Indian J. pure appl. Math., 36(1) : 3-10, January 2005
© Printed in India.

ON THE ASPHERICITY OF CERTAIN 2-COMPLEXES

JANG HYUN JO AND JONG BUM LEE

Research Institute of Basic Science, Korea University, Seoul 136-701, Korea
E-mail: jhjo@sogang.ac.kr
Department of Mathematics, Sogang University, Seoul 121-742, Korea
E-mail: jlee@ccs.sogang.ac.kr

(Received 17 December 2002; after final revision 14 January 2004; accepted 31 March 2005)

The purpose of this paper is to study Whitehead’s asphericity question; whether any subcomplex of an aspherical
2-complex is itself aspherical. We obtain criteria for certain 2-complexes to be aspherical in terms of Euler
characteristics, and we extend the results obtained by Varadarajan.
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One of the important topics of low-dimensional homotopy theory is the study of Whitehead’s
asphericity question that is posed in 194133

"Is any subcomplex of a 2-dimensional aspherical complex itself aspherical?"

Even though many mathematicians have tried hard, Whitehead question remains unanswered
in general. There is a wide variety of results on this question(l’5’6’8’9’]2'17). An excellent survey of
the published results and an overview of the methods that have been used in the study of the
Whitehead’s question until 1993 can be found in(4). In 2002, using Euler characteristics,

Varadarajan(zo)

obtained some criteria for certain types of 2-dimensional complexes (in short,
2-complexes) to be aspherical. More precisely, he showed that if the cellular chain complex

C,(X) of universal cover ¥ of 2-complex X is chain homotopy equivalent to a finite type
FL-complex of length 2 and G = &, (X) is of type FL, then the asphericity of X is completely

determined by the relation between Euler characteristics % (G) and 7 (X). This result generalizes

(16,14) on inverses

several of those results which are based on the Kaplansky-Montgomery theorem
of matrices over group rings. It is tempting to generalize this result to the more general finiteness

properties of groups, say FP or VFP. If a 2-complex X is aspherical, then cd 7y (X)<2 and by a
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result of Eckmann(lo), the Bass conjecture over € and hence the strong Bass conjecture holds for

the group 7; (X).

The purpose of this paper is to extend Varadarajan’s result to the following general situation:

Theorem | — Let X be a 2-complex with G = m (X). Suppose that the strong Bass

conjecture is true for G and that there exists a subgroup H of finite index which is of type FP (so

G is of type VFP) and that C,(X) is chain homotopy equivalent to the following complex over
ZG:

0-—>C2—>C1—->C0—->0,

where for each 0<i<2,C; is a finitely generated projective ZH-module. Then X is aspherical if
and only if ) (G) 2y (X). When this is valid, automatically we have % (G) =y (X).

Our proof of Theorem 1 closely proceeds along the same line as that of Varadarajan(zo) and
Lemma 1 is the crucial ingredient needed to complete the proof.

By the same reason, the following theorem which is the second main result in this paper
makes use of Lemma 1. It generalizes the known result which was proved by several authors™.

Theorem 2 — Let X be a finitely dominated Cockroft 2-complex. Suppose that the strong

Bass conjecture is true for m; (X). Then the following are equivalent:

(1) X is aspherical.
(2) There exists. a finitely dominated aspherical 2-complex Y such that 4 X)= z, Y).

(3) cd A (X)<2 and r (X) is of type FP.
(4) cdzr1 (X)<3, H3 (7r] X)) = 0 and 7[1 (X) is of type FP.

Before we prove Theorem 1 and Theorem 2, let us first recall some basic definitions and
preliminaries that will be used. Throughout this paper, by a 2-complex we mean a connected
2-dimensional CW-complex and let G be a group and ZG denote the group ring of G. All modules
considered are ZG-modules which are also called G-modules. The group G is of fype FP if the
trivial G-module Z admits a resolution of finite length by finitely generated projective ZG-modules,

ie., for some n and finitely generated projective modules Py, ..., P, there is an exact sequence of

ZG-modules:

0->P 5P >...»>P 5P 5Z->0.
n n-—- 1 0

1

If the P; can be chosen to be finitely generated free ZG-modules, then G is of type FL. A
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virtually torsion-free group G is of type VFP (resp. VFL) if it contains a finite index subgroup of
type FP (resp. FL). Now recall a notion of rank for finitely generated projective modules and the
Euler characteristics of groups. For more details, see. For an arbitrary ring R, let T(R) be the
quotient R/[R, R], where [R, R] is the additive subgroup of R generated by all commutators rs — sr,
(r,s€ R). Let G be an arbitrary group. Define a Z-valued rank pj;(P) of a finitely generated

projective ZG-module P by p; (P) =R (P) (1), where R (P)=1tr (idp) is the Hattori-Stallings rank

of P1318D 0n the other hand, there is another rank g;(P). If M is a G-module, we denote by

M, the abelian group H, (G, M) = Z® 5~ M. If P is a finitely generated projective ZG-module,
G 0 ZG

then P is a finite generated free Z-module. Thus, we can define a rank of P as follows:
£ (P)= rankZ P G).

This rank g, (P) is also expressed by 2 R (P) (g), where C is a complete set of
ge C

representatives of the conjugacy classes of G, By Swan(lg), if G is finite, then £; (P)=p; (P).

For an infinite group G, it is still open whether £; (P )= p,; (P) holds or not. This is what is called

@

the strong Bass conjecture™”. The Bass conjecture over @ asserts that for a finitely generated

projective CG-module and g € G of infinite order, R; (P) (g) = 0. It follows from Linnell’s work{!>)

that the Bass conjecture over C is indeed stronger than the strong Bass conjecture. The strong Bass

conjecture has been established for various classes of groups(2’3’10’“’15)

such that linear groups,
groups with cd <2, subgroups of semihyperbolic groups, and mapping class groups I"g of closed

surfaces of genus g.

A group G is said to be of finite homological type if vcd (G) < o and for every G-module

M which is finitely generated as an abelian group, H; (G, M) is finitely generated for all i. The main

examples of groups of finite homological type are the groups of type VFP. If G is finite homological

type and torsion-free, then we define the Euler characteristic ¥ (G) by

XG)= 3 1) rank,H, (G).

When G is of type FP,% (G)= Z(— 1y £ (Pi), where P - Z—0 is a finite projective
i
resolution of Z over ZG.
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By definition, a connected complex X is aspherical if its universal cover X is contractible.
For a 2-complex X, this is equivalent to 7, (X) = 0, by Whitehead’s theorem. A 2-complex X is
said to be Cockroft if the Hurewicz homomorphism p: 7, (X ) — H, (X) is trivial. The Cockcroft

property has been extensively studied in®364)

Now, let us start the proof of main theorems. First, we introduce the following lemma which
will play an important role in proving our main theorems.

Lemma 1 — Let G be an arbitrary group and P be a finitely generated projective
ZG-module. Suppose that the strong Bass concjecture is true for G. If £;(P) = 0, then P = 0.

PROOF : By Exercise 8 in Chapter IX, 2,7, if ps(P) = 0, then P = 0. This is an immediate

(16,14)

consequence of the result of Montogomery and Kaplansky By the assumption,

€ (P)=ps (P). This completes the proof. O

Remark 1 : For any free ZG-module F of finite rank, €z (F) and pj (F) are simply equal

to the free rank of F. It follows easily that if € (F) =0, then F = 0. Therefore the results of this

(20) 4)

paper indeed generalize the works in and in™.

Proof of Theorem 1 — Let X, be the covering space associated to the subgroup H. By the

well known fact on Euler characteristic, we get
x(XH)=IG:Hx(X) and x (H)=1G: Hy (G).
Since C,(X)0—->C,—>C,—>C,—0, we get the following exact sequence of
ZG-modules:
0——>H2(X)——>C2—>C1——>CO-—>Z—->0,

because H, (X) = 0 and Hy(X) = Z. Since ZG is ZH-free, we have the following exact sequence
of ZG-modules:

0->2ZG® (X)—>D2——>Dl—->D0—>ZG®ZH Z— 0,

ZH HZ
where D.=ZG®z C. for 0<j<2. Notice that
J H"j

C*(XH)=C*(X/H) _Z®ZHC*(X)'
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Thus, C_(X H) is chain homotopy equivalent to the following chain complex:
E*:0—>Z®ZHC2—-)Z<8>ZHC1 —>Z®ZHC0—>0
and the homology of E, is the homology of Xy Since H is of type FP, we get an exact sequence

of finitely generated projective ZH-modules:

0-—>Qn—>Qn"1

—>...—>Ql—>Qo—->Z—>O.
Since ZG is ZH-free, we have the following exact sequence in ZG:

0——->Fn—->Fn_l—>...—> F1—>FO—>ZG®ZHZ—->O,

where Fj=ZG®ZH Qj for 0<j<n. Notice that F; is finitely generated ZG-projective and

£ (Fj)=£H (Qj) for 0 <j<n. By Schanuel’s lemma, we get
DO®F1€BD263F3®FS®...
EFOGBDI®F2®(ZG®ZHH2(X))®F4€BF6€B....

Notice that g, (Dj)=sH (Cj) for each j. Let o= €g (Dj) for 0<j<2 and Bj=eG (Fj) for

0 <j<n. Notice also that
x = 3 Ve @)= X U gE)=3 VB
jz20 j20 Jj20

Since the homology of E_ is the homology of XH,;ic(XH)=0LO-—oc1 +o,

Let
A=D0€BF1®02®F3®F569...,
B=F0€BD1®F2®F4@F6®... .

Then A and B are finitely generated projective G-modules and we have

e, (A =0 +o + > B

2+1
Jj20

and

e, (B) =0 + Y sz.
jz20

Since y (G) 2% (X), we have x (H)=2y (X H). Thus,
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Y -1y ﬁjZaO—al+a

j20

5"

Hence &g (A) <é€; (B). Since B® (ZG® zrH,( X)) =A, we have €g (A) = g5 (B). Notice
that ZG® z, H,(X) is finitely generated projective and g5 (A) = £;(B) + g (ZG® 4y
H,(X)). Thus, €5 (ZG® z4 H, (X)) = 0. By Lemma 1, we have ZG® g, Hy(X) = 0 and then
H,(X) = 0. Since X is simply connected and 2-dimensional, it follows that X is contractible. Hence

X is aspherical. O

PROOF OF THEOREM 2 — The implication (2) = (3) follows from the fact that if there
exists a finitely dominated K (G, 1)-complex, then G is of type FP. Since the implications (1) =
(2) and (3) = (4) are trivial, it remains to show the implication (4) = (1). For this implication,

we need to use the assumption that the strong Bass conjecture is true for 7 (X). Let G = 7, (X).

Since ¢d G<3 and G is of type FP, there exists a projective resolution of Z over ZG:
0—>P3->P2—>P1—>P0—) Z - 0,

where each P, is a finitely generated projective G-module. The augmented cellular chain complex

of the universal cover X of X gives the following exact sequence of ZG-modules

0-——)7:2(X)—>Z‘2—->C‘] —>Z’O—>Z—>O,
where C‘i = Ci (X) for each i. By Schanuel’s lemma, there is an isomorphism of ZG-modules
nz(X)@Pz@ C] @POEP3®C‘2® P] @ CO’

Notice that

% (G) 1) e, (P)

-~

1]
M-

I
Mw

i
z (- 1 rank , (Z® , . P)

n

3
Y (= 1) rank ,H.(G).
=0

Since X is Cockroft, we get H, (G)=H, (X) by Hopf’s theorem (cf. 7). Notice also that
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H, (G)=G/[G, Gl1=H, (X). Thus,

il

3 2
Y, Dirank ,(H (G) = Y, (-1 rank ,(H, (X))
i=0 i=0

2
Y, Dirank (C)
i=0

It
.MN

n
[

i ~
(— 1) rank 76 (Ci),

3 2
where C;=C, (X). Now the fact Y liggP) =2, (-1)ig,(T;) and
i=0 i=0

nz(X)@PZGB C]®PO§P3@C2@ PIGB C,
imply that £ (7!;2 (X)) = 0. Therefore, T, (X) = 0 by Lemma 1 and hence X is aspherical. 0O

We end this paper with a question. Let X be a connected CW-complex whose fundamental

group G =, (X) is finitely presented, and let C be the chain complex of the universal cover of X,

regarded as a complex of ZG-modules. It is well known that (a) X is homotopy equivalent to a
finite CW-complex if and only if C is chain homotopy equivalent to a finite free chain complex;
and (b) X is finitely dominated if and only if C is chain homotopy equivalent to a finite projective
chain complex(2]’22). In this view point, we can naturally ask the following question which is an

analogue of [20, Theorem 3.2].

Question — Let X be a finitely dominated Cockroft 2-complex satisfying the condition that

G — 7 (X) is of type FP. Suppose that the strong Bass conjecture is true for G. Does the condition
Y (- 1) rank ,H,(©)20
23
implies that X is aspherical?
Notice that the positive answer to this qgeustion implies Theorem 2.
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