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In the paper we study the growth of composite entire and meromorphic functions and improve some known
results.
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1. INTRODUCTION AND DEFINITIONS

Let f and g be two transcendental entire functions defined in the open complex plane C. It is well

known® that lim ~2f%8) _ . ang fim L(fos)
roe Tf) rose I(r8)

growth of log T (r,fog) and T(r,f). Further in'! he raised the question of investigating the

comparative growth of log T (fog) and T (r, g) which he was unable to solve. However, some results

= oo, In'! Singh proved some comparative

on the comparative growth of log T (r,fog) and T (r,g) are proved in’. In the paper we further
investigate the above question of Singh11 and improve some earlier results.

If f and g are of positive lower order then Song and Yang13 proved that
. logP M@ fog) . log® M(r,fog)
lim 2] = lim B = oo,
r—se log“ M) roe log“M(r,g)

where

log[k]x=log (log[k_”x) for k =1, 2, 3, ... and loglo]x:x.

Also in the sequel we use the following notation:

(k]

exp' x = exp (exp[k"

1]x) for k =1, 2, 3, ... and explo]x=x.
Since M (r,f) and M (r, g) are increasing function of r, Singh and Baloria'? asked whether

for sufficiently large R=R(r)

log'?! M (r, fog) log® M (r, fog)
lim sup 2 > <eco and lim sup 2 : <eo
roe log? MR, roe log?l M (R, g)
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Singh and Baloria'2, Lahiri and Sharma®, Liao and Yang’ worked on this question. Now it
is natural to investigate this problem for Nevanlinna’s characteristic functions instead of maximum
modulus functions. In the paper we throw some light on this problem for composite entire and
meromorphic functions. We also study the comparative growth of the composition of the form hok
and fog, where f, h are meromorphic and g, k are entire which improves some known results.

Definition — The order Py and lower order Af of a meromorphic function is defined as

ps = limsup g T(r,
f s o0 log r
and
As = lim inf log T(n.p),
s o0 log r
If f is entire, one can easily verify that
(21
o= limaup 1EMCD
= 0o log r
and

2]
A.= liminf 28— M)
f log r

r—o0

Definition 2 — The hyper order ;_)f and hyper lower order Zf of a meromorphic function f
is defined as

[2] [21
pr = lim sup log T(nf) and Zf = liminf Mﬁ.

r—> o0 log r e o0 log r

If f1s entire, then

— . ol M (r logmM ((9))
P, = limsup log" M(r.p) and Zf = liminf 2L
f logr log r

r—> o0 r— oo

Definition 3 — A function lf(r) is called a lower proximate order of a meromorphic function
fif

() Af(r) is nonnegative and continuous for rrg, say;

@i ﬂf(r) is differentiable for r>r, except possibly at isolated points at which Z}(r—-O) and

’

27~ (r+0) exist;

{i) lim  Ap(r) = Ap< oo;

r— oo

(@) lim 7 A¢(r) log r=0; and

r—oo
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T(rnf) _
e - b

(v) lim inf
r—>oo

We do not explain the standard notations and definitions of the theory of entire and
meromorphic functions because those are available in!4 & 4

2. LEMMAS

In this section we present some lemmas which will be needed in the sequel.

Lemma 1 — Let f be a meromorphic function. Then for &(>0) the function rApro-A,m

is ultimately an increasing function of r.

PROOF : Since & As+8-2,0) _ (At 8= A (N =& (D logr} rA 27240 5 0 for all
dr
sufficiently large values of r, the lemma is proved.

Lemma 2% — Let f be an entire function of finite lower order. If there exist entire functions
a; i =1, 2, .., nyn<e) satisfying T(r,a)=0 {T(r,f)} and

n
Y @, =1then lim ——nf)__

i=1
9 . . 2+¢€
Lemma 3° — Let f and g be two entire functions. If M (r, g) >T 1g(0) | for any € (> 0)
then
T(r,fog)<(1+&TM(r,g)J)
In particular, if g(0) = O then

T (r,fog)<T (M (r, 8)./)

for all » > O.

Lemma 4' — If f is meromorphic and g is entire then for all large values of r

T
T (o)< {1 + o(1)} Eﬁ;{’—g)rw(n ..

Lemma 5% — Let f be meromorphic and g be entire and suppose that 0 < p< Pg < eo. Then

for a sequence of values of r tending to infinity

T (r,fog) 2 T (exp (N, P.

Lemma 6 — Let S and g be transcendental entire functions with Pg<e°,M be a constant

satisfying 0 < N < 1 and « be a positive number. Then

T (r,fog)+ O(1) 2 N (r,0; fog)
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l+a )
z(logl) NM@nD _ .8.00 50

n 1

I+a
logM((mr) ,g-0()
as r — oo through all values.

3. MAIN RESULTS

In this section we present the main results of the paper.
Theorem 1| — Let f and g be two non constant entire functions such that A'f and lg are

finite. Then

N v . logT(r,fog) Ag
G) liminf 28T(nJo8) 5, 5
r —> oo T(r’ g) f
and
(i) limsup 08T (f08) 4 .
ry — oo T(r1 g) 4Ag

PROOF : If py=-co then (i) is obvious. So we suppose that py<ee. For two entire functions

f and g, following two inequalities are well known.

T(r,f) < log" M (r,f) < 3T2r,J) . (1)
{c£4 p. 18} and
M (r,fog) < M (M (r, g), ). e ()

For £€(>0) we get from (1)and (2) for all large values of r
p.+E€
T(r,fog) < log M (M (r,g)./) < {M(r,g)['¥

1.e.,

log T (r, fog) logM(r, g).
Tng - &9 T(rg -

since € (> 0) is arbitrary, we get from above

lim sup log T (r, fog) py lim sup log M (r, fog) . B

r— oo T(r’g) r— oo T(ryg) ’

log T (r, g)

e 1, for given £(0<e<1) we get for a sequence of values of r tending
r

since lim inf
r — oo

to infinity.

T(r,g) < (1+¢ rlg(r) . (4)
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and for all large values of r
T(r,g) > (1-g) r*&", . (5)
Therefore for a sequence of values of r tending to infinity we get for any § (> 0).

logM (r.g) _ 3(1+e  (2n*e*? 1
T(r.g) ~ 1-¢ (2r)/1g+6_lg(2r) r}»g('”)

<31+8 ,14+5
1-¢

because rst 9% ") s ultimately an increasing function of r.

Since €(>0) and 6 (>0) are arbitrary, we get

< 324 .. (6)

Now (i) follows from (3) and (4).

If A = O then (ii) is obvious. So we suppose that As > 0. For all values of r we know
10
that .

T (r, fog) = % logM{%M(i,gJ+O(l),f} )

For £(0< &< min {ﬁfl}) we get for all large values of r log M(r,f) > r)“f_e and

logM (r, g) > P

So from (7), we get for all large values of r

A—€
T (r, fog) > % {%M(i,g}+0(l)}f
A—€
1)1 r 7
§{§M[Z’g]}

log 7 (r, fog) 2 (A~ &) 1ogM(£,g]+0(1) . (8)

v

that is,

> (A~ e)T(i,g]+0(l). . (9)

From (5) and (9), we get for 6 (> 0) and for all large values of r

log T (1, fog) 2 (A= &) (1-&) (1 +0 (1))
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r g+8
3
(ZLIR
r g+6—/lg
4

A+6-1A (0 i )
Since r ¢ is ultimately an increasing function of r, it follows that

A7)
log T (r, fog) 2 (A—€) (1—8) (1+0(1)) r;g+5

for all large values of r.

So by~4 we get for a sequence of values of r tending to infinity

log T'(r. fog) 2 (A— ¢—4H<mT“”

Since € and & are arbitrary, it follows from above that

A
lim sup log T (r, fog) > L
00 T(r,g) 4/'Lg
which is (ii). This proves the Theorem 1.

Theorem 2 — Let f and g be two nonconstant entire functions such that py and /lg are

finite. Also suppose that there exist entire functions a; (i = 1, 2, ..., n;n <o) such that

n
T(r,a)=o0 {T(r.g)} as r—e (i =1,2, .., n) and Z 6(ayg) = 1.
i=1

Then

TA
" ¢ tim sup BT (S08)

<7
2 P T ) Pr

PROOF : Since the second inequality is proved ins, we prove only the first inequality. If
As = 0, the first inequality is obvious. So we suppose that As > 0. For 0 < € < min {As 1} we

get from (8) for all large values of r that

log T (r, fog) > (-8 logM(i,g) T(i’g]_,_o(l).

T(r,g) V7 T(I' g) T(r,g) .. (10)
4s

From (4) and (5) we get for a sequence of values of r tending to infinity and for & (> 0)
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r ryets
T(4’g] 1-¢ (4T 1
>

T(rg) 1+E (1 +8-4 s A0
E
- 1
D> —_—
- 1 — & 4}»3 + 6’
A+6-A () ) ) )
because r ° ¥ is ultimately an increasing function of r.

Since € (>0) and & (> 0) are arbitrary, we get from Lemma 2, (10) and above that

A
lim sup log 7' (r, fog) 2 Af .
r— oo T(r’ g) 4%
This proves the Theorem 2.

Theorem 3 — Let f and g be two nonconstant entire functions such that 0 < Afs py<eo

and 0< A, < p, <o,

Then
yi B3] ¥ T (r, fog) _ P
22 < lim inf 108 T(r./08) (,f) < lim sup 128 L &) < F#
P r—sew logT(r,g") roe logT(r,g") }"g
for k=0,1, 2, ...

PROOF : For given £(0<e< lf), we get for all large values of r

Af—e
logM (r,f)>r . . (1D

From (7) and (11), we get for all large values of r.

A-€
141 !
T (r, fog) 2 3 {EM(i‘,gJ} ;

so we get for all large values of r

B3l pg( L r
g™ 7 fog) , 18 M (38]  loeg
log T (r, %) g logT(: £®)

+o(1). . (12)

log T (r, &%)

Since lim sup og 7

r— oo

= Py, for all large values of r
we obtain

log T (r, g%) < (p, +€) log . . (13)
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Since € (> 0) is arbitrary, we get from (12) and (13)

[3] )
lim inf log™ T(r.fog) | 7¢

> ¢ . (14)
roe logT(r,g®) P,

Again for given €(0< €< lg), it follows from (1) and (2) that for all large values of r

T (r,fog) <logM (M (r,g).p) < (M (r,g) V"¢
1.e.,

log 1T, fog)  log Mg, - A1)
log T (r, g(k)) log T (r. g(k))

(k)
log T(rng™) _ A, it follows for all large values of r

Since lim inf log r = Ag»

r—eo

log T (r, %) > (A~ logr. .. (16)
Since € (> U) is arbitrary, we get from (15) and (16)

{31 D
lim sup log™ T (r. fog) (f:)g) < —Zﬁ.
roe logT(r,g") g

V)
The theorem follows from (14) and (17). This proves the Theorem 3.
Theorem 4 — Let f and g be two nonconstant entire functions such that 0 < Afs pr<ee
and Ay <oo. Then

A [3]
8 < Vliminf log™" T (r, fog) <1

< lim sup 198 T (o)  Pe
P, roe l0gT(r, g = 00 log T (r, g) /'Lg

PROOF : For given £(0<g< 1), we get from (1) and (2) for all large values of r
+€
T (r.fog) < (M (r, )
1e.,

log?! T (r, fog) < log” M (r, ) + O (1). - (18)

Again from (1) and (4) we get for a sequence of values of r tending to infinity and for
6 (> 0).
A (2
logM(r,g) < 3(1+¢&)(2r) ¢
(2r)lg+6
(2r)lg +6- lg 2r)

= 3(1+¢)
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At 82, () . . . . .
Since r is ultimately an increasing function of r, it follows for a sequence of

values of r tending to infinity that

A
log M (r,g) < 3(1+¢)2r £*° . (19)
Again by (5) and (19) we obtain for a sequence of values of r tending to infinity
A+d
log M (r, g) < 3%?2 )
ie,
logl? M (r, g) < log T(r, g) +o(1).
So from (18), we get for a sequence of values of r tending to infinity
[2]
log™™ T (r, fog) <
< 1+o(1).
log 7'(r. 8) ‘
So
[2]
lim inf 198 L(nf08) . (20)

r—> oo log T (r’ g
Again by (7) and (11) we get for all large values of r
[2] r r
log M[4,g] log4

r logT(r,g)
4

log®! T, fog)

log T (r, g) log

This implies that

2] 2
lim inf 108 T (r.fo8) "¢ . (21

rym  logT(ng ~p,
From (18), we get for all large values of r

logm T(r.fog) . logm M(r,g) logr
logT(r,g) log r log T (r, g)

This implies that

oo 08T (nfog) _ P
lim sup —3—F——>~ < =, . (22
o logT(r, g A, (22)
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From (1) and (5) we obtain for all large values of r and for 6 (> 0) and € (0 < € < 1)

rylt o
r Z 1—-¢ A'g )
logM[Z’gJ >(-8 “SoST e 2 s
4
A+8-A(r) )
because r ¢ is ultimately an increasing function of r.

So by (4), we get for a sequence of values of r tending to infinity
r 1-¢ 1
L > —_—
]ogM(4,g) 2T e 4}_g+¢ST(r,g)

that is,

logM(i,g] > log T(r, g) +o (1). . (23)

Also by (7) and (11), we obtain for all large values of r

1ogl®! T (r, fog) > 1og[21M(£—,gJ +0(). . (24)
From (23) and (24), we obtain

[2]
lim sup log” T(r, fog) 2 1. .. (25)

r —> oo logT(r’g)

Now the theorem follows from (20), (21), (22) and (25). This proves the Theorem 4.

Corollary 1 — If in addition to the condition of Theorem 4, we suppose that g is of regular
growth ie., 4,= Py then

fim log®! T (r, fog) _ |
roo 108T(r,8) '
Remark 1 : The conditions 2f>0 and Py<co are necessary for Theorem 4 and Corollary 1
which are evident from the following two examples.

Example 1 — Let f=2z, g=expz.
Then

lf=pf=0, 0<1 =2,g=pg<oo.
Since T (r,fog)=T(r,g) = %, it follows that

10 7 (r,fog) _ log® r+ 0 (1)
logT(r,g) ~ logr+0(1)
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and so

2]
lim g T(nfog) _
r—> o0 log T(r’ g)

Example 2 — If f= exp[zlz and g =exp z, then
lfz pf= oo, A,g:pg = 1
Now 3T (2r, fog) = log M (r, fog) = exp!?! r

or, log?® T (r, fog) = —;— + o (1)

Also T(r,g) = i

Therefore

lim logm T(r,fog) _
ry — oo log T(r’ g)

Theorem 5 — Let f and g be two entire functions such that 0 < ZfS pr<ee and 0 <

Ag S pg <o=. Then

A 2] 2] P
—-£ < liminf log ™ T(r,fog) < lim su log " T(rfog) . Fe

P r—e log T(r,f(k)) roe log T(",f(k)) - ;Lf

for k=01, 2, ...
PROOF : By Lemma 3, we get for all large values of r

T (7, fog) < 2T (M (r, 8)./)

and so
10g!2 T (r, fog) < log® T (M (r, g), p +0 (1). - (26)
Also for € (> 0), we see that for all large values of r
log? M(i, g] > (A,— € log f. . 27)
and
log T (r,.f®) > (A~ ) logr. .. (28)

From (26), (27) and (28), we get because € (> 0) is arbitrary

[2] P
lim sup b—g—f—(ﬁ% < Tg'
roe logT(r,f") i
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Again for given €& (> 0), we get for all large values of r

logm M(i, g) > (lg ) logi

log T(r,f(k)) < (pf+ €) logr.
So, from (24), we get because € (> 0) is arbitrary

(2] A
lim inf "’g—T(”{,‘c’)gl > &,
roe logT(rf") P
This proves the Theorem 5.

Theorem 6 — Let f be a meromorphic function and g be an entire function such that

0 < ASpp<ee and pgy<oe. Then

i logT(rfog) _
roe T(exp (), f %)

fork=0,1,2 3, ...

PROOF : By Lemma 4, we get for all sufficiently large values of r

log T (r, fog) <log T (r,g) +log T(M (r, g),.f)+ o0 (1). .. (29)
For given €(0<e< lf, we get for all large values of r

log T (r,g) < (pg+8) log r,

+E€

p
log T (M (r, 8).f) < (pp+&)r*

and
rA.— €
T(exp ().f®) > e’
So, from (29), we get for all large values of r
log T(r,fog) < (pg + &) log r (pf+ 8) 7‘Dg+£
‘ & =7 ra-e t 7 _a-e tol
T (exp (), f¥) e'r e\’s
and hence
lim log T'(r,fog) _

roe T(exp(@),f%)

This proves the Theorem 6.

Remark 2 : The following example shows that the condition Py < in Theorem 6 is

necessary.
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Example 3 — Let f = exp z and g=exp[3] Z.

So, Af=pf= 1 and Py = o
Therefore, we obtain,

3T 2r, fog) = log M (r, fog) = expm r

or,

log T (r, fog) = expZ r/24+0(1)
and
r

T(exp (.f®) = =

Thus it follows that

i log T (r,fog)
m = oo
r—e T(exp (r), f*)

Theorem 7 — Let f be a meromorphic function and g be an entire function such that

0 < Ay pg<ee and pr<eo. Then

lim log T (r, Zog(l)() -0
r—e T(exp(r,g"”’)
for k=0,1,2 ...
The proof is similar to that of Theorem 6.
Zhen-Zhong Zhou'® proved the following theorem.

Theorem A — Let f and g be two entire functions of finite order satisfying o slfs Py and
g(0) = 0. Then

lim 98T (fog) _
rosee T(rf)

Following theorem improves Theorem A to composite meromorphic functions.

Theorem 8 — Let f be a meromorphic function and g be an entire function such that
Pg < ArS pr<oo. Then

™ log T (r, fog)
im N 0
roew T(r,f®)

for k =0,1,2 ...
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PROOF : We choose an € (> 0) such that Pt E< /lf— €. Then for all large values of r, we

get

log T(r, g) <(p, + &) log r,

p,t+E

logT(M(r,8)./) < (pf+ ert

and
A-¢
T(rf®) > r’
So from (29), we get for all large values of r
log T(r,fog) _ Pe+Ologr (5+9 Py E |
ref® - Are o A o0

and hence

. log T (r, fog)
Iim TN 0
r—oo T(r’f )

This proves the Theorem 8.

Remark 3 : The condition pg<1f is necessary for Theorem 8, which follows from the

following two examples.
Example 4 — Considering f = z, g = exp z, k = 0, we see that

pf=1f= 0 and p, = 1.
Since T (r, fog) = i and T(r,f) < logM (r,f)=logr, it follows that

lim inf 128L(2fog) |
Y — oo T(r’f)

Example 5 — Let f = g = exp z.

r

Since, T (r,f®) = % and T (r, fog) ~ we obtain

¢
)%

logT(r.fog) r—1/2logr+0(1)
T(r’f(k)) r

T

so that
) log T (r, fog)
lim ) =
rose  T(rf%®)
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Theorem 9 — Let f and g be two transcendental entire functions such that
6)) O<lgSpg<oo
(i) lf> 0;
and
(iii) 6(0;H< 1.
Then for any real number A,

lim sup log T(r.fog) _ )
roe log T(rA, g(k))

for k=0,1,2 3, ...
PROOF : We suppose that A > 0 because otherwise the theorem is obvious.

For given €(0<&e<1-48(0;f)) there exists a sequence of values of r tending to infinity
such that

N(@r0,H0>10=-6(0;H-¢&)T(r,).

So from Lemma 6 we get for a sequence of values of r tending to infinity

T(r,fog)+0()) 2 ( log % j

l ( ) . “ee ( )

l+a
logM((nr) ,8-0(1)

p,+€
Since for all large values of r, logM (r,g)<r ° , it follows from (30) that for a sequence

of values of r tending to infinity

1
I+
log T (r, fog) + 0 (1) 2 O (log r) + log T{ M(@(nnr ,g),f}

1

l+a
logM (nn  ,80Q)
1+a
1-60:H-9 T{M((n r) ,g),f}

+ log 1 -

Since f is transcendental, it follows that
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1
o

1+
logM((nn) .8 _,
: = 0.

lim

r—> o

1+«

,g),f}

So from above we get for a sequence of values of r tending to infinity

T{M((n r

1

1+o
log T (r, fog) = O (log r) + log T{ M((nr) ,g),f}. .. 3D

Also we see that for all large values of r

)

log T (r.f) > llflog r

N =

M(r, g) > exp{(r)

and

p +1
T (r, g(k)) <rt

So, from (31), we obtain for a sequence of values of r tending to infinity

A
&

logT(rfog) _ __O(ogn % (n*1*%
logT(rA,g(k)) A(1+p,) logr 2 A(1+p) log r

which implies that lim sup log T(r, Ok) = oo, This proves the Theorem 9.
roe log T, g%)

Recently Liao and Yang7 proved the following result.
Theorem B — Let k, g be entire functions and h meromorphic such that 4, >0, Py <Py

Then for every v[l < v<%] and every meromorphic function f of finite order, we have
g

lim sup T (r, hok) e

row T(r' fog)logM (', g)

P
If lf>0, v> P—g 0 < pg<pk<°°) then

lim inf L2 hok)

0.
roe T (', fog)

Following theorem improves Theorem B.
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Theorem10 — Let k, g be entire functions and h be meromorphic function such that

P
A, >0, Pe <P Then for every v[ 1< V<EEJ and every meromorphic function f of finite order,
4

lim sup T (r, hok) = oo,

+ o
roe T, fog) logM (V. 9) |

where — o< X< o0,

Px
If }Lf>0 and v> P_g 0 < Py < P <) then

l+a
lim inf ITe, hv"k)} =0
F—> o0 T(r’, fog)

where —oo< < oo,

PROOF : Since if 14+ a<0, the theorem is obvious, we suppose that 1 + a > 0. By
Lemma 5 we get for a sequence of values of r tending to infinity

T (r, hok) = T (exp ("), h),

where 0 < VP, <H< Py

Since 4, > 0, we obtain for a sequence of values of r tending to infinity

T (r, hok) = exp ( % A, ] . (32)
Again by Lemma 4, we get for € (> 0) and for all large values of r

(T (", fog) log M (', )} ' * &

<{l+o e, MHICA+D o (1 + @) (pp+ &) P+ 9). .. (33)

From (32) and (33), we get for a sequence of values of r tending to infinity

T (r, hok) S exp{ 1/2 Zfr“— 1+ (pf+ ) P+ s)}
l+a — l+a
{7, og) 10g M (", 9! (1+o)} T¥MI+2 0, +8)

Since we can choose € (> 0) so small that v(pg+£)< L, it follows that

lim sup T(r, hok) = o

l+a
roe {0V, fog) log M (P, g) |

Again by Lemma 4, we get for € (> 0) and for all large values of r

(Trhoy ' 2 <(1+om}' T (P R+20(+0)
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exp [(p, + &) (1+ ) P~ .. (34)

On the other hand for a sequence of values of r tending to infinity we get from Lemma 5
)

T, fog) = T * o f)

2 exp { (/’Lf— €) rv(pg_e)} . ... (35

Since we can choose € (> 0) so small that V(pg—£)> P+ & from (34) and (35) it follows
that

ll + O
lim inf LL&HORE

rse T (, fog)

This proves the Theorem 10.

Remark 4 : Following two examples show that the conditions 4, > 0 and lf > 0 are necessary
for Theorem 10.

Example 6 — let f=h =2, g =-exp z, k = exp (22), v =1, o = 0. Then we obtain

pk=2,pg=1, pr = 0 and A, = 0.
Since T (r, hok) <r* and T (r, fog) = % it follows that

T (r, hok) < - _
v v l+a = =T
{7, fog) 10g M (. )}

,
r.,
T
1.e..

T (r, hok)

lim sup

l+a —
roe TV fog) log M (', )|

Example 7 — Let f =2z, g = h = exp (zl), k = exp (22), v=3 a=0.

So, lf=0,pg=1, pp=2 and 4, = 1.

2
Since T (r, hok) 2 1/3¢" 7% and T (r, fog) =r/m, we obtain

(T k] T | me™

T (rV, fog) 33
So,
[Trhoy '+

lim inf v = oo
o T fog)
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