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In this paper, we study the vector p-Laplacian,

-(|u'|P'2u')'=/1|uV’"u+f(:,u)+h(:)a.e:e [0,T]
. . ®
wO0) = u(T), u ) =1 (T), 1 <p <oo.

We prove that there exists 2>0 such that for all Ae [-7,0) problem (*) has at least three distinct solutions

under some suitable conditions. On the other hand, we prove problem (*) has at least one solution for any
0 <A< A, under some suitable conditions. The method is critical point theory.
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1. INTRODUCTION

In this paper, we study a class of p-Laplacian equations of the form

—(lu'IP‘2u'):MuW‘2u+f(:,u)+h(t)a.ets [0,T]
. (LD)
w(0) = u(T),  ©) = (T), 1 <p<oo.

where T > 0 and f: [0, T] X R — R satisfies the following assumption: f is measurable in ¢ for
every x€ R and continuous in x for ae. te [0, T].

Recently there has been an increasing interest for periodic problems driven by the
one-dimensional p-Laplacian. We refer to the works of Del Pino-Manasevich-Murua4, Fabry-FayyadS,
Gao® and Dang-Oppenheimer7. In all these works the approach is degree theoretical and they establish
the existence of one solution. In this paper, we will show that problem (1.1) has at least three

distinct solutions as A — 0.

Our study is based on a bifurcation result by Mawhin and Schmitt?, related to the two-point
boundary value problem

*The research is supported by NNSF of China (10301033).
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—u'-Au=f(x,u)+h, u(0)=u(m)=0.

By assuming that f is bounded and satisfying a sign condition, they obtained the desired
result. Our objective is to extend this result to periodic p-Laplacian. If A is sufficiently near to O
from the left, where O is the first eigenvalue of the corresponding linear problem, then (1.1) has at

least three solutions. If 0 <A< A4, then problem (1.1) has at least one solution.

Lp
In order to state the Mawhin-Schmitt problem in the context of W, , we recall that the

eigenvalue problem for the p-Laplacian, see>.

(lu'v"'zu')+2.|u|f"2u=0in(o,T)
u(©0) - u(T) = (0) =’ (T)=0

has as solutions the numbers

2 n
A, = (—;’—-T n=0,1,2,3, ...

here

1
n=2p-DY" [ q-1PyPa,
0

Throughout the paper, let 7 =1[0, T], we will set C=C (I, R), C I-c! (LR), C

. (1.2)

1
T

= (ue C11u() = wT), W ©)=u (T)), LP=LP(LR) and X=W," = {ue W"P.u©)=uT)]}

1
The nom in C will be defined by Il u ll,, = max, _ [0 T]lu ()1, the norm in C ;. will be defined by

Waully =Null_ +0ull_, the norm in LP by
I
T p
Hat, = | [ tu@i?a |,
0

the norm in X by llu =1l u||p+ll u Ilp. We can easily prove that for each p > 1, the embedding

of X in C is compact.

Each ue L! (I) can be written as u(f)=u+ 5 (r), with

T T
[ wode, | @@d=o0.
0 d

i

u:=

We will use Sobolev’ inequality
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1
Nall, < T9 114 IIP for each ue X;

here %+% = 1 and Wirtinger’s inequality

nﬂnjj <TP uﬁ'uz for each ue X.

Our main results are as follows:
Theorem 1.1 — Assume that:
(H1) for almost all te I, all xe R, we have

Lf(t,x)1<a@®lx!" " +b(),

with a,be L” (I) where 1 <r<p and —:j+% = 1;

T
H) | Ft,) > +oo as Ixl—s+e,
0

here

F( x) = J’ [, u) du.
0

1
(H3) he LY(I) such that | k() dr=0.
0

Then there exists 7 > O such that for all A€ [ -7, 0) problem (1.1) has at least three distinct
solutions.

If h(t)= 0, we have the following result:
Theorem 1.2 — Assume that (H1) and

(H4) lim, ., _, , f(t,x) x—pF (¢, x) =— oo uniformly for almost all te I.

Then problem (1.1) has at least one solution for any 0 SA<A,.

The proof of the theorems are given in Section 3. In Section 2, we present some preliminary
results on the variational setting of the p-Laplacian equations in X and the related Palais-Smale
compactness condition.

2. PRELIMINARIES

It follows from assumption (H1) that the function @ on X given by



1188 HAISHEN LU

A

T
o, (u)=-;- nwnh - 2 0 - { [F (¢, u(®)) + h(f) u(t)] dt

is continuously differentiable and weakly lower semicontinuous on X (the proof is similar to that
for p = 2, see!). Moreover, one has

(@, v) = | WP 2w va

= i |

T T T
-1 J lulP~2 yvdt- jf(t,u) vdt— J hv dt,
0 0 0

for all u, ve X. It is easy to see that the solutions of problem (1.1) correspond to the critical points
of ¢,.
A

Let us denote
1., p
I(u) = ; lu Ilp

and

T
Gl(u)=& Null? + j [F (t, u@®) + h() u()]dt, VYueX.
p p 0

Proposition 2.1 — 1’:X— X" is a mapping of type (S ) (sees), ie. any sequence {u,} in
X satisfying u, = u in X and

limsup (/" (u,),u,-u)<0
H— oo

contains a convergent subsequence.

PROOF : Assume that u, > u in X and limsup (/' (u,), u,—u)<0. Then we obtain
n— oo

limsup (77 (u)-1"(u),u,—u)<0.

n—> oo
This together with the monotone property of I’ implies that

lim (717 (u)-1"(w),u,—u)=<0,

n —>o0

i.e.,
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T ’ ’ ’
J. <lunlp_zun—lu'lp_zu', un—u'> dt—0, n— oo,
0
On the other hand, for all x,ye R the following inequalities hold

-1
<lep_2x—lylp_2y,x-—y>2[;1;I Ix-ylP, when p>2,

(Ixl+1yl)2~P <|x|"‘2x—|y|”'2y,x-y>

2 (p—l)lx—ylz, when 1 < p £ 2.

Then, by (2.1), one has that u"' converges to #’ in [0, T] in measure. Thus there exists a
subsequence (without loss of generality assume it is the whole sequence) with

u, () > u (1) for ae. te [0,T], n— oo,

and so

w, O)-uw @) [P > 0forae. te[0,T], n—seo . (22)

N |-

Also one has
(1" () u,~u) > 0 as n—>eo,
In addition, one has

T T

’ p _ I ’ P"2 ’ ’
I lu, | dt lu, | u, W dt
0 0

(17 (uy), u,—u)

T T
[rwPde= [ v/ 177V iwiar

2
0 0
T T : i
> [/ 1w a- [ | 2= ivelivir g
n p n p
0 0
1 T
= - J (Iunllp—lu'l")dt.
P 0

Now the lower semi-continuity of / yield
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T 1 T
im = [t 1Pde>t [ e 17 a
n—ee 0 p 0
Thus,
T . T
1 j Iun'lp dt - — J lu' P dt as n— oo
p 0 0

’

As a result the sequence {l | u,
p

P } is equi-absolutely continuous on [0, T]. From the

following inequality

1 w, (1) —u () | P < z “ u, | p+|u'lp]
p p
we have that
T
% _([ un' @ -u (@ l P dt } is equi-absolutely continuous on [0, T]. .. (2.3)

Now (2.2), (2.3) and the convergence theorem of Vitali (see8 [pp. 1017] guarantees that

u, O-uw @ |?P d—0 as n-— e

[ |

1
p

Thus u, —u’ in LP.
Also u, > u in X, implies that u, — u in LP. Hence u,—>u in X, and we are finished.

Since the sum of one mapping of type (S,) with a weakly-strongly continuous mapping is
still of type (S,), we obtain the following result.

Proposition 2.2 — (p'A:X — X" is a mapping of type (S,).

Proposition 2.3 — Suppose each sequence {u,} in X such that

{@; (),} is bounded and @, (1) — O

as n—> e has a bounded subsequence. Then ¢, satisfied the PS-condition.

PROOF : Assume that {u,} <X, {¢, (4,)} is bounded and (P’A (u,) > 0. Now we know that
{u,} contains a bounded subsequence, for simplicity, we still denote it by {u,}. Also since X is

reflexive we can extract a subsequence (we still denote it by {u,}) such that u, —u in X. Since

(P,A (u,) > 0, one has
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(‘P'A(“n)v“n””—)o as n— oo,

Since go'l is a mapping of type (S,), we have that u, —u in X. Hence ¢, satisfies the
PS-condition.

Next we do some remarks about the Palais-Smale condition for ¢,. We recall that @, is

said to satisfy the Palais-Smale condition at level c, (PS),, if every sequence {u,} for which

®, (w,) —>c,

‘ 0, ()

IX~—>O as n—oo

possesses a convergent subsequence. When ¢, satisfies (PS) for all c € R, we simply say that ¢
cq A c A

satisfies the (PS) condition. In the proof of Theorem 1.2, we use a weaker version of the (PS)
condition due to Cerami. We say that ?, satisfies the Palais-Smale-Cerami condition, (PSC), if every

sequence {un} for which

®; (u,) is bounded, (1 +1I u, )l (p'l u)lly*—>0 as n—o oo

possesses a convergent subsequence.

3. PROOFS OF THEOREMS 1.1 AND 1.2

PROOF OF THEOREM 1.1 : We divide the proof in several steps.
Step 1 : From (H1), we have for almost all te I and x € R, that

IF(x)1 < a ® +c ®lIx" .. (3.1)
with a, e.L! and c € jig (1), also
T

[ norueyrar < Hhl ull, < C llully, w (32)
0

So, for A<0, we have
1 A T
o2 = o 1T llp-211ull] - { F (¢, u() + h(t) u()] dt

1 S p A p r
z;lIuIIP—;IIuHp-clnuux-cznuup-q

2C,M I ull”=c, ull y=cynuny-c,

for some C4 A), Cl’ C2, C3 > 0 (recall that A < 0). Since 1 <r<p we deduce that ?, is coercive.
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Consequently, @, is bounded from below and satisfies the PS condition.

Now consider the direct sum decomposition

T
X=R @ v, with v={vex: [ v@yar=0}.
0

So we can write that u=u+u ue R, and e V.

Using the Wirtinger inequality, for all ve V, we have that

T
9, (V) =£ X v’HZ—%— ol - { [F(t, v@®)+h @) v(@)dr

>—(1=-AT?lvI?-c vl -c llvll_ -c
p 5 14 6 )/ 7

1
p

for some CS, C6’ C7 > 0. Thus ?, is coercive on V uniformly for A < 0. So we can find me R
such that

@, (V) 2m,  VA<0, YveV.

Step 2 : From (H2), we have for x € R,

AlxlIP

T
- | Fewa
0

0, () =—

Choosing xy >0 sufficiently large, we get from (H2) that

T
[ Fexyde>-2m,
0
so that
Alxc P
03 (9) < ———— + 2m.

Then for A sufficiently near to 0, there exists 1 < 0, such that for all Ae [7,0),

®; (xg)<m. Then same conclusion holds for a xa<0.

Step 3 : Put
T

df
ut={xex: | xwd>o},
0
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df T
vt ={xex: | x@d<0
0

Then from Step 2, for Ae [, 0),

—o < inf @y < m.
Ui

Next let
+ df

U

+ i
Note that by virtue of the coercivity of ¢,, the numbers c, are finite and because of the
* . . "
above inequality, for A€ [, 0), one has c¢; < m. Moreover, since ¢, satisfies PS condition, we can
. + —t + + + —1 + .. .
find u 1 €U such that (p}_(ul )= ;- If u; € oU =V, then ¢ a2m, a contradiction since

Ae [ 0). Hence ui e U? and so 0 (ui): 0.

* . . .
Because @,1,2m> @, (xo , we can use the saddle point theorem of Rabinowitz and

obtain v;€ X such that @} (v) = O and @, (v)2m> @, (uj) with Ae [Z0). Hence
+

‘UA¢U A
PROOF OF THEOREM 1.2

Step 1 : Let {uu} C X be a sequence such that

n=1

@ () —c and (1+lu )l @ ) llys = 0 as n—> oo - (33)

Then, we have
I{ 0, (), u, )—p(p,l(un)+pcl Shoy )y )llu, ll y+1pg; (u,)—pcl

SA+lu, ly)lbo,w)lly+plo,(w)-cl—0

as n — o, So
T

T
po; () - @, (), u, )=-p J F(t,u,)dt+ J f(tu)u d
0 0
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T

[ rtu)u, - pF(t,u )1 de— pe, . (34)
0

as n — oo,

We now claim that { u, } »>1 © X is bounded. Suppose that the claim is not true. By passing

Up

to subsequence if necessary, we may assume that llu Il y —>ee. Set v, = , n21. We may

W, Wy

assume that v, - v in X and v, > v in C(/) (recall that X is embedded compactly in C(I)).

From (3.3), there exists M, > 0 such that for all n21,

(pl (lln) < Ml
So
Py (1) < Ml
P P
Hu, 1% a5
and
Lo e 2 ,  Fehu,myd M,
—||vn||p——llvnllp—_[ < :
p P o w1t W, 1%

By (3.1), we have

T F(u @)t
—'——p'_ - 0 as n —» oo,
S P 14

Consequently,
p
ol <anon?,
P 4

If v=0, then || v | |p—>0, hence v, —» 0 in X, a contradiction since I v, I y = 1, for
all n21. Thus the set /) = {re I: v(r)#0} is nonempty. We have just seen that 111> 0 (here by
I-1 we denote the Lebesgue measure on R). Moreover, note that for all re I, we have

lu, (£)| > . We have
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T
[ vou)yu -pFu)d = | (Ftou)u —pFtu)d

0 I

+ | Utw)u, ~pF ) d
C

Iy

By virtue of hypothesis (H4), we can find M, > 0 such that for almost all re /, all
lxIZMz, we have

[ x)x—pF(,x) £ -1,
On the other hand, we see that for all re [, all IxI<M,, we have
f(t,x)x—pF (t,x) <P, for some B, >0.
Therefore it follows that for almost all € /, all xe R, we have
f@x)x—pF(,x) < B,. .. (3.5)

Using Fatou’s Lemma and hypothesis (H4), we obtain

lim [ [ ) u,—pF ()] di=— oo,

n— oo
10

Also from (3.5), we have

| Feou)u,-pF(t,u)1de<p, T.
C

I()

Therefore, we deduce that

T
lim | (G u)u, —pF(tu)]dt=—co. .. (36)

n—>oo 0

Comparing, (3.4) and (3.6), we reach a contradiction. This contradiction implies that

{Lau}>ng is bounded. By (1+Ilunllx)|l(pl(un)HX*-—)O as n—oc we have
nz

| 0, () /] x*—0 as n—co. Also since X is reflexive, we can extract a subsequence (we still

denote it by {u,}) such that u, - u in X. Since @, (1,) =0, one has

<‘PA(“n)’“n_“>—'>0 as n— oo,
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Since @, is a mapping of type (S,), we have that u, —u in X. Hence @, satisfies the
PSC-condition.
Step 2 1 @y (x) > —eo as x| —>eo, x€ R. We have

d (F@x)) _ x1’f@x)-plxi?”2xF (t,%)
de | P | x 1%

— Xf(t, x) "‘PF (t’ .X)
- [P+l )

| x

By virtue of hypothesis (H4), we see that for B, > 0 we can find M; > 0 such that for
almost all re /, all x>M;, we have

xf(t, x) = pF (t, x) < - B,.

So,

i F@.x) < Bz for x>M3.
dx xP xP+|

, . F(t,x
Integrating from x > 0 to + oo, and noitng that —L—p—) — 0 as x > o, we get
x

F(tx) 2 ;2 for almost all t€ I, x>M,.

So if xe R,x2M3, we have

T
0,00 = 2 1x1? - [ Fanar
p
0
T
S N L
p p

Because B, > O are arbitrary and 120,p> 1, we conclude that @, (x) > —c0 as x — +oo.
Similarly we show that @, (x) >~ as x — — oo,

Let
T

D={vex: [ 1omI1P 2 v@d=0
0

We vrove that D is nonempty. Now if A is a eigenvalue and ¢ is an associated eigenfunction
of (1.2), then integration the differential equation in (1.2) over [0, T] gives
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T
[ 1ow1P~2 o ar=o.
0

So, D is nonempty. Moreover, D is a closed cone.
Step 3 : (V) >+ as lvll > e with ve D.

As in the proof of Theorem 1.1, one has
|F(t,x)1 < a @) +c, (0)1x!’,

with a, € L1 (/) and ¢, € L7 (I). If ve D., we have

T
_1 A P
ACES [l v IIp—p uvup—£ F(t, v) dt

1 L1 P A P r
> — —_ — -—
p-d HUHP pllvllp Clllvllp C.

From Mawhin® [Corollary 9.3], we know that A, I vll,’: < vl ﬁ for all ve D. Therefore,

we have

l _A’_ 7 P r
00 2 (1—11] vl -cuvn -

By 0 <2<2,, we have that 1——%>O. It follows that ¢@,,, is coercive.
1

Because of Step 2 and Step 3, we can find x; € R, x,> 0 such that ¢, (+x;) < infj, @,. Let
E = [-xg xol and E; = {-x,, xy}. Evidently E; M D=¢. Let 6 C(E, X) and 6 (xxp) =% x, We
prove that each O intersects D.

Let m: X — R be a continuous map, defined by

1

"= iy

T
I Iul”_zudt.
lxo 0

Then ue D if and only if mw(u) = 0. Next, we have to show that 0 € (6 (E)).
For te [0, 1], x€ E define
0,x)=tr(OX) + (1-nx

Note that 6, € CO(R; R) defines a homotopy of 6,=id with y =7m00. Moreover,
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8, 5 p=id for all r. By homotopy invariance and normalization of the degree (see for instance

Deimling10 [Theorem 1.3.1]), we have
deg (o 0, By, 0) = deg (id, B, 0)=1.

Hence 0 € 7 (6 (Bg)). So each 6 intersects the hyperplane V.

Then a simple application of the Intermediate Value Theorem, implies that
8(E) M D#¢. Therefore, E; and D link in X. We can apply Linking Theorem’ [Theorem 8.4,
pp- 127] and obtain u € X such that ¢, (1) =0.

Remark 3.1 : We note that our results do not assume neither that f is bounded, nor that f
satisfies a sign condition. Theorem 1.2 is related to a class of resonance problems.

Remark 3.2 : The ideas in this section extend to the problem
—(lu'lf"zu'(t)j:ag(t)|u|"“2u+f(z,u)+h(t) ae te[0,T]

u©)=w(T), ' 0)=u'(T),1<p<eco.

Minor adjustments are only needed, so we leave the details to the reader.

Example 3.1 — Let us consider the scalar problem
=(u' V') = Alulu+a[sin (u - bsgnu) + sin (bsgnu)] + u + e

.. (3.6)
u(0)—w(T) = ()= (1)=0

T
where p =3, a>0,0<b<meecL!(0,T) and | e(t)dr=0. In this case
0

F(t,u)=a[(sinb)IuI—cos(luI—b)+cosb]+-é—u2+e(t)u.

and hence
T
J F(t,x)dt=Tasinblxl—Ta|cos(|xl—b)—cosb|+§x2—>+oo
0

if | x| — . Moreover,
If(t,u)l < lul + 2a.

Then there exists 7 > 0 such that for all A€ [~ 7, 0) problem (3.6) has at least three distinct
solutions.
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