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Let R be a ring and let M be a right R-module. M is called a T-module if M/A =M/B, where A is a coclosed
submodule* of M and B is any submodule of M, implies that B i5 a coclosed submodule of M. In this note we
introduce T-modules to characterize when any finite direct sum of lifting/discrete modules is discrete. Moreover,
we prove that any amply supplemented module is discrete if and only if it is a @®-supplemented T-module. Let

M=M,®..®M, be an amply supplemented module. We prove that M is a T-module if and only if every

M; is a T-module and My, .., M, are relatively projective.
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1. INTRODUCTION

Throughout this note, all rings will have identities and all modules will be unital right modules.
A<M stands for “A is a submodule of M”. Any small submodule K of M is denoted by K<< M.
Any submodule N of any module M is called a supplement of any submodule K of M if M = N

+ K and N K<< N (in this case N is also called a supplement submodule of M) equivalently,

if N is minimal with respect to the property M = N + K. M is called amply supplemented if for
any submodules A and B of M with M = A + B, there exists a supplement X of A with X c B.
Any submodule A of M is called coclosed in M (denoted by A< M) if whenever A/B<< M/B

implies that A = B for every submodule of B of M with B c A. Clearly, every supplement submodule
is coclosed but the converse is true for amply supplemented modules. Let B<A <M. B is called an

s-closure of A in M if BS, _M and A/B<< M/B. By [5, Lemma 1.7], if M is amply supplemented,

then every submodule of M has an s-closure in M. Any module M is called ®-supplemented if
every submodule of M has a supplement in M which is a direct summand of M. Any module M

is called lifting (or satisfies (D)) if for every submodule N of M there is a decomposition M =
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M, ® M, such that M, c N and N "\ M, < M,, equivalently, if for any submodule of N of M, there

exists a direct summand K of M such that K<N and N/K<< M/K. It is well-known that M is
lifting if and only if M is amply supplemented and every coclosed submodule of M is a direct
summand of M (see8, [41.12] or [7, Proposition 4.8]). Any module M is called discrete if it is
lifting and any submodule N of M with M/N isomorphic to a direct summand of M is a direct
summand of M. The latter condition is called (D,). M is called quasi-discrete if it is lifting and for
every direct summands K and L of M with M=K+ L, KL is a direct summand of M.The latter

condition is called (Dj). Discrete and quasi-discrete modules have been studied in*® and by other

authors. Inl, modules in which submodules isomorphic to complements are complements were
introduced by Er. In2, he calls these modules SICC-modules and extends the results in! to generalize
some of the properties of continuous modules. As a dualization, in this note, we introduce 7-modules
to characterize discrete modules. We call any module M a T-module if M/A=M/B, where

A<, .M and B<M, implies that B< M. Clearly, this class of modules properly contains discrete
modules (Example 2.7). It is easy to see that any lifting T-module is (D,). Therefore any lifting
module M is (D,) if and only if it is a T-module. As stated in the Abstract, we show that any

amply supplemented module M is discrete if and only if it is a @-supplemented T-module (Corollary
2.9). If M is an amply supplemented T-module and M = A ® B, then A and B are relatively projective
(Lemma 2.12). As we state in the Abstract, we prove that amply supplemented module M =

M ®..®M, is a T-module if and only if every M, is a T-module and M,, ... M, are relatively

projective (Theorem 2.18).

2. DISCRETE MODULES AND 7-MODULES

Proposition 2.1 — Let M| and M, be two modules and M = M, ® M,. Then M, is M,-projective
if and only if for any N<M with M = N+M,, there exists some L<M with L<N and M =

LoM,
PROOF : By [8, 41.14]. O

Lemma 22 — Let M = M, ® M, If A is a supplement of A" in M, and B is a supplement

of B’ in M,, then A® B is a supplement of A’® B’ in M.
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PROOF : Let M;=A+A’,A(\A’<<A and My=B+B',B(\B’<< B. Then M = (A ® B)

+ (A’®B’). Since A®B)\A'®B’)c(AMA’) ® BNB'), A®BN (A'®B") «
A @ B. Therefore A® B is a supplement A’® B’ in M. O

Lemma 2.3 — Any direct summand of an amply supplemented 7-module is a T-module.
PROOF : Let M be an amply supplemented 7-module and N a direct summand of M. Then

M=N® K for some submodule K of M. Assume that N/A =N/B where A SCCN and B<N. Now

N/Az(N®K)/(A®K)=M/(A®K)=N/B=(N®K) / (BOK) = M/(B® K). Note that N is amply

supplemented. By Lemma 2.2, A® K< _N® K=M. Since M is a T-module, B® K <. M and hence

B SCCM D

Lemma 2.4 — Any amply supplemented 7-module M is (D3).
PROOF : Let A and B be direct summands of M with M = A + B = A®A"’. Since M is

amply supplemented, there exists a submodule L of M such that M = A + L, A\ L < L<B. Note
that A/(AML)=M/L. Then M/A’®(ANL) = A'®A)/ A’®ANL) =M/L. By
hypothesis, A’ @® (A M\ L) <,cM. Therefore, A(L< M and hence AN Ls L Now M =

A®L since AMLKL. Thus B = L® (A M B) implies that A (B is a direct summand of M.
O

Recall that a ring R is a right V-ring if and only if every simple right R-module is injective
if and only if Rad(M) = O for all right R-modules M, where Rad(M) is. the Jacobson radical of

M. A simple coclosed submodule of a module M is a direct sumand of M. Hence we have

Proposition 2.5 [3, Proposition 2.11 — A ring R is a right V-ring if and only if for any
right R-module M, every submodule is coclosed in M.

Therefore every right R-module M is a T-module over a right V-ring R. We also know that
any amply supplemented right R-module is semisimple over a right V-ring R. Now it is natural to
ask whether every amply supplemented 7T-module is semisimple. That is not the case can be seen

by the following example.
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Example 2.6 — Let p be any prime integer and let M denote the Z-module Z/p2 Z. Note
that M- is not semisimple and it is amply- supplemented. It is not hard to see that Z/p2 Zis a

T-module.

It is easy to see that discrete modules are 7-modules. By the following example we see that
any T-module does not imply discreteness.

Example 2.7 — Let R be a discrete valuation ring with field of fractions K. Assume that

Kp 1s not quasi-projective. By (5), [Example 3.7], the R-module M=K® K is not amply

supplemented and hence not discrete. Since every coclosed submodule of M is a direct summand of

M and by [5, Lemma 3.6], M is (D,), M is a T-module.

Theorem 2.8. — Let M be a module such that every submodule of M has an s-closure in
M. Then M is discrete if and only if M is a T-module and ®-supplemented.

PROOF : Necessity is clear. Conversely, assume that M is @-supplemented and a T-module.

We prove that M is lifting. Let A <M. Since M is ®-supplemented, there exist submodules K and

K’ of M such that M = K@K’ = K+A and A M K<< K. By hypothesis, there exists a coclosed
submodule T of M such that TcA and A/T<<M/T. Then M = K+T and K\ T< K and
KMNT<<T. Since M/(KNT)®K’') = K®K’) /| (KN ®K’) = K/(KMT)=M/T,

KMT< K. So, KMT = 0. Hence M=K ®T. Therefore M is lifting. We know that any lifting

T-module is (D,). Thus M is discrete. [

Corollary 2.9 — Let M be an amply supplemented module. Then M is discrete if and only
if M is a ®-supplemented T-module.

PROOF : By (5) [Lemma 1.7] and Theorem 2.8. O

Corollary 2.10 — Let M = M ®...®M, be amply supplemented and finite direct sum of
@-supplemented, hence lifting/discrete, modules M; Then M is discrete if and only if M is a

T-module.

PROOF : Clear by definitions, [4, Theorem 1.4] and Corollary 2.9. O

We can characterize an amply supplemented T-module as follows:

Proposition 2.11 — The following are equivalent for an amply supplemented module M.
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(i) M is a T-module.

(i) For any two submodules A and K of M where K< M and for every isomorphism

f:M/K— M/A, there exist an s-closure B of A in M and a homomorphism g : M — M/B such that
ng=fm, where w:M/B—>M/A is the obvious epimorphism with the kernel A/B and

Ty M — M/K is the natural epimorphism.

PROOF : (i) = (i) : Let f:M/K—> M/A be any isomorphism such that K <M and

A<M. By (i), AS, M. Then A is its own s-closure in M and we will take g=fmm.

(i) = (i): Let K be a coclosed submodule of M and A any submodule of M with M/K

in

M/A via an isomorphism f: M/K — M/A. By (i), there exist an s-closure B of A in M and a
homomorphism g : M — M/B such that ng=fm, with m: M/B — M/A the obvious epimorphism and

Kerm=A/B and 7y : M — M/K the natural epimorphism. It is easy to see that g is an epimorphism
and g—1 (A/B)=K. We claim that K/Kerg <</Kerg. For, let M/Kerg = K/Kerg + L/Kerg for any
submodule L of M with KergcL. Then M = K+L implies that M/B=g(K)+g (L) =
g8 ' (A/B)+g (L) = A/B+g (L) and hence g (L) = M/B. Therefore L = M. Since K<, M, K =
Kerg. Hence A = B. Thus A<, M. 0

Lemma 2.12 — If M is an amply supplemented T-module and M = A @ B, then A and B
are relatively projective.

PROOF : We prove A is B-projective, the fact that B is A-projective follows by symmetry.
Let X<M and M=X+B. Since M is amply supplemented, there exists a submodule K of M such
that M = K+B and K M B K<X. Now M/K=B/(KMN\B)=(A®B) /| A®(KNB) =
M/(A ® (K M B)) implies that K MB<, K since M is a T-module. Therefore K\ B = 0. By

Proposition 2.1, A is B-projective. O

Lemma 2.13 — Let M| be M,-projective such that every submodule of M, has an s-closure
in M,. Let A be coclosed in M; and C be any submodule of M,. Assume that there is an

isomorphism g : M,/C —M,/A. Then C is coclosed in M,.

PROOF : Assume every submodule of M, has an s-closure in M, and M, is M,-projective.
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Consider the natural epimorphisms 7, : M, - M;/A and 7.:M,—>M,/C. Then there exists a

homomorphism f: M; - M, such that g m.f=m,. Now Ker fc;.f-l(C)=A and f(M;)+C=M,.

There exists a coclosed submodule T of M, such that T< C and C/T<< M,/T. Then f(M,) + C
= M, = f(M)+T. We clim that f~'(C)/f~ ' (T)< M/~ (T). For, let M/f~'(T) =
1€y @) +L/f71(T) for any submodule L of M; with f~1(T) cL. M;=f"'(C)+L
implies that f(M1)=ff”1(C)+f(L) = CNfM)+fL) = fM)N(C+f(L) and so,
My=C+f(L)=T + f(L). Now My =f" ' (M) +f ' fWy=f ' (T)+L + Ker f=f " (T)+L=L.

Since ™1 (C)<  M,, f~1(C)=f""(T). Therefore T=C and thus C is coclosed in M,. n

Lemma 2.14 — Let M=K, ®K, be a module. If A/K; is a supplement of A’/K, in

M/K,, then A\ K, is a supplement of A’ MK, in K,.

PROOF : It is clear that A=K, ® (A M K,) and A'=K, ® (A’ M K,). Since M=A+A’, we
have M=K, ® [ANK,)+A"'MK,)]. Hence K, = (K, A)+(K,MA’). Now if L is a
submodule of K, M A such that (AMA'MK,)) + L = (K, M A), then ANA'NK,) +
L+K; = (K, N A)+K;. Thus ANA'NK,) + L+K;=A. So ANA)+L+K;=A. Since
A/K, is a supplement of A'/K1 in M/K,, we have L+K =A. But LcK, MA. Then
L®K,=A and L=K, M A. We conclude that (A A’ M K,) is small in (K, M A). It follows

that (K, (M A) is a supplement of (K, MA’) in K,. m

Lemma 2.15 — Let M=K, ®K, be a module. If A/K; is a supplement of A'/Kl in
M/K, and B/K, is a supplement of B’/K, in M/K,, then A(MB is a supplement of

(K, NB")® K, A" in M.

PROOF : It is clear that A=K ®((K,NA) and B=K,®(K,MNB). So

ANB=(K; N\ B)® (K, MA). By Lemma 2.14, (KM A) is a supplement of (K, MA’) in K,
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and (K; M B) is a supplement of (K, (M\B’) in K. Hence from Lemma 2.2, we conclude that
(K; M B) ® (K, M A) is a supplement of (K, M B")® (K, MA’) in M. ie. A\ B is a supplement

of (Ki\B)®(K,MNA’) in M. O

Lemma 2.16 — If M=A @ B is an amply supplemented module where A and B are relatively

projective, then for any coclosed K in M there exist submodules A’, B’ of M such that A’=A and

B'=B, M=A’®B’ and K-(K+A" )\ (K+B").

PROOF : Consider the submodule (A + K)/K of M/K. Now there exists a coclosed submodule
K,/K of M/K such that K,/K<(A+K)/K and (A +K)/K, << M/K,. Then M=B+K,. Since

M=(B+K)+K,, K,/K has a supplement in M/K which is contained in (B+ K)/K, namely, there

exists a submodule Kp/K of M/K such that M/K=K,/K+ Kg/K, (K, NKg)/K <
Kp/K < (B+K)/K. By5 [Lemma 14], K, and Ky are coclosed (and supplement submodules) in
M. Clearly, K,/K and Kp/K are supplements of each other in M/K. M=K, + Ky implies that
M=A+Kp. Since B is A-projective, M=A® B’ for some B’<Ky, by Proposition 2.1. Clearly,
B’=zB. M=A®B’'=B’+A+K implies that M=B’+K, since (A+K)/K, << M/K,. Since A is
B ’-projective, M=B’@® A’ for some A’<K, again by Proposition 2.1. Clearly, A’ =A. Note that
M/K = (Kg /K)+((K+A')/K). Then by the minimality of K,/K,K,=K+A’. By the same way,

Kp=K+B’ By Lemma 2.15, K, MKy is coclosed in M. Therefore, K=K, " Ky =

(K+A)YN(K+B). O

Any direct sum of two T-modules need not be a T-module as we show in the following
example.

Example 2.17 — Let p be a prime integer and M denote the Z-module Z/p Z @
Z/p2 Z. 1t is well known that M is amply supplemented and Z/p Z is not Z/p2 Z-projective.
Clearly, Z/p Z and Z/p2 Z are T-modules. By Lemma 2.12, M cannot be a T-module.

Theorem 2.18 — Let M = M, ® ...® M, be an amply supplemented module. Then M is a

T-module if and only if every M, is a T-module and M,, .., M, are relatively projective.
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PROOF : Necessity is clear by Lemma 2.3 and Lemma 2.12.

Sufficiency: We do the proof for two relatively projective T-modules, the conclusion follows

by induction. Let M = M, ®M,. Assume M; and M, are relatively projective T-modules. Let
A<M, T< M and M/A=M/T. Consider the submodule (M, +A)/A of M/A. Then there exists a
coclosed submodule A;/A of M/A such that A;/A < (M, +A)/A and (M, +A)/A; << M/A,. Then

M/A=((M,+A)/A)+(A;/A) implies that there exists a submodule A,/A of M/A such that

M/A=A,JA+A /A and (A, /A) N (A/A) K AyA<S(M,+A)/A. M=A +A, implies that
M =M, +A,. Since M, is M,-projective, M = M, ® U, for some submodule U, of A, by Proposition

2.1. Now M=M;+A+U, implies that M=A, + U, since M, +A)/A| < M/A,.

Since M | is U2-projective, M=U ) ® U2 for some submodule U : of A . by Proposition 2.1.
Note that U1 and U2 are T-modules and relatively projective. Let o:M/T—>M/A be the
isomorphism since M/A=M/T and m:M/A — M/A ) be the epimorphism with the kernel AI/A.

Consider the epimorphism na:M/T—>M/A1. Then Kema=0f1(A1/A) < M/T since

cc

A/AS_M/A. Assume a'l(Al/A)=K/T. Then K<_M by’ [Lemma 1.4]. Now (M/T)/(K/T)
=M/K =M/A . By Lemma 2.16, K:(K+M'1)(\(K+M'2) such that M=M'1 @M’2 and M, sM’1
and M2§M;. Let K1 =K+M'] and K2=K+M12. By the proof of Lemma 2.16, we know that K1

and K2 are coclosed in M. Since M=K1+K2, M/K = KI/KGB K2/K EM/AI, M/K1 = K2/K and
M/KZEKI/K' Now M/A1=L1/A1 @Lz/A1 such that LI/AIEKI/K and L2/AIEK2/K for some

submodules L /A and L,/A, of M/A . Then M=L1+L2 and A =L ML,

We have that M/L, =L,/A, =K,/K=M/K, and M/L,=L,/A =K,/K=M/K,. Since
M/M'1 =M/U,, assume that oy :M/M'1 —M/U, is the isomorphism. Then o (KI/M'1 )<, . M/U,
since K,/M | <._M/M . Therefore (M/U))/a; (K;/M|)=M/M|)/(K,/M|) =M/K =M/L,
=(M/U))/(L;/U,) implies that L,/U; <. M/U, since M/U, is a T-module. Assume that
B:M/M 2 —M/U, is the isomorphism since M/M 12:—:M/ U,. Then B(K,/M '2 ) £, M/U,. Therefore
(M/U)/B(Ky/My) = (M/M)/(Ky/My)=M/Ky=M/Ly= (M/U,)/(L,/U,) implies that L,/U,
<, M/U, by Lemma 2.13. Since M/U, is amply supplemented, there exists a coclosed submodule

U/U1 of M/U1 such that U/U1 SAI/Ul and AI/U<< M/U. Note that L1 and L2 are coclosed in

M by5 [Lemma 1.4] and L;/U and L,/U are supplements of each other in M/U by5 [Lemma 1.1].
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Let /3(K2/M2) = V/U,. Then M/U,)/(V/U,)=M/V=M/L,=L;/A; < M/A,. Now we have the
monomorphism @, : M/V — M/A,. Consider the epimorphism m:M/U, - M/V with the kernel
V/U,. Then we have the homomorphism a,M:M/U,—>M/A;. M=A,+U, implies that

M=U+ U2 since Al/U<< M/U.

Therefore M/U = U,/U (M U, and hence M/U, is M/U-projective since U, is U,-projective.
Suppose that 7, : M/U— M/A, is the epimorphism with the kernel A,/U. Then there exists a
homomorphism g:M/U, - M/U such that 7, g=0,n. Note that 7, g (M/U,)=0,M (M/U,) =
o,(M/V) = L\/A,. Let g(M/U,)=S/U<M/U. Then = (S/U)=(S+A\)/A; = L,/A,. Thus
Ly=S+A, Since M=L +L,=S+A;+L, and A/ UK M/U, M=S+L,+U = S+L, Now
M/U = S/U +L,/U implies that S=L, because L,/U is a supplement of L,/U. Let Kerg=H/U,.

Clearly, H/U, < V/U,. We claim that V/H << M/H. Let M/H=V/H+ Q/H for any submodule Q
of M which contains H. Then M=V+Q. Since g~ '(A/U)=V/U,A/UNIm(g) =
A/UNL/U = A NL)/U = A/U = g(V/U,)) < M/U. Note that g (V/Uy)=A/U<L,/U
by5 [Lemma 1.1]. Now g(M/U,) = g(V+Q)/Uy)=g((V/ U,) + g((@+U,)/U,) implies that
8 (M/U,) =g ((@+U,)/U,) and hence M/U,=(Q + U,)/U, + (H/U,). Therefore M=Q+H=Q. On

the other hand, V/HSCCM/H since VSCCM. Then V=H. So we have that

Kerg=H/U,y=V/Uy=g "' (4,/D).

Therefore A;/UML;/U = 0, and so U=A; ML;=A,. Thus A/U, is a coclosed
submodule of M/U]. Now Ai/UiSch/Ui' By Lemma 2.15, AlmAZSCCM. But since

(A, M AY/A<<M/A,A=A; M A,. Therefore the conclusion follows. 0
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