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The object of this paper is to establish the order of approximation using modulus of continuity of f” and

- a . . .
asymptotic behaviour of f over [0, +e) for linear positive operator B, (f; x) introduced by Mihesan. Also a direct
estimate is proved using Ditzian-Totik modulus of smoothness.
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1. INTRODUCTION

In 1998 Vasile Mihesan® introduced a sequence of Linear Positive Operators on [0, +o0) defined as:

a - k
Bl (f:x) = pn’k(x,a).f[;},azo,xzo,
k=0
k=012, .., n=1,2 3, .. .. (1.1
where,
m pk(x’ a) xk 12
pn’k (x1a) =€ ’ k! * (1+x)"+k’ . ( . )
such that
Y, Piwa) =1, e (1.3)
k=0
and
k
Py (n,a) = Z kCi(n)iak_' . (1
i=0
with (n), = 1; (n);=n(n+1)(n+2)...(n+i-1), fori2l. 1.5

For a = 0, BZ (f; x) reduces to Baskakov operatorl. Mihesan proved the following lemnia
and theorems in his paper4.

Lemma 1.1 — For x20, n = 1, 2, ..., we have,
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a a ax
B, (Lx)=1, Bn(t,x)—x+n(l+x), .. (1.6)
a, . 2 v _xl+x) 1 ax (@a+1)x+1
B, (t—x)"x) = +n2 T+x Tox . (1.7
He also obtained the following two estimations in order to prove Lemma (1.1):
oo _ax
Pry1 (0, @) (1+x)
) "“k' : "ka —e  la+tn(l+x)] .. (1.8)
k=0 ‘ (1 +x)
00 ax
Pryo(na) (1+x)
y Tkl L e+ nll + D) .. (19)

Pyt k! (1+x)n+k

The following theorem proved by Mihesan* yields uniform convergence for functions with
exponential growth on the positive x-axis.

Theorem 1.1 — If fe C[0, +e0), | f(x)lSeAx'xZO, for some finite number A, then for a
20 amh —>0:

L B (fx)=£x .. (1.10)

n— oo

holds uniformly on [0, b] for each b > 0.

Popoviciu5 proved the following theorem which shows the manner in which the Bernstein
operator B, (f; x) tends to flx):

Theorem 1.2 — If fix) is continuous and X 0) the modulus of continuity of fix), then,
-8B, | <2 0|5
G| s3o(ng |
Let E be the set of all functions f: [0, +e0) —=> R which are continuous and differentiable on

[a, b], b > 0 st. |fx) 1< for some finite number A.

Mihesan* established the order of approximation in terms of modulus of continuity for
fe E:

Theorem 1.3 — Let a20, a/n—0 and B: defined as in (1.1), then for every

fe E,xe [0, b] the following estimation

a 1 ax (a+1)x+1
fX)-B, (x| < {1+\/x(l+x)+;-1+x- T x }
w(f;;]l;;) . (111)

holds.
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Mihesan* also proved that for a,x20, k = 0, 1, 2, ..., the following inequality holds:
D pn'k(x,a)Ix—-tlS\’Bg((t—x)z;x). . (1.12)
k=0

2. ESTIMATIONS AND LEMMAS

To investigate some of the characteristics of the operator (1.1), we can easily find out from* the
following identities for x20, n = 1, 2, .., a=20,

ax
2 =Paxa) = Tty e (2.1)
k=0
~ 2 21.2 2
+n(l+n) (1+x)° |x 2anx
Y k(k—-l)pn’k(x,a)=[a n ”)(2 ) ] T w 22)
k=0 (1+x)
Also we will prove following lemma for later use.
Lemma 2.1 : For a,x20,n =1, 2, .., if a = a/n—0 as n— o, we have,
a ax
- X): = <
B ((t—x);x) w40 S . (2.3)
and
2.2 2
) X x 2 a x 2ax ax
B (15x) = —+=+x"+ + + . . 24
" n 2(1+x? n1+x) " 21 4x)

PROOF . Taking fir)=t—x in (1.1) we get,

By((t-x:%) = Y, p, @xa)(t-%)
k=0

—ax
1+x = pk (n’a) xk
=¢ 2 k! ' (1+x)n+k (r—x)
k=0
2 2
1+x 2 pk(n1 a) xk
= e . t
k=0 k! (1 +x)n+k
—ax oo
1+x 2 Pk(n,a) xk
- e . X
0 K (1+x)"+k

1

B (1, x) - xB., (1;%).

Using (1.6), we get,
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ax _ __ax
n(1+x) = n(l+x)

B: (t—x);x) = x+

which tends to O as n tends to oo,

Now, taking f(f)=# in (1.1), we have,

%0 o 2
B:(tz;x) = 2 pn,k(x,a).t2 = 2 pn’k(x,a).[;]i-)

k=0 k=0

=L 3 b K-+,
n k=0

(=]

1 - -]
B,(0)=—{ X kk-1p,, (na)+ > kp,,(xna)t,
ol k=0 k=0

from (2.1) and (2.2), we obtain,

2 2 2 2
_}_[[a en(l+m) (1 +0)? |x L 2 ax +nx},

n (1+x)2 1+x 1+4x

x2 x2 azx2 2ax2 ax
= —+=+

+ + :
non 2a+x? n(+0) 0 2145

3. ORDER OF APPROXIMATION

Assuming fe E, we shall obtain the difference | f(x) —BZ (%) | in terms of modulus of continuity

of f’ with é =Vlz, ie, @ ( f ;71;)= @, (f; 6), which is an improvement over the Theorem (1.2) of

Mihesan4

Theorem 3.1 — Let a20,a/n— 0. Then for every fe E, xe [0,b],b>0, such that f is
continuous on [0, +e0) and @y (8) is the modulus of continuity of f’ (x), we have

B0 ~f0) | <V BL(t-x7;)

{14 N Bl (t-0%:0} o, [VIZJ eR)
where,

a2, =xg1+x) L. ax_ (a+Dx+1
By (¢=x75x) +,,2 1+x 1+x

PROOF : By Mean-Value Theorem of differential calculus, we have, for X1, %, € [a, b).
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Fa)—flxy) = (5= x)f(E)
= (x =) f7 (%)) + (6 = xp) [F" (§) —f " (xp)] . (32)
where x; < £<x, such that
=) [ Q=f @I | € | 5 -x | A+ D) @ B,
A=A (x), xp; 6) - (3.3)

Therefore, from above relation, we obtain,

-ax

T+x pk(n,a) . k

B (f,x)-f(

and using eq. (1.2), we get,

(- -]

Y, P xa) f(

S =

j-f *)

(-]

Since, 2 Py, ¢ (x,a) = 1, we have
k=0

i

Bl (Fx) - f(x)

S Pusa) f(f]— S Pursdf0
k=0 k=0

-0

3 |

= Z pnk(x’a){ (

Taking t— k , the above relation changes to

B, (f: )~ f (%) Y Pax@a) [f)-f®)]
k=0

Applying (3.2) and for x< £<t, we have,

B (f.x) - f(x)

Y Pai@a) [x=0f(] ‘
k=0
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Z Pox ) {G=0f @+E-0I & -f @]

Y Puyad) @=0f ()

oo

Y, Pk G-I -f @] .

Using (3.3), above inequality reduces to

Y Ppima) -0f'®)
k=0

Py k% @) | lx—t] A+1) @ (9). e (3.4)

+ 2
k=0
First term on the right hand side of (3.4) vanishes because of Lemma (2.1). Now, we have,
’ ' 1
L &-f @l < aJ](IC—xI)=a)1(3I§—-xI.6)
< (1+-1-l§—xl]a) ()]
< 5 \
< (1+%lt—xl]ml (), x<é<i). .. (3.5
Comparing (3.3) and (3.5), we get,

(1+2) @, (9) =[1+—1-6|t—xl)a)l(b) . (3.6)

Using (3.6) in (3.4), we get

CEo-f)

=k2_:0 Py a) |x—tl-(1+-15|t—-xl}wl )

<4 Z p,,'k(x,a)lx—-tl+—‘1§2 Py i @ @) (t_x)z}wl@
k=0 k=0

= 3 Z Py pa) lx—tl + % B:((t—-x)z;x)} o, (6).
k=0

In view of inequality (1.12), eq. (1.7) and taking 5=VI;, above inequality changes to
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B (fn)-f@) | < {\l B (t-x%x) +Nn . B ((t—x)z;x)} wl(VII]

sV B (-05n {14V . VB (t-0%0 } “’1(317{)'

This is the required relation (3.1).
4, ASYMPTOTIC RELATION

Later on the equation arose about the speed with which BZ (f; x) tends to f (x). An answer to this

question has been given in different directions. One direction is that in which f (x) is supposed to
be atleast twice differentiable at a point x of [0, +<o).

We establish a similar asymptotic relation for the operator BZ(f;x) (1.1) as proved by
Voronovskaja7 for Bernstein Operator.

Theorem 4.1 — If fe C[0,+00) s.t. |f (x)lSeAx,xZO, for some finite number A and
supposing that f” (x) exists at a certain point of [0, +), then

n 1+x 1+x

Bﬁ(f;x)—f(x)%{x(l”)*%‘ T '(aH)xH}-f”(x)
n

(a)
) & )

-2 o .. (4.1)

where
(@)
g, (x) >0 as n—>eco.

PROOF : Let te€ [0, +e<). It is well known that if f(¢) has finite second order derivative at
a point x € [0, +o°), then 3 a function g(r) defined on [0, +o) so that as r—>x, g(f) > 0 and f ()

can be expanded by Taylor’s formula,

FO=F@+@=0F @)+ [ 27 @+ } .

Multiplying both sides by P,  (x,a) and summing over k, we have,

2 Pk ®DfO=F®) Y, P+ ® X, p, a1
k=0

k=0 k=0

+%f @ Y, P2+ Y p, (xa) g0 ¢—x.
k=0 k=0

From relations (1.1), (1.3), (2.3) and (1.7), above relation reduces to:
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Bl (30 -f()
_1 ., X1+x) 1 _ax _(a+1)x+l (a)
=5/"® {—-—n t o Tex To } + p, (%) - (4.2)
where,
(a) _ - 2
P @ = D, Py a) (e-x)*g().
k=0
Furthermore,
@< Y pxa-xig0)
lt—x1<é
2 Parwa@-071g0)], . (43)
lt=x1>6

Now, since g(f) >0 as r—x, this implies for all £>0,3 another number & such that

lt—x1<d=>1g(t) 1 <€ and also for t,x € [0, +), (t—x)2lg(t)I<M, we can write (4.3) as

Se Y pina)-x

a
Ipf,’(x)
lt—x1<8

+ M 2 pn'k(x,a) (t—x)2 .

lt—x1>6

Applying relation (1.7), we have,
Pf:a)(x)l < El{x(l:xz L L ax (a+1)x+1}

n2 l+x 1+x

+M Y p, i na)-x) . - (44)

le—x1>6
Given positive numbers 8,1, 3 positive integer N( 5m) such that n>N( 5m) implies that

[ Y pimae-xP<n

lt—x1>6
.. (4.5)

M oo
? Z Py, (%, a) (t—x)2<M17
k=0

7

Using (4.5) in (4.4), we have,
SE.{x(l+x}_,'. ax '(a+1)x+l}+Mn

e L
Pn n nt 1+x 1+x
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IN

) 1 ax
E{ . +n T+x (ax+x+1)}+Mn

< §~{x(l+x) + 2 (ax+x+l)} + Mn

1+x
EX x2+(a2+a+2)x+(a+l)
<= + Mn.
n 1+x
Choosing,
cep | Em@ta)x-(a+])
n= n(1+x) M ’
we have,
(a)(x) < £x. x2+(a2+a+2)x+(a+1)
Pn ' T n 1+x
2 2
+ﬁ x—(@+a)x—(a+1) M
n l+x)M
_Ex 2x(x+1)
T on (1+x) "’
therefore,
pfta) < 2x% -s or -ﬁz- pfla) x)]<e

whenever, x is greater than a certain number ny (€).

Denoting -2%5 pfla) x)<eby - 85::) (x), we have,

(@) )
A=

where,
efza) (x) >0 as n—> o0,

Hence, substituting (4.6) in (4.2), we get (4.1),

B (1) -1 = 5 {M+4~- = -i““”‘“} 7@

2 n n2 1+x 1+x

252 8fza) )

n
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5. DIRECT ESTIMATE

Recently, a new pointwise approximation for Bemstein polynomials was proved by Ditzian

B (f:x)—f (%) l <Cd, (ﬁn“/2<p(x)“’1),
[

2as:

0<A<1, @) =x(1-x). . (5.1

This result bridges the gap between the classical estimates on approx1mat10n obtained by
Timan® and others (A = 0) and those estimated by Ditzian and Totik (4 = 1)

In this section we will prove following analogous pointwise approximation for the operator
(1.1).

Theorem 5.1 — For fe C[0, +), we have,
2 - -
_w(pl (f,n 172 4 ()] A)

[C+l‘ a__ (a+1)x+1}’

B, (f; )~ f )

n (1+x)2 1+x

0<SA<1, ) =x(1+x).

. (52
2 - -
<Cw, (f,n 1’/z(p(x)l }”), for large n.
¢
Before giving the proof we need the Ditzian-Totik Modulus of smoothness> which is defined
as:
a6 = Sw || AL re
,0) = 2
‘PA O<h<é hetx)
= S Swp | fa-h@ ) -Y@+Fa+het )|,
O<hs<d xih(ple [0, +o<)
where,
@ @)% = x(1+x). . (5.3)
Also, Peetre’s K-functional® is given by
K,(& =inf [|lf-gl +62H<p21g”|
14 g C[0,+e) C[0, +oo)
8 8 € AC,,.. . (54
This K-functional is equivalent to the modulus of smoothness”, i.e
clk G &) < A(f 8 < CK 4 (. 8). . (5.5

PROOF : Using (5.4) and (5.5), we can choose 8, =8, , 5 for fixed x and 4 st



2 _ -
||f—g||c[0’+°°) < Aco(p,1 (f,n 1/2¢(x)1 A)

— - 21 ’”
! o) ull(p g

Thus, we have,

<
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B (fi0)~f) | <| B, (F-g;0-(F-g,) ®)
+ | B (g,50) -8,
B, (f-g;x | + | B (8,()-g, () %)

2

with B: (I;x) = 1 and (5.6), we get,

SZAco;A(f,n_l/zfp(x)l_’l)+

Bl (f;x) - f(x)

+

2|

C [0, +oo

Bl (g, (1) —g, () %)

’

a
B, (1;x)

)

B (g, (1) — g,(x); %)

2 -1/2 1-2
lC[O’m)SBa)(pl(f,n 0 (x) )

.. (5.6)

- (3.7)

.. (5.8)

With the application of Taylor’s Formula, following the steps as in® and using (2.3), we get,

IN

IN

<

N

IN

I

B (g, 1) - g, (x); %)

t

B (g, 0 (-0 + | (x—u)g () dups x

|

X
g;(x)BZ((t—x);x) +B: _[lx——ul g;(u) du; x
t
X
Ix—k/nl ”
By | 252 [ * )| g | dusx
o (x) k/n
l ” 1 a 2
og B, ((x—k/n)’; x)
"1cto,4e) @*r(x) "
goz'lg” 1 | x(1+x) +L_ ax_ (a+Dx+1
"lcio,+we ¢** (x) n 2 l+x 1+x
oy -2 -1 1 a (a+1)x+1
14— .
v c[o,+m)(p2 G [ n(1+x)? T+x

|
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using (5.7), it reduces to

B} (g, () —g, (x); %)

.. (5.9)

sBcoz,l(f,n"m(o(x)l"l)[l+l < ~(a+1)x+1}.
¢

n (1+x)2 1+x

Using (5.9) in (5.8), we yield,

B (f,x)-f(x)

+Bw2,1 (f,n"l/zq)(x)l"l)[nl . (aH)xH],
¢

< Aco;,l (ﬁn—l/z(p(x)l—z)

n (1+x)2 1+x

choosing C = max [2A4, B], we have,

2 -1/2 1-2 1 a (a+1)x+1
fw (,n 6 )C 1+—- . .

For large value of n above inequality reduces to

B (f,x)-f(x)

< Ca)2,1 (f, n 12 (p(x)l_;').
¢
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