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N. Malhotra and S. R. Arora [Indian Journal of Pure and Applied Mathematics 30(4) : 373-384, 1999] prescnt
some results on necessary and sufficient optimality conditions for linear fractional bilevel programs based on the
duality theory. This note shows that Malhotra and Arora’s proofs contain a flaw that makes their conclusions
invalid and provides alternative optimality conditions.
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1. INTRODUCTION

Bilevel programming involves two optimization problems where the constraint region of the first
level problem is implicitly determined by another optimization problem. It has been applied to
decentralized planning problems involving a decision process with a hierarchical structure. The bilevel

programming problem is a nonconvex optimization problem that has received increasing attention in
the literature (see(!.7:9:10) and references therein).

Malhotra and Arora® consider the linear fractional bilevel programming (LFBP) problem in
which both objective functions are linear fractional and the common constraint region is a polyhedron.
This problem has also been considered in®43) The LFBP problem is formulated as:

T T,
max  F(xy) = ax+b y+ta

x Ix+d y+pB
where y solves
max f(x,y) = M’Xﬂ
y sx+q y+d
subject
Ax + By <t

n n
where xe R ' and Y€ R ? are the variables controlled by the first level (leader) and the second
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n n
level (follower) decision maker; a,c,r,se R '; b.d,p.qe R % ¢, B, 7, & are scalars; te R™;, and

A. B are mxn; and m X n, matrices, respectively.

Let S={(x,y):Ax+ By <t}. It is assumed that:

(i) S is nonempty and compact.

(i) ch+dTy+ﬂ>0, sTx+qu+5 > 0 for all (x,y)e S.

Finally, for each value of x, let (P,) be the second level problem:

Pl y+7,
P): max () = ——r

.. (2)
y qu+51

subject to
By <t - Ax

where ¥, :rTx+y and 4, =sTx+ 6 To ensure that the LFBP problem is posed well, it is also
assumed that for each value of x, the optimal solution to (P,) is a singleton. See!!"710) for problems
caused by multiple optima in the second level problem.

Let § be the set of feasible solutions to the LFBP problem, i.e.,

S = {(x,y)e S:y solves (Px)}

Then. the LFBP problem can be written as max  F (x, y).
(.)€l

By considering duality theory applied to the second level problem, Malhotra and Arora®

developed optimality conditions for the LFBP problem. In this note, we show that these optimality
conditions are incorrect because the theoretical analysis contains a flaw that makes its conclusions
invalid and derive alternative optimality conditions.

2. EXAMINING THE THEOREMS AND PROOFS IN [8]

Taking into account (2), Malhotra and Arora state that the LFBP problem becomes equivalent to:

where y solves
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ply+y,
max f (x,y) = m )
1

subject to
By £t — Ax.

Notice that this formulation of the problem is misleading as it hides the dependence of "
and 61 on x.
In their first theorem (Theorem 1 in(g)), by considering the dual problem of the second level

problem, Malhotra and Arora prove that (3) is equivalent to the following nonlinear programming
problem:

T T
(Pl): max F(x,y) = g%ﬁﬂ
(x,y,w) ¢ x+d y+ﬁ
subject to
Ax + By <t o (4
wT(Ax+By—t)=0 w (5
4 +(t-AnTw
B w+————6—-—-—q=p ... (6)
1
w20 )]

Notice that this is again a misleading formulation of the problem by the same reasons
previously mentioned. Moreover, it is implicitly assumed that 51 # 0. The authors in® continue by

reformulating (P ]) as:

max max F(x,y) ... (8)
w20 (x,y)€ S[w]

where, for a given w20,
Swl={(x,y): (x,y) satisfies (4)-(7)}

and max {F(x,y):(x,y)e S[w]} = —e when S{w] = 1.

For a given w2 0, they state that the inner problem in (8) is a linear fractional programming
problem and write it as:

T T
. _ax+th y+a
P ): max  F(xy = LETEYre
e *,) cx+d y+p

subject to
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Ax + By <t
—wTAx—wTByS—th
T
T Y, +wt
w Ax T 1 _
5 =B w+ 5 qg-p - (9

1 1
Then they continue by writing its dual problem as:

(DW) : min hw (ul, U u3)
(ul, uz, u3)

T

[

T T
(ul—uzw) t+u3 {[B+

=l of,

subject to

T T ngA
(u1 - uzw) A +u3

T "4
(ul—uzw)Tt+u§[[B+£g—] w+[—61—~—p]]+a
+ ﬁl

T
(ul - uzw) B

T 1A
(ul—uzw)Tt+u§ [[B+£g—] w+[6;—p]}+a
1
<+
B

>0
“pty

n
where U, € Rm™, Uy € R and U, € R 2.

This is the key point to establish the remaining theorems on paper(g). However, the problem
D,) is not the dual problem of (P,). Note that (Pw) contains constraint (9) whose right-hand side
depends on x through 7, = T x+ Y and &, =sT x+ 6. But, it has been considered as a constant when
writing the dual problem. In other words, Malhotra and Arora consider a dual problem, (D,,), which

depends on the variables of its primal problem (P, ). This fact invalidates the remaining theorems



OPTIMALITY CONDITIONS FOR LINEAR FRACTIONAL BILEVEL PROGR AMS 27
in®. Besides, it is implicitly assumed that 8# O.

In the next section, we derive necessary and sufficient optimality conditions for the LFBP
problem in such a way that it preserves the general philosophy of Malhotra and Arora’s paper, but
overcomes its difficulties.

3. OPTIMALITY CONDITIONS FOR THE LFBP PROBLEM

Before proving the next theorem it is convenient to mention that, for a given x, by using the Charnes
and Cooper transformation(®), we obtain that the dual problem of (Px) is [2]:

D) : min w
X
w,w,)

subject to

T —

B wo+qw, =p
TAx 0 + o =
w, )+ wy0 =1

W, 20

where w, € R" and w, € R. As a consequence of well known results of duality theory in linear

programs, given feasible solutions to the primal and dual problems, they are respectively optimal if
and only if
T
Wy (Ax + By—1)=0.

Hence, for any fixed (x,y)e S, since y is an optimal solution to (Px), there exist [2]

w € R™ and w_e R such that (x,y, w,w,) satisfies

1 2
Ax + By <t .. (10)
T

w, (Ax + By—-1)=0 .. (11)
wlT(Ax -1+ w, (sTx+@—rTx=}/ .. (12)
BT =

w o +qw, =p - (13)
w, 2 0. .. (14)

Similarly, if (x,y, w ’ w2) satisfies (10)-(14) then (x,y) e S.
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Theorem 3.1 — (x",y" ) is an optimal solution to the LFBP problem if and only if there
exist wT e R" and w; € R such that (x,y", w:, w;) is an optimal solution to the following nonlinear

programming problem

T i
(NP): max  F(x,y) = ETJ%&Q
(X y.w W) cx+d y+p

subject to (10) - (14).
PROOF : Similar to Theorem 1 in®. O

Given w € R™ and w, € R, let
W = {(wl,wz) : (wl,wz) satisfies (13) - (14)}
For a given (wl,wz) e W, let
Stw,w,] ={ (x,y)e R™ ™ (x, y) satisfies (10)- (12) .

If S[w;, w,y] = ¢ we define max{F (x,y): (x,y) € S[w, w,]} = ~ . Hence, if the problem

(N P) has an optimal solution it can be reformulated as:

max max F(x,y) .. (15)
(wl, w2) eW (x,y)e § [w], w2]

For a given (W, wy) € W, since w{ (Ax + By — 1) <0, the inner problem in (15) can be written

as:
T T
®, ) max  F(xy) = SEEErC
M) *x.) cx+d y+p
subject to
Ax + By <t

T T T
—wle—w1 ByS—wlt

T T T _ T
(w] A+ws —r )x—y+w1 t— w25.

Since w : and w, are fixed, this is a linear fractional programming problem whose dual

problem is [2]:
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D ) : min h(ul,u u,u)=u

2 (u,u,u,u) 2734 4
12 RLAL I

subject to

T L T_ T /{ 1
— + + - + =
(ul MZW]) A (W]A WZS r )u3 u4c a

T T_,T
(u1~u2wl) B+u4d =)

T T , _
w, —u,w)'t (’y+w1t w26)u3+Bu4—a

> >
u]_O,uZ_O

3 Uy € R.

For a given (w], Wz) e W, let

where u € R™ and Uy, U

2’73 4

— +3 ., . o _
S{w],wz} = {(ul,uz, Uy u,) € R" gy g ) satisfies (16)—(19)

29

. (16)

. (17

. (18)

. (19)

If S{wl,wz} = ¢ we define min{h(ul, Uy, Us, ug) : (uy, Uy, us, uy) € S{wl,wz}}=—w. Let

(DP) be the following max-min problem:

(DP) max min h (”1’ Uy Uy Uy
w,w)eW (u,u,u,u)eS{w,w}
1 2 12 3 4 1 2
Theorem 3.2 — If (x,y,w,, wy) and (uy, u,, us, u,, wy, w,) are feasible solutions to the

problems (NP) and (DP), respectively, then

> aTx+bTX+a
- T

u .
4 ¢ x+dTy+ﬁ

PROOF: Multiplying (16) by x, (17) by y and then adding them together with (18),

2

T T
(ul—uzwl)T(Ax+By—t)+(w]A.x+w sT)c--rTx—‘y——w1 z‘+w25)u3

+u4(ch+dTy+ﬂ)=aTx+bTy+a.
Taking into account (11) and (12), the above equality can be rewritten as
ulT(Ax+By—t)+u4(ch+dTy+B)=aTx+bTy+a

Since ch+dTy+[3>O, u, >0 and Ax+By-1<0,
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S al x+ b7 y+o
47 Txvd y+ B
and the proof is completed. O

I

L] % *
Theorem 3.3 — Let (x*, v, Wi, Wy ) and (“1’ Uy, Uss Uy, Wi, Wy ) be feasible solutions to the

problems (NP) and (DP), respectively. Then they are respectively optimal if and only if

T = T =*
u: > aTx*+bTy*+0! .. 20)
cx +d y +p
and, for all (x,y)e §S,
* o«
(ul—uzwl) (Ax + By —1r)
+(w’1'T Ax+W;sTx—rTx~7-W:T’+w;5)”; =0 - @b

PROOF: For a given (w;,w,)e W, if S[w;,w,]# ¢ then the problem [Pw w ) reaches an
1’

2

optimal solution. Bearing in mind duality theory in linear fractional programs(z), its dual problem
(D ] also reaches an optimal solution and their optimal objective values are equal, ie.,

L W W,

max Fx,y) = min h (ul, Uy Uy U
(x,y) e S[wl,wz] (ul,uz, u3, u4)e S{wl,wz} k

Moreover, if S [Wl’ w2] = ¢, by convention

max Fx,y) = min h(ul,uz, Uy u4) = —oo
xyes [Wl’ w2] (ul, u2, u3, u4) € S{ wl. w2}
Hence,
max max Fx,y) = max
(wl, w2) e W x,y)e S [wl, w2] (wl, w2) ew
min h (ul, Uy Uy u4) .. (22)

u,u,u,u)eSlw,w
(1’2’3 4) {1’ 2}

. * * * k% % * * . .
In other words, if (x*, v, Wi, wz) and (“1’ Uy, Us, Uyy W, Wz) are optimal solutions to the

problems (N P) and (DP), respectively, then (20) holds.

Let (x,y)€ S, then there exist w; e R™ and w, € R such that (x,y, w,w,) is a feasible
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solution to the problem (N P).

* % * *

Since (u:, Uy, Ug, Uy, Wi, w;) is a feasible solution to the problem (DP), multiplying (16) by

x, (17) by y and then adding them together with (18) we get

*T

1

* * o« *T * T T * *
(ul—uzwlj (A)c+By—t‘)+(w1 Ax+w23 X—r x—y-w t+w25)u3

+u:(ch+dTy+ﬁ)=aTx+bTy+a.

* *

Bearing in mind that ch+dTy+ﬂ¢ 0 and the fact that (x*,y*, wl,w2) is an optimal

solution to the problem (N P), we can write

T
T S { ~uw ) (Ax+By-1
u U, — u,w y —
4 ch+dTy+[3 (1 2 ]J

*

T * T T *T * *
+ (wl A.x+w2s X=rx-—y-w t+w2)u3}

aTx+bTX+a < adx+b Yy +a -
ch+dTy+ﬁ ch*+dTy*+ﬁ 4

Since ¢! +dl y+ B > 0, we can conclude that

*T

* - *T * T T
(ul—u2wl) (A)c+By—t)+(w1 Ax+w2s X=rx—y-w,

* %*
t+w, 5)u3 <0
which proves (21).

Conversely, let (x,y, w;,w,) be a feasible solution to the problem (N P). Hence (x,y)€ §.

* * * * * * . . .
Since (ul, Uy, Uz, Uy, wl,wzJ is a feasible solution to the problem (DP), in the same way as we

have done previously, multiplying (16) by x, (17) by y and then adding them together with (18) we

get
T
T T
a_iim_u*+__1_{ W—uw) (Ax+B
= - y — 1)
ch+dTy+[3 4 ch+dTy+ﬂ 1 21

*T * T T *T * *
+ -rx-y- :
(wl Ax+w2s X=r x—y-w, t+w2)u3}

Applying conditions (20) and (21) we get
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aTx+bT2+a < aTx*+bTy*+(x
ch+dTy+ﬁ ch*+dTy*+ﬁ

and so we conclude that [ x*,y* wl,w. )is an optimal solution to the problem (N P).
2 p p

* %

Finally, since (x*, y*, Wy, Wy ) solves the problem (N P), from (20) and (22) directly follows

* * * *

that (u: u;, Ug, Uy, Wi, wz) is an optimal solution to the problem (DP). ]

Theorem 3.4 — (x*,y") e S is an optimal solution to the LFBP problem if and only if there

. * * n * * * % . . * * *
exist wy, u; € R™ and wy, uy, uz, u, € R satisfying w; 20, u; 20, u, 20, such that

BTw: + qw;=p .. (23)
*T * *

w, (Ax +By -1 =0 .. 24

w:T(Ax*——t)+w;(sTx*+&——rTx*='y .. (25)
i Y ae(w T Aew T Vi e T edT (26

(ul—uzwl) (WI w,s —r )u3 u,c =a )
W VBl d =T 27

(u]—uzwlj +u4 = .. (27

* a0 *T *T * *

—(ul—uzwlj t—(}’+w1 t-w, 5]u3+ﬁu4=a .. (28)
*T * *

u, (Ax + By - =0 .. 29)

* * Y *T *x T T *T * *
- - - —y- <
(ul uzwl) (Ax + By t)+(w] Ax+w2s x—rix—y-w, t+w25)u3-0,

Vix,y)e S .. (30)
PROOF: If (x*,y*) is an optimal solution to the LFBP problem, by Theorem 3.1, there exist

w: e R™ and w; € R™ such that (x*, y, WI’ w; ) is an optimal solution to the problem (N P). Hence,

it is clear that (23), (24) and (25) are satisfied.

Since (x*,y") is an optimal solution to (PW:, W;), by applying duality theory in linear
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. , * * ok k * *
fractional programs [2] there exist uleRm and Uy, Uz, u4eR such that uIZO, u220 and

(u:, u;, u;, u:) is an optimal solution to (DW:, w; ) Hence, it is clear that (26), (27) and (28) are

satisfied. In addition, their optimal objective values are equal

* aTx*+bTy*+a
u, =7 % . .. 31
cx +d y +p

Moreover, multiplying (26) by x*, (27) by y* and then adding them together with (28), while
applying (24) and (25), we get

T
u: (Ax*+By*—t)+u: (ch*+dTy*+ﬁ)=aTx*+bTy*+a

Taking into account (31), we conclude that u:T (Ax" + By" — 1) = 0, which proves (29).

* ok x X

* *
Finally, bearing in mind that (”1’ U, u3,u4,w1,w2) is a feasible solution to the problem

* *

(DP) which satisfies (31) and that (x*, y*, Wy, Wz) is an optimal solution to the problem (N P), we

%* * * *

* *
conclude that (ul,uz, Uz, u4,w1,w2) is an optimal solution to the problem (DP). As a result of

Theorem 3.3, (30) is satisfied.

Conversely, let (x",y") e S. As a consequence of (23), (24) and (25), (x*, y*, wI, w;) is a
feasible solution to the problem (NP). Similarly, since (26), (27) and (28) hold
(u’;, u;, u;, u:, w’;,w;) is a feasible solution to the problem (DP).

Moreover, muitiplying (26) by x*, (27) by y* and then adding them together with (28), while
applying (24), (25) and (29), we get

S = aTx*+bTy*+ a

4 ch*+dTy*+ﬁ‘

From this condition and (30), by applying Theorem 3.3, we conclude that (x*,y*,wT, w;)

* * L * % * .
and (ul, Uy, U, Uy, W1, Wz) are respectively optimal. From Theorem 3.1 we get that (x*, y*) is an

optimal solution to the LFBP problem. O
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