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Associated with the notions of Lp-harmonic radial combination and dual quermassintegrals, we give the ‘“‘dual”
of Lp-mixed quermassintegrals — the notion of Lp-dual mixed quermassintegrals, the Lp-dual mixed volume is

its special case. Further, we prove an integral representation and inequalities for Lp-dual mixed quermassintegrals.
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1. INTRODUCTION

In (5) Lutwak posed the notion of dual mixed volume and defined the dual quermassintegrals, he
established the dual Brunn-Minkowski theory. Equally, the Brunn-Minkowski-Firey theory are estab-
lished by Lutwak. In (6) Lutwak showed Fiery Lp-combination (see (3)) lead to the Brunn-Minkowski

theory for p > 1. He introduced the notions of Lp—mixed quermassintegrals and Lp-mixed surface area
measure (Lp—mixed volume and Lp-surface area measure are these special cases, respectively) and
given an integral representation and inequalities for Lp-mixed quermassintegrals (including Lp-mixed

volume).

The Lp-harmonic radial combination were instigated from convex bodies to star bodies by
Firey (see (1, 2)) and Lutwak (see (7)) respectively. Associated with Lp-harmonic radial combiantion,

Lutwak in (7) showed the notion, integral representation and inequalities for Lp-dual mixed volume.

*Research is supported in part by the Natural Science Foundation of China (Grant No. 10271071) and Academic
Mainstay Foundation of Hubei Province of China (Grant No. 2003A005).
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The aim of this article is that we extend the notion of Lp-dual mixed volume, and show the
dual of Lp-mixed quermassintegrals — the Lp-dual mixed quermassintegrals by combining with the

dual quermassintegrals and Lp-harmonic radial combination.

The ideas and techniques of Lutwak play a critical role throughout this paper.

Let X" denote the set of convex bodies (compact, convex subsets with non-empty interiors)

in Buclidean space IR", for the set of convex bodies containing the origin in their interiors, write

.‘KZ. Let S"~! denote the unit sphere in IR”, denote by V (K) the n-dimensional volume of body

K.

If Ke X", then its support function, hK=h (K, ):IR" — (0, ), is defined by

h(K,x)=max {x-y:ye K} xe R
where x -y denotes the standard inner product of x and y.
For p>1,K,Le ‘J(Z and A.u>0 (not both zero), the Firey Lp-combination

A.K+,u.Le K, is defined by

h(it.K+pu.L,~)p =AhK, - P+uhd, Y,

where “.” denotes the Firey scalar multiplication. Firey Lp-combination of convex bodies were
defined and studied by Firey (see (3)).

Associated with the Firey Lp-combination, Lutwak (see (6)) defined the Lp-mixed

quermassintegrals (who called mixed p-Quermassintegrals) as follows: For K. L € KZ , €>0 and real

p21, the Lp-mixed quermassintegrals Wp ;K. L) (=01, .., n - 1) is defined

WK+ e.L)-W,(K)

n—i
— W (KL= I .- (11
S W (KL= lim (L1

£— 0+ €

Where Wi (K) denotes the Quermassintegrals of Ke K" (its definition see (4.8), in

particular,

W, (K) = V(K). v (1.2)
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Obviously, for i = 0, Lp-mixed quermassintegrals Wp o (K,L) is just the Lp—mixed volume

Vp (K, L) by (1.1) and (1.2), namely

Wp.O(K’ L) = Vp (K, L). . (1.3)

Further, Lutwak in (6) proved the following an analog of the Minkowski inequality for
Lp—mixed quermassintegrals:

Theorem A — If K.Le 17(2, and p > 1, 0<i<n, then

WK Ll > W, (Ky'~i-p WLy, . (1.4)

with equality if and only if K and L are dilates.

From (1.4), he established an analog of the Brunn-Minkowski inequality for quermassintegrals.
Theorem B — If K.Le 17(2, and p > I, 0<i<n, then
W, (1<+pL)1’/”'2 > W, Ky =9 W, @y’ =9, . (1.5)
with equality if and only if K and L are dilates.

Let S " denote the set of star bodies (about the origin) in IR, For Ke § " and any real i,
o ]

Wi (K') denote the dual quermassintegrals of K. In this paper, we give the definition of the Lp-dual

mixed quermassintegrals, W (K,L) of K.Le § Z, and mainly obtain the following results.

_p,i

Theorem 1 — If K.Le .SZ, p21,and real i < nori > n + p, then

w_, (KL 2 WP W Wy, .. (1.6)

with equality if and only if K and L are dilates. For n<i<n+p, inequality (1.6) is reversed.

Theorem 1 is just an analog of the Minkowski inequality for Lp-dual mixed quermassintegrals.

From Theorem 1, the analog of the Brunn-Minkowski inequality for dual quermassintegrals
is obtained:

Theorem 2 — If K, L e .SZ, A,u>0,p21, and real i<n or i>n+p, then
w, (l-K+pu-L)'p/(”‘i) 2 AW, Ky P-4 pw, Ly P/ =9, . (17)

with equality if and only if K and L are dilates. Inequality (1.7) is reversed for n<i<n+p.
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In particular, taking A=p=1 in Theorem 2, we have that
Corollary 3 — If K,Le 52, p>1,and real i < nori > n + p, then
W, (K+_pL)“P/‘”"") > AW KY PO e, .. (1.8)

with equality and only if K and L are dilates. Inequality (1.8) is reversed for n<i<n+p.

Using Theorem 2 and Corollary 3, we prove an isolate form of inequality (1.8).

Theorem 3 — If K, L e 5:;, ae [0,1], p21 and real number i < n or i > n + p, then
W (k+ LyP@=9
it -p
Wi(wK+_p(1—a)-L)"”/("'i)+Wi((l—a).K+_pa.L)-p/(n-i)

2W, (KYy P/n=b 4 W, (Ly P/n=9 .. (1.9)

with equality if and only if K and L are dilates. For n<i<n+p, inequality (1.9) is reversed.

2. Lp-DUAL MIXED QUERMASSINTEGRALS

In the section, we shall give the notion and integral representaiton of Lp-dual mixed

quermassintegrals.

Let K is a compact star-shaped (about the origin) in IR", its raidal function,

pr=p(K,-):IR* \ {0} —[0,+00), is defined by

p(K.x) = max {A20:Axe K}. xe R\ {0}

If p, is positive and continuous, K will be called a star body (about the origin). Two star

bodies K and L are said to be dilates (of one another) if pg (v)/p, (u) is independent of

ue "L

For K,Le 52 and A, u>0 (not both zero), then for p=>1, the Lp-harmonic radial

. . n .
combination A- K +_ pu-Le S, is defined by (see (7))

PAK+_ - LoYP=2pK P+ pp (L), . @0)
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For convex bodies, the Lp-harmonic radial combiantion were investigated by Firey (see (1,

2)). Associated with (2.1), Lutwak (see (7)) defined the Lp—dual mixed volume as follows:

For, K,Le S Z inIR”, p>1 and € > 0, the Lp-dual mixed volume, V_ p (K, L), of the K and
L is defined by

VK+_ e-L)-V(K)

£

2 v (X.L)= lim

+
£—>0

. (22)

In order to define the Lp-dual mixed quermassintegrals, we shall require the notion of dual

quermassintegrals. The dual quermassintegrals are defined base on the dual mixed volumes. Lutwak
in (5) defined the dual mixed volumes as follows :

For K|, K,, ... K, € 52. 1<i<n, the dual mixed volumes V(K],Kz, ... K,) are defined by
VK Ky K) =~ [ . )p, W)...p, (w)du
P2 e op K Kk Pk ‘
511—1 ] 2 2

Let K, =...=K;=K.K;_,=...=K, =B, where B denote the standard unit ball B in IR" and

allow i is any real number, then the definition of dual quermassintegrals are stated that (see (4, 8)).

For K e .SZ and any real i, the dual quermassintegrals. Wi(K ), of K are defined by

W)=~ [ p&w dsw. . (23)
Sn—l
Obviously,
W, (K) = V(K). . (24)

For K,Le § Z , €>0, p21 and real i = n, the Lp-dual mixed quermassintegrals,

VV_p i(K’ L), of K and L are defined by

n—i

W (K+_ e-L)-W,(K)
— W (K.L)= lim L .
p -pi

£

.. (2.5)

e—0

If i = 0, and using (2.3), we easily see that definition (2.5) is just definition (2.2) of Lp-dual

mixed volume. Namely
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W_p,o (K,L) = V_p (K,L). ... (2.6)

From this, the Lp-dual mixed quermasintegrals is the extension of Lp-dual mixed volume.

From definition (2.5), we give the integral representationof the Lp-dual mixed

quermassintegrals as follows:

Proposition 1 — If K,Le SZ, p21 and real i#n.n+p, then

n+p-—i

~ 1 -p
W, KD = | | p, W p, () dS (u). eX)
St

where the integration is with respect to spherical Lebesgue measure S on S”~1,
PROOF : According to definition (2.3) and (2.1), for i#n, we have that

W, (K+_ e L)-W,(K)

lim
. €
-0
. pK+ e Lu' '—pEuw "
= lim - | 4 - dS (u)
e—0" st1
-p —py—n—i/p _ n—i
- lim _rlz J [p(K,u) “+epd, u)g] p (K, u) ds ()
0" -l
since
—p _p—n—lﬁ) n—i
e—0" €
-n—-i/p
) noi L1+ /P Y] -1
= 1m+ Py .
£—-0

n—i n+p—-i -p
)4 pK pL

thus using definition (2.5), we get formula (2.7).

For i=n+p, above the process of proof is right, but according to (2.7), we know

1% K.L) = W, (L) . (2.8)

-p.n+p

for any Ke § g. Therefore, i #n+p in formula (2.7). ]
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Together with (2.3), (2.7) and (2.8), we get that for K e SZ,pZ 1, and i # n, then
VV_p i(K' K) = Wi (K). .. (2.9)

Taking i = O in Proposition 1, we have that

Corollary 1 — If K,L € 52, then for p>1
_1 ntp, P
V. (KL) = I] oo P wp,” () ds w.
s

It is just integral representation of the Lp-dual mixed volume (see Lutwak (7)).

Let SO (n) denote the group of rotation transformations about the origin. If ¢ € SO (n), then

obviously p_ g (x) = pg (¢_1x). From this and definition (2.1), it follows immediately that for

K.LeS), p21, ¢e SO (n) and £>0.
O(K+_ eL)=0K+_ 9L

This, together with the facts that ¢ B=25, Wi 0= Wi (Q), for all Q € S Z, and using the

definition (2.5) of W_ b0 immediately yields.
Proposition 2 — If K,L € SZ, 0e SO (n), p=1, and real i#n+p, then

W_, KoL) = W_ (KL).

3. THE PROOF OF THEOREMS

Proof of Theorem 1.

For real i <n, from (2.7) and Holder inequality, we have that

_n-i _pr
W, KLY )t
n—i
n—-p-—i

1 n+p-—i -p
=| - ,,j.. P | wp," (w)dS )
S
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N
n+p-—i

| p wasw

S =

n—i

n—i :M n—-p—i
={n (pK W p P (u)] as )
Sn~1

| —
—

ntp—i S
p n—-p-—i

E(u—i).
| (pﬁ*”"(u)j as ()

1 n—i
> Snj_] Py (u)dS ()

=, (K),

from this, we obtain inequality (1.6) when i<n. According to the condition of equality holds for
Holder inequality, we know the equality holds if and only if K and L are dilaties in inequality (1.6).

Similarly, we can prove for i >n+ p, inequality (1.6) is true; for n<i<n+ p, inequality (1.6)

is reversed. |
For i = 0, we have that by Theorem 1:
Corollary 2 — If K, L € SZ, then for p>1
V_p(K,L)” > VEK)'"P vL)P,

with equality if and only if K and L are dilates.

Corollary 2 is just an analog of Minkowski inequality for Lp—dual mixed volume (see (7)).

The proof of Theorem 2.
For i < n or i > n + p, according to definition (2.1), formula (2.7), and using inequality

(1.6), we know that for any Q € 5’;

i JAK— u-L
w_,.@ ML)

= ;Lw_p,i(Q,K) + uW_p’i(Q,L)

1\

LACRAE [ AW, (K) PO iy Ly P00 } ,
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with equality if and only if K and L are dilates. Taking Q=A4-K +_p,u-L and using (2.9), the
result is desired inequality (1.7).

Similar the above way, we easily prove inequality (1.7) is reversed when n < i < n + p.
||
Taking A=p=1 in Theorem 2, we immediately yield Corollary 3.

The case i = 0 of inequality (1.7) is established by Lutwak (see (7)); namely
Corollary 4 — 1f K,L € ", A,u>0 and p2 1, then

V(A~K+_pp-L)‘P’” > AVEK)Y P + pvLy ?"

with equality if and only if K and L are dilates.

The proof of Theorem 3.

Let M=a-K+_ (1-0) LN=(1-0) K+_ a-L. Since K,L € S", then M,N € S" and

1 n-—i
WK+ L) =~ ,,J.n K+ Louy'™dS W
S

n=i
=L | a7 asw
Sn—l

n-i

=~ [ & wPrp@ w7 dsw

n—i

+((-a)pK.uyP+apLuwy™P)] P dS)

=% [ tp@k+ d-0)-Luw?
sn-l p

n—i

+pl(1-a)- K+_pa-L.u)_p]—TdS(u)

= % [ otwy?+pwv.? P dsw
Sn—l
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] B _n—i
=~ ] e N P dsw
Sn—l
1 n—i
= - | pM +_ N ds W)
Sn-l
= VVi(M+_pN).

Using inequality (1.8) of Corollary 3, we get that for i<n or i>n+p.
W (K + L)—P/(n“i) = WM+ N)—P/(n—i)
i ~-p i -p
> WMy P vy, ER)
which equality if and only if M and N are dilates. Inequality (3.1) is just first inequality of (1.9).
Because M and N are dilates if and only if p;,,p (u)=cp1_vp () (c>0) for any ue S"_l,
together with (2.1), we have
-p -p -p,. =P n-1
ap, W+1-ap,” W=cl+a)p W-ap @], ueS
namely
- p _ —p n-1
(a+ca—c)pK )= (ca+ a—l)pL (w), ue §

Hence M and N are dilates if and only if K and L are dilates. From this, we know the

equality holds of first inequality of (1.9) if and only if K and L are dilates.

But according to inequality (1.7) of Theorem 2 for real i<n or i>n+p
W,y P Vvl.(a.K+_p(1—a)-L)"P/(”"')
> o, Ky Pn=D 4 (1-q) WL y~P/n =) - (32)
and
W, (NY P00 > (1 -y (K)_p/(""i)+aWi (Ly P/n=9, . (33)

with equality if and only if K and L are dilates in inequality (3.2) and (3.3).
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Associated with inequality (3.2) and (3.3), we obtain that
7 —-p/(n—1i) —-p/(n-i)
LAUS + W),
> W (K)o wy P, . (34
1 1

with equality if and only if K and L are dilates. Inequality (3.4) is just second inequality of (1.9).

Similar with the above way, we easily prove when n<i<n+p, inequality (1.9) is reversed.

[
Finally, as the application of Theorem 1, we give the following result.
Theorem 4 — If K.Le 52, p21, real number i#n,n+p and for all Q€ 52,
W_p,i(Q’K) =Ww_ QL) . (3.5)
or
W, KQ) =W (LQ) . (36)
then K=L.

PROOF : When i<n (or i>n+p), taking Q=K in (3.5), and using ‘inequality (1.6) of

Theorem 1 and equality (2.9), we have that W, (L) 2 W;(K) (or W;(L) < W, (K)), with equality

if and only if K and L are dilates: let Q=L in (3.5), and get W, (K) 2 Wi(L) (or

W;(K) < W;(L)), with equality if and only if K and L are dilates. Hence W;(K) = W, (L), and
K and L must be dilates. Therefore, K=L.

Similar above the way of proof, the result is true when n<i<n+p,

Analogously, from (3.6), the result can be proven. |

Remark : Comparing with the outlines of definition (1.1) and (2.5), inequality (1.4) and (1.6),

inequality (1.5) and (1.8), the W

i be called the “dual” of Wp is suitable, their mainly different

i

are the domain of number i.
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