fuzzy subset F of an H -group H is called a fuzzy
H -subgroup of H if the following conditions hold :

(§) min {up (x), up ()} < inf {,up(a)} for all x,ye H,

aex.y

(i) for all x,a e H there exists ye H such that x€ a-y and

min {fig (@), Hp ()} < pp ),
(iii) for all x,a e H there exists ze H such that xe z-a and

min {ug(a), U ()} < Up(2).

Definition 2.4 — An interval number is [a”, at], where 0<a <a"<1. Let D [0, 1] denote
the set of all interval numbers, i.e.,

D [0, 1] = {[a,a"]10<a <a*< 1},

where the elements in D [0, 1] are called the interval numbers on D [0, 1]. For any ae€ [0, 1], if
we define a = [a, a], then we have ae D [0, 1]. It means that the interval numbers are an extension
of ordinary numbers.

Definition 2.5 — Let aie D [0, 1], where 3i= [ai_, af] for all ie I, I be an index set, then

we define
R A -
1nfai= A a;, A a;' R
iel iel
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sup 3i= vV oa, Vv a;' .
iel iel
. A A A - 4 A - 4+ .
In particular, whenever a,a,€ D0, 1],aI =[a,a], a2=[b ,b'], we define

1. a,<a, iff ™ <b,a" <b,

2. a,=a, iff a =b,a" =b",

3. a,<a, iff a,<a, and a, #a,,

4. ka,=[ka", ka'], whenever 0<k<1.

Obviously, (D0, 1], <, sup, inf) constitutes a complete lattice with the least element 0 =

[0, 0] and the greatest element 1 = [1, 1].

Definition 2.6 (Zadeh”) — Let X be a non-empty set. An interval-valued fuzzy subset F
defined on X is given by

F={ iz 00, i D 1x€ X}

where pp and /.1; are two fuzzy subsets of X such that up (x) _<./.L}L7 (x) for all xe X. Suppose

;\‘F ) = g (%), u}f- (x)], then the interval-valued fuzzy subset F is given by

F = {(x, Bip (%)) 1 x€ X} where [i:X—DI0, 1].

Definition 2.7 — A mapping T:[0,1]x[0,1] - [0, 1] is called a rnorm, if for every
x,y,z€ [0, 1], it satisfies the following conditions :
1.Tx 1)=x,T(@O, 0 =0,
22T (x,y) =T (y, x),
3TTxy,2=T(x T, 2),
4. if y<z then T(x,y)<T(x,2).

Let T be a t-norm, if for arbitrary x e [0, 1], it satisfies T (x, x) = x, then T is called an
idempotent z-norm.

Definition 2.8 (Xiaoping Li and Gujun Wang“) — Let T be an idempotent r-norm. Define
the mapping Ty : D [0, 1] xD [0, 11> D [0, 1] by

@5~ T,@8=(T@,b),T@, "),

the T} is called an idempotent interval f-norm.

Definition 2.9 — A mapping S:[0,1]% [0, 1] = [0, 1] is called a t-conorm, if for every
x,y,z€ [0, 1], it satisfies the following conditions :
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1. S(x,0)=x, S(1,1)=1,

2.8 @y =S 0, x),

383 2=5®xS 0 2,
4. if y<z then S(x,y)<&7 . 2).

Let S be a r-conorm, if for arbitrary x € [0, 1], it satisfies S (x, x) = x, then S is called an
idempotent z-conorm.

Definition 2.10 (Xiapong Li and Guijun Wanglz) — Let S be an idempotent t-conorm. Define
the mapping Sy :D[0,1]1xD[0,1] - D [0, 1] by

@) — Sy @ by=1S @, b)), 5@ b

the Sy is called an idempotent interval z-conorm.

Definition 2.11 (Xiaoping Li and Guijun Wang“) — Let G be a group, T}, be an idempotent

interval #-norm. An interval-valued fuzzy subset F of G is called an interval-valued fuzzy subgroup
with respect to Ty, if the following conditions are fulfilled.

() Ty (i (5), fip ) € fip () for all x,y € G,
(i) e (0) Shp (1) for all xe G.

Definition 2.12 (Xiaoping Li and Guijun Wanglz) — Let G be a group, Sy be an idempotent

interval t-conorm. An interval-valued fuzzy subset F of G is called an interval-valued fuzzy subgroup
with respect to Sy, if the following conditions are fuifilled.

@) (Hp (), By (@) € Sy ke ), for all x,y€ G,
(i) B (x) < fp () for all xe G.

3. TH AND § H-INTERVAL VALUED Fuzzy H v—SUBGROUPS

In this section, we first define the T7j; and Sy-interval valued fuzzy H.-subgroups, and then we give
some results.

Definition 3.1 — Let H be an H -group, Ty be an idempotent interval znorm. An
interval-valued fuzzy subset F' of H is called an interval-valued fuzzy H,-subgroup with respect to
Ty, if the following conditions hold :

() Ty (p (0), Lp O)) < inf {ﬁp(a)} for all x,ye H,

aex-y

(i) for all x,a e H there exists ye H sucht hat xe€ a-y and
A
Ty (tp (), fg (@) S i ),

(iii) for all x,a e H there exists ze€ H such that xe z-a and
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Ty (i (), i (@) € fi ).

Definition 3.2 — Let H be an H -group, Sy be an idempotent interval z-conorm. An
interval-valued fuzzy subset F of H is called an interval-valued fuzzy H,-subgroup with respect to
Sy, if the following conditions hold:

@ swp  {Hp (@) <Sy(Ep @), bp o) for all x,ye H,

aex-y

(ii) for all x,a e H there exists ye H such that xe a-y and
Hp 0) < Sy (e (0), B (@),
(iii) for all x,a € H there exists ze€ H such that xe z-a and
f () S Sy (B (), g (@),

Definition 3.3 — Let X be a non-empty set and F an interval-valued fuzzy subset of X.
Then we define

F[“]={xe X|ﬁF(x)2[ts]},

and r[t’s]={xe X1 fip (x) <1, 5] }
Theorem 3.4 — Let H be an H,group and Ty an idempotent interval t-norm. Let F be an

interval-valued fuzzy subset of H, then F is an interval-valued fuzzy H,-subgroup with respect to

Ty if and only if for every t, s where 0<t<s<1, F, 3 (#0) is an H,-subgroup of H.

PROOF : Suppose that F is an interval-valued fuzzy H,-subgroup of H. For every
x,y€ Fj, 3 we have ﬁF(x)Z[t,s] and ﬁp(y)Z[t, s], hence TH(ﬁF(x),ﬁp(y))z[t,s] and so

inf {ﬁp(a)}Z[t, s]. Therefore for every e x-y we have ae Fj; g, so x-yC Fy, ;. Hence for
oEX-y

every a€ Fj, 5 we have a-F, g C F|, . Now let xe F|, o then there exists ye H such that
xea-y and TH(ﬁF(x), ﬁ,.-(a))s /’,\tp(y). From xe€ Fj; g,a€e F, 5 we get TH(ﬁF(x), ﬁp(a))
2[t,s] and so ﬁp () 21[t, 5] or ye F|, 5 and this proves that F[, yCa- Fy, 5. Similarly, we get

F[t,s]zp[t,s]'a'

Conversely, assume that for every [ts] € D [0, 1], Fj; ;3 (#0) is an H,-subgroup with respect
to Ty. For every x,ye H if we put [ty, so] =Ty (ﬁp (x), /,.\lp (»)) then x e F[,O, sl Y € F[,o, o) and so

x-ycFy, s Therefore for every aex-y we have ae Fyy implyingaein: , {Il—\lF(a)}Z

Ty (ﬁp x), /f‘t,,- (»)) and in this way the condition (i) of Definition 3.1 is verified. To verify the second

condition if for every a,xe H we put [t},5]]=Ty (ﬁp (a), ﬁp (x)) then xe F[‘Ml] and a e F[‘v‘n]’
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so there exists ye F[’vsn] such that xe a-y. On the other hand since ye F[,]’Jl] then
ﬁ,,— () 2[#, 511 and hence Ty (ﬁ,: (a), ;.\t,,- x) < ﬁp (). In the similar way third condition of Definition
3.1 is valid. O

Theorem 3.5 — Let H be an H,-group and Sy an idempotent interval t-conorm. Let F be

an interval-valued fuzzy subset of H, then F is an interval-valued fuzzy H,-subgroup with respect

to Sy if and only if for every t, s where 0<t<s<1, -F'[,, 5] #0) is an H,-subgroup of H.

PROOF : The proof is similar to the proof of Theorem 3.4 and we omit it. O

Definition 3.6 — Let f be a mapping from a non-empty set X into a non-empty set Y. Let
A be an interval-valued fuzzy subset of X and B an interval-valued fuzzy subset of Y. Then the
image f [A] of A is the interval-valued fuzzy subset of Y with the membership function defined by

sup: {ﬁA(z)} iff"](y);tO
A _ f_ )
Hrm 0= A v.yeY
[0, 0] otherwise

The inverse image f -1 [B] of B is the interval-valued fuzzy subset of X with the membership
function defined by

ﬁf—x (5 %) =Hg (F(x)) for all xe X.

Applying the definition, clearly we have

//.\tf[A] )= A Hy (%), A pX (x) | for all ye Y,
xef ') xef ')

1 gy () = [k (F ), 4 (F @] for all xe X.

Definition 3.7 (Vougiouklisw) — Let Hy and H, be two H,groups. A function

f:H; > Hy is called an H -homomorphism if it satisfies the condition f(x-y) M\ f(x)-f(y)#0 for
all x,ye Hy; fis called a strong homomrphism if f(x-y)=f(x)-f(y) for all x,ye H,. A strong

homomorphism is called epimorphism if it is onto.

Lemma 3.8 — Let H; and H, be two H,-groups and the map f: H; — H, be an epimorphism.
If K be an H,-subgroup of Hj, then f (K) is an H,-subgroup of H,.

Theorem 3.9 — Let Hy and H, be two H,-groups and f be a strong homomorphism from

Hy into Hy and Ty be an idempotent interval t-norm.

(i) Let A be an interval-valued fuzzy H,-subgroup of H, with respect to Ty. Then the image

f[A] of A is an interval-valued fuzzy H,-subgroup of H, with respect to Ty
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(ii) Let B be an interval-valued fuzzy H,-subgroup of H, with respect to Ty. Then the inverse
image f -1 [B] of B is an interval-valued fuzzy H,-subgroup of Hy with respect 1o Ty

PROOF : (i) Suppose that A be an interval-valued fuzzy H,-subgroup of H,. By Theorem
3.4, for every [t,s]e D[O,1], Ap, 4 (*0) is an H,-subgroup of H;. Therefore by Lemma 3.,
FAp s is an H,-subgroup of H,. Since (f [ADg, 5=f Ay, sp» we get (F[A]),, s) is an H,-subgroup
of H,. Therefore f [A] is an interval-valued fuzzy H,-subgroup of Hj.

(if) For arbitrary x,y € H; and for every a€ x-y, we have
fi1 7 (@) = fig (F (@)
2 Ty (fig (f (), g (FO)))
A A
= Ty (s~ 1g) @) K1 15 O))

Therefore inf {flf-l[B] (a)}ZTH(/’.\g-l[B] (), ;'\ff_'[B] (), and in this way the first

e Xy

condition of Definition 3.1 is verified. To verify the second condition, let x,ae H; then by

reproduction axiom there exists y € H; such that xe a-y and so f(x) € f(a) - f(y). Now we have

TH (;'\ff-l (8] (x), ;\lf—l (B] (a)) = TH (ﬁB (F (x)), ‘,-\‘B (f(a)))
<fig FO))

A
= K (5 O)-
In the similar way the third condition of Definition 3.1 is valid. O
Theorem 3.10 — Let Hy and H, be two H,-groups and f be a strong homomorphism from

Hy into Hy Sy be an idempotent interval t-conorm.

(i) Let A be an interval-valued fuzzy H,-subgroup of Hy with respect to Sy. Then the image
S [A] of A is an interval-valued fuzzy H,-subgroup of H, with respect to Sy.

(ii) Let B an interval-valued fuzzy H,-subgroup of H, with respect to Sy. Then the inverse
image f -1 [B] of B is an interval-valued fuzzy H,-subgroup of H, with respect to Sy.

PROOF : The proof is similar to the proof of Theorem 3.9 and we omit it. O

Now let (H,:) be an H,-group. The relation B’ is the smallest equivalence relation on H

such that the quotient H/B" is a group. " is called the fundamental equivalence relation on H. This

2

relation is studied by Corsini®, see also'®. Suppose f (a) is the equivalence class containing
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a e H. According to'® the product O on H/B" is defined as follows :

B @0 B ®)=F (o) for all ce f (@) B ().
Definition 3.11 — Let (H,-) be an H,-group and F an interval-valued fuzzy subset of H.

The interval-valued fuzzy subset Fg is defined as follows :
pFg :H/f" - D0, 1]
pFg B @)= dswp {fp@)

aef

Theorem 3.12 — Let F be an interval-valued fuzzy H,-subgroup of an H.-group H with
respect to Ty Then F 5 is an interval-valued fuzzy subgroup of H/B" with respect to Ty,

PROOF : We know every group is an H,-group. Therefore, first, we consider H//3' as an

H,-group. Then by Theorem 3.9, Fg* is an interval-valued fuzzy H,-subgroup of H/B" with respect

to Ty, i.e,, we have

) Ty (W Fg B @) wFg (B O < inf {uFy &8 @},
B@ef 00 p v
VB ), 8" o) e H/B*

(ii) for all B* (x), B* (a) e H/B" there exists B* (y)e H/B" such that
B @=F @0 B ) and Ty wFg B @), uFg (B @) <pFg B 0).

Now for all f*(x) in H/B" we prove that uFg (B (x)spuFg (B (™ "). Since
B’ (x) e H/B", by considering B (a) = B* (x) which is obtained from the second condition there exists
B (1) in H/B such that B*()=F (O F () and TyuFg (B ®),uFg (F ) SpFg
(B 1)). From B* (x)=p" (x) O B" (y;) we obtain wy=p" (y;), where wy denotes the unit of the
group H/f". Therefore

) pFg (B N SuFy (@)

Now considering 8" (x), wy in H/B, by condition (i) above there exists g (vp) in H/B"
such that @y=F ()0 f () and TyuFg (@), uFg B @) SuFg B (). From
wy=F (x)0 B (yp) we obtain f* () =F" (x)"", s0
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(D Ty (4 Fg (@) pFg (B 0N SuFyg (B (71

By (D) and (II) the inequality pFy (B" () S ptFp (B (9 ") is obtained. ]

Theorem 3.13 — Let F be an interval-valued fuzzy H,-subgroup of an H -group H with
respect to Sy. Then F '3 is an interval-valued fuzzy subgroup of H/B" with respect to Sy

PROOF : The proof is similar to the proof of Theorem 3.12 and we omit it. O
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