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Sufficient conditions for the solutions of

£ [ 062 (re) ] a0k ( o) & )+p<s) x*=£()

to be nonoscillatory are presented, where o, r, p, ¢ and f are real valued continuous functions on [0, o) such that
o(s)>0,r(s)>0 and f(s)20 and k(rx’) as continuous in (—eo, o) such that k(rx’)x’ > O for ¥ 20. a > 0 is
ratio of odd integers.
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1. INTRODUCTION

Finding sufficient conditions for nonoscillatory of solutions is a problem of general interest in the
theory of ordinary and delay differential equations.

In this work we consider

%[ o) S & ]+q(s)k(r<s)f,“f)+p(s)x°‘=f(s) - )

where 0,1, p,q and f are real valued continuous functions on [0, =) such that o(s) >0, r(s) >0 and
f(s)20 and k(rx") is continuous in (— o, =) such that k(rx)x* > 0 for X’ #0. @ > O is the ratio of

odd integers.

515, Indeed, in the linear

case eq. (1) with & = 1, o(s)=r(s)=1,k(x)=x" and f(s) = O has been considered by Birkhoffl,
Gregus4 and Hanan®. InM, Philos considered eq. (1) with o(s)=r(s)=1,k(x")=x" and f(s) = 0 and

o = 1. Finally Parhi'® studied the case o = 1, k(rx’)=x" of (1). Recently when g(s) = 0 and

Several special cases of (1) have been studied by many authors

o = 1, this equation has been considered by Cechi’.

In the nonlinear case, we should mention the papers of Erbe3, Heidel’ who have considered
eq. (1) with k(x")=x',r(s) = 1, f(5) = 0. Parhi®!? studied the case k(x’)=x’[3 ,B> 0 is a ratio of
odd integers, r(s) = 1 of (1). Later, when k(rx')=x’ﬁ, eq. (1) has been considered byls.
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It seems that no work has been done on nonlinear third order differential equation of the
form (1). In this paper, we give some sufficient conditions concerning the nonoscillation of solutions
of eq. (1). The results obtained generalize some criteria stated in®1% 15 1t may be noted that finding

sufficient conditions for nonoscillation of solutions of (1) directly seems to be a difficult task. If

oo

S
I i‘—:oo, then we employ the classical change of variable t=j du_ to transform (1) to an

0 ' or("

equation for which sufficient conditions are known.

We restrict our considerations to those real solutions of (1) which exist on the half line
[T, ), where T2>0 depends on the particular solution and are nontrivial in any neighbourhood of
infinity. We may recall that a solution x(s) of (1), s € [T, o), is said to be nonoscillatory if there

exists a 5y 27 such that x(s) #0 for s2sy; x(s) is said to be oscillatory if for any s; > T there exist
s, and sy satisfying s; <s, <s3 such that x(s;) > 0 and x(s3) < O; and it is said to be a z-type

solution if it has arbitrarily large zeros but is ultimately non-negative or non-positive.

2.

In this section we consider

A @YY +0@) k(') + P(t) y* = F(z) v (2

where y=y(#), P, Q, F and A are real valued continuous functions on [0, e) such that A(7)>O0,
F()20 and y’ (1) k(¥ (1)) >0 for y’ (1) #0.

We begin by mentioning the following known resulits.

Theorem 2.1 — Let P(t) 2 0 and Q(t)<0. If Q(t) + t *P()) <0 Jor large 1, then all solutions
of (2) with k(y")=y’® are nonoscillatory.

Theorem 2.2 — Let P(t) 2 0 and Q(t)<0. Let Q(t) be once continuously differentiable. If
Q' (t) 20 such that Q' (t) + P(t) > 0 for large t and lim, _, ., QP’(t)t = oo, then all bounded solutions

of (2) with a21 and k(y')=y are nonoscillatory.

The proof of Theorems 2.1 and 2.2 may be found in'!.

Theorem 2.3 — Let P(t) 2 0 and Q(t)<0. If F()2M *P (1) for large t, where M > 0,

B > 0 is a ratio of odd integers, then all solutions y(t) of (2) with k() =y'ﬂ which are bounded

above by M in any interval where y(t) > 0 are nonoscillatory.
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The proof of this theorem may be found in’.

Theorem 2.4 — Let P(t) 2 0 and Q(t)<0. Let P and F once continuously differentiable
functions. If P’ ()20, F’ (t)20 and (a+ 1) F(t)+ P ()20, B > 0 is a ratio of odd integers, then

all solutions y(t) of (2) with k(y’)=y'ﬂ which | y() 1< 1 ultimately are nonoscillatory.

For the proof of this theorem the reader is referred to®.
In the case Q(¢) <0, the following theorem improves Theorem 3.5 in13%15

employed is weaker then in!®,

and the assumption

Theorem 2.5 — Let P(t) 20 and Q(t)<0. Let P and F be once continuously differentiable
Sfunctions. If P’ (£)20,F'(1)<0 and (a+1)F () + P (¢), then all solutions y(t) of (2) for which

F¥(r) 1 £ 1 ultimately are nonoscillatory.

PROOF : Let y(f) be a solution of (2) on [T, ), T>90 such that | y(r) <1 for #; >T. Suppose
that y(z) is of non-negative z-type with consecutive double zeros a and b (T} <a<b). So there exists

a c € (a, b) such that y'(¢c)=0 and y’ (r) > O for ¢t € (a, ¢). Multiplying (2) through by ¥’ (f), we get

AUD) Y'(0) Y D) = M) Y (1) - 00) ¥ (&) k(' ()

—POYOYYO+FOY ). w (3

Integrating (3) from a to ¢, we get

0 = [ [y - 00y k' (®))

~POY@Ry*+F @)y ®]adr. ()
But
[ royoy*ma=—~
a+1 .. € [ ’ a+1 1 a+1
POY @ - [P 0y | < =Py
and

c

| Foyw = Foyor - [F @y d2F©ye).
a 2

So
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J. F(f) y'(t) dt — J‘ P(t) y’ (t) yO( (t) dr> F(C) y(c) _ o P(C) yO(+ 1'((3)
> PO - P(c) y** 1 (0)

Toa+1 o+ 1

PO D) -y* T (©]>0

since I y(r)1<1 for 7. Hence (4) yields

0= J [A0) Y7 (0= Q) Y (1) kO/(1))

a

—POYOY*W+F @)Y ()]dt >0
a contradiction.

Next suppose that y(r) is of non-positive z-type with consecutive double zeros a and b

(T <a<b). So there exists c € (a, b) such that y'(c) = 0 and y' () > 0 for t€ (c, b).

Integrating (3) from c to b, we get
b
0 = | [A0y? 0 -00) y® k@)

—POYyOy*®+F@®y ®ldt >0
a contradiction.

If possible, let y(r) be oscillatory. Let a, b and a’ (T} <a<b<a’) be any three consecutive
zeros of y(f) such that y(a) <0, y'(b)=0, y'(a)<0, y(® < 0 for € (a,b) and y(r) > O for
te (b,a’). So there exists points ¢ € (a,b) and ¢’ € (b, a’) such that y'(c) = 0, y’(c") = 0 and y'(?)
> 0 for te (c,c’). We consider two cases, viz., (i) y” (b)<0 and (i) y” (b)>0. Suppose that
¥y’ (b) £0. Integrating (3) from ¢ to b, we obtain

b
0 2Ab)y'(b)y'(b) = ,[ A0y (1) - 00) () k(@)

-POY®Oy*®+F@®y ®ldt >0

a contradiction. Let y” (b) > 0. Integrating of (3) from b to ¢/, we get

—AB) Y'(b) y"(b) = J [A0) Y™ () - Q@) (1) kY ()
b
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~POYOy* O+F@®Y (0)]dr
We proceed as in non-negative z-type to conclude that 0 = A(b) y'(b) y’(b) > 0. This is a

contradiction. So y(#) is nonoscillatory. This completes the proof of the theorem.

Remark 2.1 : If F(f)=0 in Theorem 2.1, then P (f)=0 and hence Theorem 2.1 is not

applicable to the equation

A y”Y + Q) k(y) + P (£) y*=0.

Theorem 2.6 — If Q(t) does not change sign for large t, F (t)>0 and lim, _, _LLH};(;)I

= oo, then all bounded solutions of (2) are nonoscillatory.
PROOF : Let Q(t) <0 for t>1¢,. Let y(rf) be a bounded solution of (2) such that | y(r) |I< M.

From the given function it follows that there exists a #; >, such that F(y>M *1 P (1| for t>1,.
If possible, let y(r) be oscillatory or z-type for re (1, t;). Now integrating (2) from 7, to t3, we

obtain

!

t 3 3
0>y @)1, = [ Foya- [ ookoeya- [ Poy o

2 t L

t I

> [ Fwd- [ 1Po)y*@)1ar

L )

I

> | (FO-M%\P@®) Hdt>0

w

~

2
a contradiction. So y(¢) is nonoscillatory.
If Q)20 for t21), then we can choose #, and t3 (f;<t;<t3) such that y'(t;) =

¥'(t3) = 0 and y’(r) <0 for re (1, 73) to get a contradiction.
3.

_du_

In this section we reduce eq. (1) to an equation of the form (2). Let I )— et
0

s

d . . . .
R(s)=j r(*:) So R:[0,%) —[0,%) is an increasing function such that s->oco implies that
0

R(s) - . Consequently R ™! exists. Put ¢= R(s), that is s=R ™' (7). Setting y(® = xR (8) = x(s),
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we get
dx _ dy
s = a
and
d(,ad)_ g &y
G (s) ds (r(s) ds ] ns) 42
So

df ool _ 1 dlowdy
d[o(s) (r(s) )]— s) dr [r(s) dt2}'

%, (1) is reduced to (2) with QO =rR™ (1) g®R " (1)), PO =

AR @) pR™ (1) and F()=r(R™' (8)) F(R ' (1)). In view of Theorem 2.1, 2.2, 2.3, 2.4, 2.5,and

2.6, we have following theorems for eq. (1).

Putting A (¢) =

Theorem 3.1 — Let p(s)20, q(s) <0 and R(s) = I If q(s)+R %es) p(s) 20 for large s,

then all solutions of (1) with k(rx") = (rx)% are nonoscillatory.

Theorem 3.2 — Let p(s)20 and q(s) <0. Let q(s) be once continuously differentiable. If

q'(s) 20 such that q’(s)+p(s) > O for large s and lim, _, , -qp(%mw, then all bounded solutions

of (1) with 21 and k(rx')=x" are nonoscillatory.

Theorem 3.3 — Let p(s) 20 and q(s) <0. If f(s) =M * p(s) for large s, where M > 0, B >
0 is a ratio of odd integers, then all solutions of (1) with k(rx’)=(rx’)ﬁ which are bounded by M

in any interval where x(s) > 0 are nonoscillatory.

Theorem 3.4 — Let p(s)20 and q(s)<0. Let rp and rf be once continuously differentiable
functions. If (rp) (s)20, (rfy (5)2U and (a+1)f(s)+p(s)20, B > 0 is a ratio of odd integers,
then all solutions x(s) of (1) with k(rx) = (rx')ﬁ for which | x(s) | <1 ultimately are nonoscillatory.

Theorem 3.5 — Let p(s)20 and q(s)<0. Let rp and rf be once continously differentiable

functons. If (rp)’ (s) 20, (rf)" (5)<0 and (a+1)f(s) 2 p(s), then all solutions x(s) of (1) for which
| x(s) | < 1 ultimately are nonoscillatory.
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Example — Consider

Clearly, the equation satisfies conditions of Theorem 3.5 and in particular x(s)=1 —% is a

s
nonoscillatory solution of equation.
Theorem 3.6 — If q(s) does not change sign for large s, f(s) > 0 and lim, _, T%

= oo, then all bounded solutions of (1) are nonoscillatory.
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